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Abstract. This contribution continues the series of papers on the same subject
which has been treated by Lupwic in [1—3]. Using the system of axioms as given
in [3], we shall succeed in constructing an orthomodular lattice of linear operators
on the real vector space generated by the physical decision effects. There results
an isomorphism between the orthomodular lattice of all physical decision effects
and the lattice to be constructed.

I. Preliminaries

As shown by Foutis ([7—11]), any orthomodular lattice can be co-
ordinatized by a Baer-*-semigroup (i.e. a *-semigroup where the annihi-
lator of each element is a principal left (right) ideal generated by a self-
adjoint idempotent). At this point the theory developed becomes relevant
for physics: On the one hand, PooL [17, 18]! has given the concept of a
Baer-*-semigroup a direct physical meaning by including the ideal
measuring process in an axiomatic lattice approach to quantum theories.
On the other hand, the multiplicative semigroup in the ring of all
bounded linear operators on Hilbert-space is such a semigroup. But
looking for structures for physics like Hilbert-space, we notice that the
mathematical situation is still more complicated: As it has generally
turned out by Lupwic’s system of axioms, the lattice to be co-ordi-
natized is embedded in a topological vector space. MILES [12] has given
the problem the most general form: Let o/ be a B*-algebra. Its self-
adjoint elements form a real partially ordered vector space H (&) with
a positive cone of elements «*x for all x € /. Required is the knowledge
in how far & is already determined by H (7). Ideally we should have
to find the class of all B*.algebras =/ for which for a given real partially

* This paper is a modified version of the author’s thesis ,,Zur Koordinatisierung
des orthomodularen Verbandes physikalischer Entscheidungseffekte®, written at
Marburg University under the direction of Prof. G. Lupwic. It was supported in
part by the Deutsche Forschungsgemeinschaft.

1 T am indebted to Prof. R. Haag for having directed my attention to these
papers.
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ordered vector space H the space H (/) is isomorphic to H with respect
to order and vector space structure. So general the problem has not yet
been solved up to now.

In this paper we shall try to tackle the problem in question by
imposing finite dimension on H. But this will lead us only to the partial
result that the orthomodular lattice G of the physical decision effects in
H can be isomorphically mapped on an orthomodular lattice in the
algebra Z(H). It could not yet be decided whether this algebra is
a B*-algebra.

Since here we concern ourselves only with purely mathematical inves-
tigations, we omit any physical motivation of the concepts and axioms
established by Lupwia.

Detailed physical discussions can be found in [4—6]. Yet to make this
exposition more readable, we will briefly quote the most important defini-
tions and the system of axioms given by Lupwie. Although it is possible
to formulate them mathematically more weakly, we do not so because,
as shown in [1—3], the here given formulation can be derived from
Lupwig’s original one. Our formulation will be most adapt to our
purposes.

As a conceptual frame we have a dual pair (B, B’) of real topological
vector spaces which we shall, throughout this paper, suppose to be
finite-dimensional. Henceforth this supposition shall tacitly be included
in all those theorems and statements which only hold by argumentation
using finite dimension of B (and hence of B’).

B is spanned by the closed convex hull K of the set K of all physical
ensembles V. The elements of K are denoted by V. B’ is spanned by the
weak closure L of the set L of all physical effects F. The elements of L
are denoted by F. It is mathematically necessary to introduce the
weakly closed convex hull £ of L. The elements of L, too, are denoted
by F, since they can be interpreted physically ([4—6]). The topologies
adverted to will be defined after axiom 1. The sets K and L are put in
duality by

Axiom 1. There exists a mapping u on K x L, u: K x LR, so
that

(@) oS u(V,F)<1 forall (V,F)€K x L

(B) for all Vy, Vo €K: u(Vy, F) = u(V,, F) for all F ¢L implies
Vl = V2

(y) for all Fy,F,cL: u(V,F;)=u(V,Fy) for all VEK implies
F,=F,

(8) there exists F, ¢ L (denoted by 0)so that u(V,0) = oforall V ¢ K

(¢) for each V ¢ K there exists F ¢ L so that u(V, F) = 1.
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u can be so extended to B x B’ that it coincides with the canonical
bilinear functional (-, ) over B x B’. In B we define a norm by

| X|: = sup{|u(X, F)| |F ¢ L} for all X ¢ B.

Thus any V € K satisfies | V|| = 1. With respect to this norm B becomes
a Banach-space and the closures in B are taken in the pertaining norm
topology. The space of all continuous linear functionals over B is B'.
It is also a Banach-space by

|¥]: = sup{ju(X, ¥)| |X € B, | X| = 1} forall ¥ ¢ B'.

Thus any F ¢ L (and hence any F ¢ L) satisfies |F|| < 1. Besides, we can
define the so-called weak topology in B’. The sets L and L are defined
with respect to this topology. But because of our dimension hypothesis
we need not distinguish between norm and weak topology in B’. By the
definition:
“forall Y}, Y, € B: Y, = Y,iff u(V, Y;) < u(V, Yy) forall V€ K”
B’ becomes a partially ordered, real Banach-space.
For all I < L we define

K,():={V|VEK, u(V,F)=oforall F ¢l}

K():={V|VeEK,u(V,F)=1forall F ¢l}
For all £ ¢ K we define dually

L,k):={F|FecL, u(V,F)=oforall V ck}

Py

Lyky:={F|FcL, u(V,F)=oforal V ¢k}
Lyk)y: =4{F|F €L, w(V,F)=1forall V ¢k}
Liky:={F|F¢cL, u(V,F)=1forall V ¢k}

Let us consider for any I, C L the greatest I, C L so that K,(I,) = K,(l,).
There obviously holds I, = U {I| K,(l,) = K,(I)}. In [1—3] it was shown
that any [, can be represented as [, = L,K,(l) with K,() = K,(,). By
Axiom 2a. For every pair F,, F, ¢ L there exists F, ¢ L so that
Fy < F, Fy < F, and K,(Fy) 2 K,(Fy) N K, (F,).
Any [, turns out to be an ascending directed set possessing a greatest
element E;. This is defined by

w(V,EB,): =sup{u(V,F)|F cl,} forall VcK

and satisfies | £, | = 1.

It would have been sufficient (see [1—3]) to formulate the axioms 1
and 2a for L. Nevertheless we should have obtained analogous results,
in particular: for each k C K, L, (k) has the same E as L, (k). The set of
all £ is denoted by G, its elements are called decision effects.
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Let us define the sets
U:= {L,(k)| k < K}, U: = {Eo(lc)[k CK}L,W:={K,OI <L}
W= {K,|l < L}.

As verified in [1—3], U, U, W, and W are complete lattices with zero and
unit elements. Between U and U there exists a lattice isomorphism,
whereas W is equal to W. Between U and W there exists a dual lattice
isomorphism. The zero elements in U, (U) and W are {0} and @, respec-
tively. The units are L, (L) and K, respectively. G is lattice-iso-
morphic to U and U; thus dually isomorphic to W. The unit
element 1 in G is given by: u(V,1)=1 for all V€ K. By u(V, E’)
=1—u(V,E) for all V€K, G becomes orthocomplemented and
so do U, U and W.Furthermore, the lattices are orthomodular or, equi-
valently, segment-orthocomplemented (see [1—37]). That means: for every
segment G(0, E) € G and each E, € G(0, E) there exists a unique element

L L
E, €¢G(0, E) so that E = E, V E,, where E, V E, is the abbreviation for
E,V E,and E, | E,, ie. E; < E;. E, is given by E, = E A E. Besides,
n
1 n
in G we have for every finite set of orthogonal elements: i\_/l E, =)
= i=1
E;,, n any finite integer, X' denoting addition in B’. All these facts
can be found in [3], for instance. A and v denote lattice-theoretical inter-
section and union, respectively. The lattice-theoretical intersection coin-
cides with the set-theoretical one; but in general, the lattice-theoretical
union differs from the set-theoretical one: in U and W, for instance, it
is given by forming the least extremal set containing the set-theoretical
union of all sets to be united lattice-theoretically.
To formulate axiom 2b we first introduce the set

{Y|YEB, Y=AF,A¢R, FCL u(V,Y)< 1 forall VCK}.
This set is obviously convex, hence so is its (weak) closure L.
Axiom 2b. For all F € L and all E € G:
K,(F)2 K,(E) implies F < E.
This axiom is important concerning the structure of the positive cone in
B’ (see [3]). In [3] Lubpwia considers the cones
P.={Y|YEB, Y20}, 2Z,.:={Y|YEB,uV,Y)= 1
for all V € K}
2:={X|XeB,uX,Y)=o forall Y cZ}.

Theorem 1 collects some properties of these cones, which were derived
in [3]:
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Let us denote by C(V) the smallest, extremal set of K containing V
(see def. 2). As the last axiom for our exposition we formulate:

Axiom 3. For every pair V;, V, € K:

Ly (V) = Ly(V,) implies O(V;) = O(Vy).

The converse implication holds always.

It is now appropriate to give a mathematical outline of what we
finally bear in mind : For any E ¢ G we shall show that the pair (K, (E),Ly)
with Ly: = {F|F ¢ L,F < E} is as dual as (K, L). Then we consider
their corresponding vector spaces and define a projector Tz of B’ onto
B(E)’ determined up to an isomorphism by L. The set 7 (@) of all Ty
forms an orthomodular lattice isomorphic to G. By 7 (@) we generate
a subalgebra of % (B’') (#(B’) being the set of all (bounded) operators
linear on B’). To verify duality of (K, (E), L) we need some results on
extremal sets and facets. To them the next section is dedicated.

II. Extremal Sets and Facets

For the sake of convenience let us quote two definitions given by
Day in [13] chap. V.

Definition 1. (i) For any convex subset 4 of a vector space: p € 4
is a passing point iff p belongs to an open segment S C 4.

(ii) e € 4 is an extreme point of A iff it is not a passing point.

Definition 2. For any closed convex subset K of a topological
(locally convex) vector space: 4 C K is an extremal set of K iff

(i) 4 + 0, A convex and closed

(i) every open line segment SC K with § N 4 + @ satisfies SC 4.
Subsequently DAY proves

Remark 1. (i) Let K be a compact, convex subset of a topological
vector space over which its conjugate space is total. Then K has at least
one extreme point.

(ii) The set 2 of all extremal sets 4 of K has a minimal element
which is a singleton consisting of an extreme point. By our dimension
hypothesis remark 1 applies to B (and hence to B’); consequently,
K C B has extreme points.

Definition 3. For every & C K, C (k) denotes the smallest extremal set
containing k.
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Obviously, the operator C has the properties of extensionality, isotony
and idempotence. If k = {V}, we write briefly C(V) (as mentioned in
section I).

Of particular interest for us are the internal points of a convex set
and the facets [14]:

Definition 4. In a real vector space let A be any convex set and M (4)
the linear manifold generated by A.

(i) = € 4 is called an internal point of A relative to M (A) iff for each
line g C M (A) through z there exists an open segment S £ g N A with
z c8.

(ii) The set of all internal points of A is abbreviated by A4°.

Thus the internal points are special passing points.

Definition 5. Let K & § be any convex set in a real vector space.
For each x ¢ K we define the facet 4 () in K by

(i) @ € 4 ()

(ii) for all y +=x:y € 4(x) iff y € K and the line g(x, y) through =
and y contains an open segment S C K with z € 8.

Henceforth, for any two elements #;, x, of a real vector space ]x;, z,[
and [z, %,] denote the open and closed (line) segments, respectively.
From the definitions 1,4 and 4 we infer

Consequence 1. The extreme points of K are those points whose
facets in K are singletons.

Consequence 2. The internal points of K are those points whose
facets in K are equal to K.

Boursaxr [14] p. 152 has suggested the following statements now
proved for the sake of completeness of this exposition:

Remark 2. There holds [z, y]C 4 (x) for every y + = with y € 4 ().

Proof. Since there exists Jy;, y[C K with « € Jy;, y[, any y, = Ax
+ (1= 2A)y, A€o, 1[{C R, defines the open segment ly,, ¥;[ C K because
K is convex. Besides, there holds « € Jyy, ;[, thus y; € 4 (x). —

Lemma 1. There holds with the hypothesis of definition 5: for each
x € K, the facet A (x) is the largest convex set A C K for x to be an internal
point of A relative to M (4).

Proof. To prove the convexity of A (x), distinguish two cases:

1) Given y,, y,, € A (x) with y; = y, so that « €g(yy, ¥,). Then by
remark 2, any convex combination of y; and y, lies in 4 ().

2) Given y,, y,, © € A (x) with y, == y, so that = ¢ g(y;, ¥).

Then there exists a unique plane p(y;, ¥,, ) through y;, y,, x in M (4 (z)).
According to remark 2 there exist ]y, ¥;[, 17, ¥o[ so that x € 17y, wi[,
@ € 192 Yol 191, [ CK N P (¥, 9o, @) and 19, Yo CK N p (Y1, Yo, @). Since
Y1 = Ys, 80 ¥y & ¥ too. Hence ]y, [ & @ with 17, %[ C K N p (31, Y, @)
Therefore, for any y € Jy;, y,[ we can find an element 7 € ]y, ¥,[ so that
% € 1y, [, hence y (and 7) € A ().
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To prove that 4 () is the largest convex set A C K with x an internal
point of A relative to M (A4), we assume the existence of another convex
set 4; with x € 4 (z) C 4, C K such that x is internal relative to M (4,).
Then there exists y € 4,\4 () C K so that = ¢ Jy, y[ with ¥ € K. Hence
¥ € A(x) and therefore y € 4 (x) too, which is a contradiction. -~

Lemma 2. There holds with the hypothesis of definition 5:

(i) For each y € A(x): A(y) in K equals the facet A,(y) of y in 4 (x).
(ii) 4 (@) = A(y) iff y € A (2.

(iii) The inclusion C being a partial ordering in the set of all facets
A (x) in K and in the set of all M (A (x)), there exists an order isomorphism
between the two sets.

(iv) If the dimension dimA (x) us finite, then A(y)C A4 (x) implies
dim 4 (y) < dim A(z).

Proof. (i) Since obviously 4,(y) C A (y), it suffices to prove 4 (y) C
C A (z) for every y € A(z): (i) is trivial if  or y € A (x) are extreme
points of K. This case excluded, regard any pair y,, y, € K with ¥, == y,,
Y € s ol (L. 4y, Y5 €A () and Jyy, ysl ¢ g (@, y). Since @ € 4 (x)* there
exists a; € A (x) so that = € Jy, 2;[. Thus ¢(y;, ¥,) and g(x, y) lie in the
(unique) plane p(y;, ¥s, «). Therefore g (y,, ) C p(yy, Ys, %) isvalid and
thus @ == Jy, &.[ N gy @) = {} CK. So we obtain x € Jy,, z,[ C K,
hence y, € 4 (x) (and also y, € 4 (z)).

(ii) 1) For all y € 4 (x)¢ there holds 4 (y) < 4(x) by (i); thus 4 (y)
= A (x) by lemma 1.

2) If A(y) = A(x), then A4 (y)! = A (x)¢ with y € 4 (x)%.

(iii) 1) For any x,y € K, M (A (y)) C M (A (x)) implies 4 (y) C 4 (x) by
definition 4 (i).

2) A(y)C A(x) implies M (A4 (y)) S M (A (x)) and y € 4 (x)\A (z)’ by
(i). Assume M (A4 (y)) = M (4 (x)). Since always y € A4 (y)? (relative to
M (A (y))), so every line in M (4 (x)) passing through y contains y in an
open segment belonging to 4 (x). Thus y € 4 (x)?, which is a contradiction.

(iv) By (iii) 4 (y) C 4 () implies M (4 (y)) C M (4 (x)). Since dim 4 (z):
= dim M (4 (x)) is finite, dim M (4 (y)) < dim M (A4 (x)) is consequently
valid ; hence the assertion. —

Let us again focus our attention on (B, B') where K C B is closed
and convex. B being finite-dimensional, we shall prove that, with respect
to the definitions 2, 3 and 5, the extremal sets of K are facets in K. To
this end we prove first

Lemma 3. Every facet A(V) in K B is closed.

Proof. 1) If A(V) is a singleton, then the assertion is true because B
is a T-space.

2) Suppose A(V) =+ {V} and 4(V)C K. By lemma 2 (iii) we have
M(A(V))C M (K) and, since dim B < oo, M (A(V)) is closed. Denoting
by — the closure operation, we get the relation A (V)~-CM(4(V))~
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= M(A(V)). Let V; € A(V)~ be an accumulation point of 4 (V). Since
Vi €M(A(V))and V € A(V):, there exists V, € A(V) in g(Vy, V) so that
V €1V, V[, hence V, € 4(V) by definition 5. —

Theorem 2. The set AU of all extremal sets of K ts equal to the set U, of
all facets in K.

Proof. To prove 2, C A we note that, according to definition 5 and
the lemmas 1 and 3, 4(V) is non-empty, convex and closed. Let us
verify definition 2 (ii) for any A (V) €¥;: given any ]V,, Vo[ C K with
A(V)n 1V, Vo[ &= 0, then there holds for any ¥V, in the intersection
Vi Vo[CA(V,) € A(V) by lemma 2 (i). Hence 4 (V) €.

To prove A C 2, observe that, because of the finite dimension of B,
every A ¢ U contains a simplex of the same dimension as 4 has. The
barycentre V, of this simplex is an internal point of 4, i.e. V, € 4% So
by the definitions 2 and 5 4(V,) < 4. Conversely, for every V ¢ A with
V+V, there exists VA with V, ¢V, V[ since V, ¢ A%; thus
VEA(V,). —~

Corollary 1. C(V) = A(V) forall V ¢ K.

Proof. Since A (V) €A, C (V) < A (V)isevident. Assume C(V) A (V).
Then by theorem 2 there exists A(V;) with C(V)= 4(V;). Since
VecA(V,),s04(V)< A(V,) by lemma 2 (i), which is a contradiction. —

Corollary 2. U = W.

Proof. By theorem 6 in [3] every C'(V) €U can be written as C (V)
= K,L,(V). Theorem 2 completes the proof. —!

Corollary 3. 2 is dually order-isomorphic to U.

Proof. The assertion follows from corollary 2 and the dual order iso-
morphism between U and W. —

Theorem 3. C (k) = K,L, (k) for every k C K.

Proof. C (k) < K L,(k) is trivially valid. Since for each V ¢k
C(V) < C(k), we can infer from theorem 6 in [3]:

Kof/a(k) =K, (’Vr;lk -Eo(V)) = V\ék KoEa(V) = V\ék C(VycC(k). -

Corollary 1. C (k) = V\ék C(V) for every k C K.
Corollary 2. For all finite k C K.
0(k)=0(2 AVV) with X Ap=1,Ap€lo,1[.
Vek Vek

Proof. Since L, ( >y V) = VQk L,(V), the assertion results from
Vek
corollary 1. —

Remark 3. Evidently, if V, is an extreme point of K, then V, is also
an extreme point of each 4 €2 with V, € 4. Conversely, if V, is an
extreme point of any 4 €U, then it is also an extreme point of K. This
follows from the fact that for each 1V, V,[C K with V, €V, V,l
1V1, Vo[ C A is also valid, which is contradictory.
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This enables us to point out a bijection between the set of all extreme
points of K and the set 4 () of all atoms of G.

Theorem 4. Every atom of W is a singleton.

Proof. By lemma 2 (iv) W satisfies the descending chain condition,
i.e. W is atomic, thus @ too. Remark 1 guarantees that every element
of W has an extreme point. Therefore if P € G is an atom of @, for an
extreme point V, ¢ K;(P) C(V,)= {V,} holds by remark 3. Since
W =2 and K (P) is an atom of W so Ky (P)={V,}. —

Corollary. For all E € G-

E——VszphesK(E (Z’J.Vp) whereZl—l o<l <L
i=1 =1
Proof. By theorem 4 we have KI(E)=i‘=/1K1(P,-)=i\=/10(Vp‘).

Applying the corollaries 1 and 2 of theorem 3, we obtain the assertion. —

When we introduced the concept of a facet, there would have been
another way of defining it, which we are going to make up for. The
equivalence with definition 5 will be evident. Using the hypotheses in
definition 5, we define for every # € 4: y € 4 (x) iff y € 4 and there exist
yc€Aand A€o, 1[CR, sothat z=Ay+ (1—A) 7.

It is this definition that has a direct physically intuitive meaning, as
demonstrated in [4—6].

IIL. The Duality of (K, (E), L)
According to section I we have for all £ € G:
K, (B)=K,(B')= (K,(B)) ¢ W= W and
Ly:={FIF¢L,F<E}=L,K,(B)¢€U.

The purpose of this section is to prove all those axiomatic properties for
(K,(E), Lg) which were postulated of (K, L). In the sequel we shall use
the abbreviations for all £ € G:

Fy =y By 3 p(V, F) = w(V, Fy) forall V €K (B)

v, I Vy iff u(Vy, F) = u(Vy F) forall F ¢ Ly, with K,(1)=K
and L; = L holding.
Furthermore, we introduce the notations
KE(): = K,l) nK,(E) forall 1CL
KE(l): = K () n K,(E) forall
LE&): = L,(k) N Lg for all
Ek): = Ly(k) N Lg for all
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So we are able to verify the proposition of axiom 2a for (K, (E), Lg) in
Theorem 5. For every pair Fy, F, € Ly there exists Fy ¢ Ly so that
F, = F,F, = F,and KE(F,) 2 KZ(F,) n K5 ().
K, (E) K, (E) ;
Proof. ¥or every F,, F, ¢ Ly there exists, by axiom 2a, Fy € L so that

F.<F, F, < Fyand K, (F) 2 K,(F,) N K,(F,). Since always K,(F;) <
K K

CK,([F) NK,(F,), so K,(Fy) = K,(F,) n K,(F,). Then from K,(E) C
C K,(F,) N\ K,(F,) there follows K,(E) C K,(F;), hence Fy € Ly. The
rest of the assertion is trivial. —
(K, (E), Ly) satisfies axiom 3:

Theorem 6. For every pair Vy, V, € K, (E): LE(V,) = LE(V,) implies
CE(VI) = OE(Vz)-

Proof. First let us observe that by definition 3. C E(V) C(Vyn
N K (E) = C(V,) because V, € K, (E), (@ =1,2).8incel, (V) = L,(C(V.)),
we can write for ¢ = 1, 2: LE(V,) = (V)f\f/K E') ﬁ o (C( V))f\
NLK,(B) = L,(C(V,)vK,(E). By hypothesis L,(C(V) v K,(E))
"y (C(Vy) v K,(B)), hence C(Vy)vK,(E) = C(V,) v K,(E). By ortho-
modularity of W,C0(V;) < K,(E) implies C(V;)= K (E) (C(V
v K,(E)) and so, by the preceding equality, C(V;) = O(V,). —

Theorem 7. (), (8) and (e) of axiom 1 are satisfied by (K,(E), Lg).

Proof. The restriction ug of u to K, (E) x Lg satisfies («) obviously.
Since O € Lg, (0) is evident and so is (¢) because uz(V, E) =1 for all
V ¢ K, (E). —
(K, (E), L) satisfies () of axiom 1:

Theorem 8. For all V,, V, € K;(E): V, = = VZ tmplies V; = F

Proof. From V, = 5 V2 there follows EE (Vl) = LB (V,), thus by theo-

rem 6 C(V;)=0C (V ) Assume V; & V,. According to lemma 1, V; are
internal points, thus the line g(V;, V,) meets the boundary of C(V;) in
V, and V,, which also satisfy V, + V,. Since V, ¢ C(V,) by lemma 2,
O(V,) #= C(V,) must be valid. Moreover, there holds

Vi=AVi+ (L=AVy A€10,1[;  Vyo=3Vo+ (1 —»)V,v€lo, 1]

and from this and the hypothesis we infer at once u(Vy, F) = u(V,, F)
for all F ¢ Ly, ie. 7, i V,. Thus, by the same conclusions as for ¥; and

Vo, C(Vy) = C(Vy); Whlch yields a contradiction. —!

Lemma 4. For every F ¢ Ly the mapping u(-, F) attains its supremum
on K, (E).

Proof. Notice that K is compact, i.e. u(-, F) attains its supremum
on K. Assume the existence of V, ¢ K\K,(E) such that wu(V,, F)
= sup{u(V, F)|V € K} and disregard the trivial case F = 0. Then we
may define 4, := u(V,, F)~! and by theorem 1 (ii) we obtain A,F ¢ L.
w(Vo A F)=1 for V, ¢ K;(¥) implies A, F £ E. On the other side,

E

14 Commun. math. Phys., Vol. 9
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K, (A, F)= K,(F)2 K,(E) implies A, F < E, which gives a contradic-
K
tion. —

Corollary. For all F € Ly and A € R, :

AF < Eimplies AF < E.
E\(E) K
Proof. By lemma 4, u(-, F) attains its supremum for V, € K, (%) and
so does w (-, AF). Then the hypothesis guarantees o < u(V, AF) < 1 for
all VEK. Hence by theorem 1 (ii), AF ¢ L and again, because of
K,AFy=K,F)2K,(E), A\F < E. -
K

(K (E), Lg) satisfies (y) of axiom 1:
Theorem 9. For all F,,F, ¢ Ly: F, K:(E)Fo implies F, = F,
Proof. In theorem 9 of [3] Lupwie proves a so-called “‘spectral”

representation for any F, € L = L, which is obtained by recurrently solv-
ing the following system with respect to F,: o« F;= a;H;,— F;_,,
1 €[1,n] CN, where E; is determined by K,(F;—;)= K,(Z,), o;:
=sup{u(V,F,_)|VEK},F,=0,E;,>E; ;and F,_, < E,.

From our hypothesis we deduce KE(F,) = KZ(F,). Since K,(E) C
CK,(F,) and K,(E)< K,(F,), orthomodulanty of W gives K,(F,)
= K,(B)v (K,(F,) N K, (E)) = E)v KE(F,) and an analogous equa-
tion for K, (F,). Thus we have K (F )= K,(F,) and so K, ( 1) =K, (E)
holds in the above-mentioned spectral representation for ¥, and F,.
Moreover, from lemma 4 and the hypothesis we can infer

sup {u(V, F,)|V € K} = sup{u(V, F,)|V ¢ K} .

Therefore, F, and F, have the same spectral representations. —!

The axioms 1 and 2a holding for (K, (), Lg), it is possible to define
decision effects with respect to (K, (E), L) in the same way as for (K, L)
in section I. For this purpose let us first observe that, for any IZ C Ly,
the greatest IZ C L such that KZ(IF) = KE (IE) satisfies IZ = LF KE (IE)
analogous to section I. Therefore Uy = {IE|I¥ < Ly} forms a complete
sublattice of U. IF being directed by theorem 5, the element ¢z ¢ IF
defined by ug(V, ¢): = sup{ug(V, F)|F ¢IF} for all V € K, (E) is the
greatest element of lE Denote the set of all ¢;# by Gy, which is a complete
lattice because Uy is so. Then we intend to prove that G is isomorphic
to the segment G (0, E) C G. Moreover, we shall see that any element of
Gy is the restriction of an element of G(0, E) to K, (£). Conversely, any
element of G5 can be uniquely extended to K so that it operates there
linearly.

Lemma 5. Bvery E, € G (O, E) determines an element of Gg.

Proof. Since By, < E, so L,K,(B,) < L,K,(E) = Lg. That is every
I, € L such that K,(I,) = K,L,K,(E,) = K,(E,) is contained in Lz, hence
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loE = l0' Thus Ko(lo) = Ko(El) impﬁes K, (la) n Kl (B) = Ko(El) n Kl (),
i.e. KE(IE) = KE(E,). Therefore L, K, (E,) is also the greatest IZ and thus
E,|K,(E) is an element of Q5. —

Lemma 6. Every e ¢ Gy determines an element of G (O, E).

Proof. Consider IF determining e. 1£C Ly= L,K,(E) implies
K,(E) < K,(F). From orthomodularity there follows K,(¥) = K, (E)
v (K,(1) N K, (E)) and K,(i¥) = K,(E)v (K,(¥) N K,(E)). By hypo-
thesis, KZ(F) = KE(IF), hence K,(IZ) = K,(IF), which obviously ex-
presses that e has a unique extension to K. In other words, every e € Gy
can be considered as the restriction of an element E, € G(0, E) to
K, (B). —

Lemma 7. For all F\, F, ¢ Ly: F; < F, implies F; < F,.

K E,(E)
Proof. By theorem 1, F, — F; =: F € L. Assume F, ;:—(-E) F,. Hence

Ei(B) O and K,(E) < K,(F). Since also K,(E) < K,(F), we obtain

K, (E)v K,(B)= K < K,(F). Thus F = O, which is a contradiction. —

Theorem 10. T'he lattices Gy and G (0, E) are orthoisomorphic.

Proof. The mapping G (0, E) -~ Gy defined by E, - E,|K, (&) is bi-
jective by the lemmas 5 and 6. Lemma 7 says that it preserves order in
both directions. The compatibility with the orthocomplementation is
trivial. —

Thus we are permitted in the sequal to identify Gz and G (0, E). We
shall make use of it when proving axiom 2b for (K, (E), Ly). Before,
however, we need a subsidiary proposition: defining {Y|Y ¢ B, Y
= AF, A€R,, F €Ly o< u(V,Y)<1 forall V¢ K,(E)} and Ly as its
(weak) closure, we show

Lemma 8. Y ¢ Ly implies ¥ < K.

E

Proof. Let Y be an accumulation point of f/E Take any sequence
(Y,) in the above-defined set which converges to Y ¢ B’. Then by the

corollary to lemma 4 Y, < F, thus ¥ < B. ~
K K

Theorem 11. For all Y ¢ Ly and B, < E:

KE(Y)2 KE(E,) implies Y =< K.
K((E)

Proof. By lemma 8 there holds Y < E. By orthomodularity we have

K
K,(Y) =K, (B) v (K,(Y) N K (E), K,(Ey) = K, (E) v (K, (Ey) N K, (B)).
Applying the hypothesis we obtain K,(#,) € K,(Y). Thus axiom 2b
yields Y £ E,. -

K

Summarizing, we can conclude that statements and theorems valid
for (K, L) hold for (K, (E), Ly) too. We shall particularly use theorem 1
with (K, (E), L) substituted for (X, L).

14*
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The next definition includes some sets useful in the sequel.
Definition 6. For every E ¢ G we denote:
(i) the (closed) linear hull of K, (E) by B(E);
(i) the (closed) linear hull of Lz by B’ (E), and define;
(iid) ,@ ~{X]X€B E), ug(X,Y)= oforall Y € Z(E)};
(iv) & ={Y|Y ¢B(E),Y = O} where B(E) denotes the
K, (E)

dual space of B(E).

Thus, the following theorem is the most important conclusion drawn
from the proved theorems in the whole.

Theorem 12. B(E)' is canonically isomorphic to B’ (E). Hence we may
tdentify B(E) with B'(E) and, therefore, 2(E) and P (E) are the positive
cones of B(E) and B'(E), respectively. That is 2(E)= th AK,(E)

+
and Z(E) = U AMLg.
Theorem 12 and its consequences create the facts upon which we

shall base the construction of the subalgebra of #(B’) as announced in
section 1.

IV. The Construction of the Algebra

Section III shows that (B(E), B'(E)) is the pair of dual spaces
pertaining to (K, (E), Lg).

Definition 7. The projector mapping B’ onto B'(E) is denoted by
Ty. Thus there holds ImT 5 = B’ (E).

Theorem 13. Tz is uniquely determined by TzY = Y|B(E) for all
YeB,ve by u(V, TgY)=pu(V,Y) for all V € K,(E).

Proof. Consider the restriction of any Y ¢ B’ to B(E) defined by
uw(X, Y|B(E)) = u(X, Y) for all X € B(E). It follows that

1) Y|B(E) is linear on B(E).

2) Y|B(E) is trivially unique as a restriction.
Therefore, by 1) and 2) an operator of B’ onto B’ (E) can be defined by
Y — Y|B(E) for all Y € B’. Because of the bilinearity of x this operator
is linear. Restricted to B’(E) it obviously operates as the identity. Thus
it is idempotent, i.e. it is equal to Tz Since 2(E) = ML‘Jt+ AK,(E) is
generati.ng with respect to B(E), Ty is completely determined by

“uV,TgY)=pu(V,Y)forall V ¢ K,(E) and any Y ¢ B' . -

Corollary 1. (i) TzF =F for all F¢Ly hence TE [Lgl=Lg
= LE,(B); (i) TgllK,(B)]={B}; (i) Tp(L,K,(E)]={0} ie.
B'(E') < KerTy.

Proof. (i) Is evident. (ii) Results from L,K,(E) N L,K,(E) = {E}.
(iii) Results from K, (E) = K,(E') C K,(F) for al F < E'.

Since always B’ = ImTy; ® KerTy there arises the question when
B’ = B'(E)® B'(E’') holds, i.e. when B'(E') = KerTy. The answer will
be given in theorem 18.
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Corollary 2. For all E € G: Ty [P = P (E).

Proof. By definition of Ty, T5[L] < Ly and by (i) of corollary 1
Ly C Tg[L). Thus Tx[L] = Lz and hence the assertion. —!

Let us remember that % (B’) denotes the R-algebra of all linear
operators over B’. Then the set

T ={T|TE€APB)T:P—>P}
forms a cone the elements of which are called positive. Since 2 satisfies
P N (— P)= {0},  canonically induces a partial order in Z(B’) by
“foral H,H, ¢ #(B'): H, < H,ff H,— H, ¢ T .
This is obviously equivalent to
“‘HH< Hyif H,— H)Y ¢Z forall Y € P .

By corollary 2 to theorem 13 T'z is positive, hence we can prove

Theorem 14. Ty is isotone for all B € G.

Proof. For all Y;, Y, € B with Y, = Y, there holds Y, — Y, ¢ Z.
Hence Ty(Y,— Y,)=TgY,— TpY, ¢ Z(E). -

Theorem 15. For all E,, E, € G

() TyTy, = Ty, iff B'(B) < B'(B)

(i) B'(E,) < B'(B,) iff B, < B,

(iii) By < B, iff Ty, Ty, = Tk,

Proof. (i) is clear because Ty, are projectors with Im Ty, = B'(E,)
(t=1,2).

(i) By definition 6 (i) B'(E,) < B'(H,) implies Ly, C Ly, thus
E, < E,. The reverse direction is also obvious.

(iii) Suppose E, < E,. Because of theorem 1 it suffices to verify
Ty Ty F = TgF for all I ¢ L. By theorem 13 there holds for all F' € L,
w(V, Ty, Ty F)= u(V, Ty F) for all V € K, (E,); besides, u(V, TgF)
= u(V,F) for all V ¢ K,(E,). Since K, (E,) C K, (H,) by hypothesis, so
there also follows u(V, Ty Ty F)= u(V,F) for all V € K,(E)), ie.
Ty Ty F=TyF foral F ¢ L.

Conversely, suppose T’z Ty, = Tg,. By corollary 1 to theorem 13
we have Ty Ty E, = Ty E,=E,, ie. u(V,TyTgE) = u(V, Ty k)
= u(V, Ey) = lforall V € K, (E,). On the other side, applying theorem 13
to Ty, we obtain u(V, Ty E) = u(V, Ey) for all V€K, (B,).
Altogether it consequently follows that K;(E,) C K,(E,), hence the
assertion. —

T (@) := {Tg|Tg €T, E ¢ G} being a projector set, there exists the
usual partial order in 7 (@), which is defined by

Ty, = Tgiff TgTy =Tpg,.
T(&
Notice that theorem 15 ensures the antisymmetry of this order relation.
So we are able to formulate our main theorem:
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Theorem 16. The mapping O : G — T (@) defined by O(E) = Ty for
all E € G is a lattice ortho-isomorphism between @ and J (G).

Proof. Theorem 15 and the preceding definition of order in J (@)
show immediately that @ is an order isomorphism. Hence 7 (G) is a
lattice with the notations

TE' = (TE)I, 1’1;}1/\E2 =1 TEl A TEZ’ TE,VEZ =1 TE1 \ 1’]_;]2 .-
Corollary. 7 (G) is an orthomodular lattice in I C B (B’).
Proof. Ty, = Tpg, implies B, < E,, hence the assertion. —
(G
Theorem 17. For all E,, E,¢Q: TE Ty, implies Ty = TE.
TG

2

Proof. Ty < Ty, is equivalent to TE Y < TyY for all Y €.
Thus Ty B, = E, < Ty B, = E, —

Remark 4. Concerning Hﬂbert-space, where K is the set of all positive
semidefinite Hermitean operators ¥V with Tr(V) = 1 and where [ is the
set of all Hermitean operators F with O < F < 1 and u(V, F) is given
by Tr(V F), the operator T is determined by TzF = EFE forall F ¢ L
and any projector E ¢ L. In this case we can easily verify that the con-
verse implication in theorem 17 is also valid, but we failed to prove it
generally.

Let us now settle the question, when KerTy = ImT 5 holds. As the
model in remark 4 shows, the lattice isomorphism & between G and .7 (G)
is not always ortho-additive. The next theorem gives a necessary and
sufficient condition for its ortho-additivity.

Theorem 18. “G Boolean” s equivalent to “TE{b 2= Ty, + Ty,
for all orthogonal E,, E, € G .

Proof. 1f G is Boolean, then each E ¢ G is compatible with all Ecaq,

- L — — —
ie. E=(EAE)V (EAE')=EAE + E A E'. By theorem 1 it suffices to
calculate the action of TE L, on L. Because any F ¢ L has the spectral

1

n

representation (see [3], theorem 15) F = J3' A, E” with 4, >0 and
v=1

E* pairwise orthogonal, it even suffices to calculate TE</_E E». By

hypothesis E* = (E" A (El\; Ez)) \L/ (E” /,\ (El\; Ez) ’) , and by corollary 1
to theorem 13 TEIJ\;E2 (E” A (El\l/ Ez) ) =0, TE{\?E, (E” A (EIVL Ez))

L L
=E”/\(E1V E2)=(E"/\E1)V (B*NEy)=E"ANE,+ E'ANE,. On the
L

other side, B* = (E* A E,)V (E* A E}), hence Ty B = E*AE; (i=1,2)
by the same corollary. Thus the final result:

T t Ev E”/\E +EVAE2——TEEI+TE2EV
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Conversely, suppose TE p = Ty, + Tpg, for all orthogonal E,, E, € G.
Especially, TEK'/‘E' = Ty + Ty = idy. Thus every F ¢ L is additively

decomposed into two components such that F' = F, 4+ F, with ¥, < E
and ', < E’. In other words, any F is reduced by all £ € @, that is any
two elements of G reduce each other. By theorem 42 in [2] two such
elements of G are compatible, i.e. G is Boolean. —

As demonstrated in [2], it suffices to suppose @ to be irreducible, i.e.
Z(@) = {0,1}, Z(@) denoting the centre of G. If @ is reducible, the struc-
ture of (B, B’) is, in fact, completely determined as soon as the structure
of the irreducible components of @ is known. With @ reducible B’ splits

up into B'= (5 B'(E"), n < dim B’, B’ being (orthogonal) atoms of
v=1

Z(G@). We will now concern ourselves with the converse. Remember

that 4 (@) denotes the set of all atoms of G.

n n
Lemma9. If B'= @ (B),, n=dimB, and U (4(6)N(B),)
y=1 v=
n

L
= 4(G), then 1 = ”\_/1 E,, each E, being the greatest element of G N (B'),.

Proof. 1) A(G) N (B’),+ 0 for all v ¢[1,2]C N. For assume the
existence of », € [1, 7] such that 4(G) N (B’), = 9. Since there exists
a basis b= {PyP,cA(G), i€[l,dimB']} of B, so bn(B'), =0.
Therefore, the linear hull of b, which is B’, is contained in P (B’),,
which is a contradiction. uld

2) G being segment-orthocomplemented, any P; €b can be supple-

m
m

| L
mented by P,, € A(G) such that 1= P,V Q\=’1 P, | =P, +Q§1 P,,
m < dim B’. Then there holds for all »¢[1,n] {P;, P,,..., P,}
N (B'), = 0, for otherwise, there would be », such that {P;, P, ..., P, }
N(B),, =0 and so 1¢  (B'),. By 1), (B’),, contains at least one
e
P, ¢ A(G). Starting from P,, we can again find Pg, ¢ 4(G) such that

m
| L w
1=P,V x\_ll P, | =P, + 3 Pg,m < dimB’. This, however, con-

n=1
tradicts the fact that every element of B’ has a unique representation
by components of (B’), because B’ is a direct sum.

In the above orthodecomposition of 1, let us collect all those atoms
which belong to an arbitrary but fixed (B’),. Their supremum (equal to
their sum) is denoted by Z,. Thus we obtain

I<i-z

1=

v

n
E,= ) E,.
1 y=1
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3) We prove that each E, is the greatest element of G N (B’),.
Starting from any atom in an arbitrary but fixed (B’),, we can derive
an orthodecomposition of 1 in the form indicated in 2). The supremum
of all those atoms in this orthodecomposition which belong to the
arbitrary but fixed (B’), must be equal to E, because of the uniqueness
of such an orthodecomposition of 1. Thus all atoms belonging to this
arbitrary but fixed (B'), are also atoms of E, ¢ (B’), hence E, is the
greatest element of G@ N (B’),. —

Corollary. Each E, of the orthodecomposition of 1 is compatible with
al B ¢@.

L
Proof. We have to prove E,= (E,AE)V (E,A E’) for all E€G.
L
There obviously holds for all E €¢G (EA E,)V (EAE,) < E. Any E can

be decomposed by atoms of @. Since, by the hypothesis of lemma 9,
n

, El (4(G) N (B'),) = A(G), the atoms of E are also atoms of E, because
the E, are the greatest elements in G N (B’),. For an arbitrary but fixed

L
v, € [1,n] we deduce from lemma 9 B, =1— B, = ¥ E,. Hence we

L i

conclude £ < (EAE,)V (EAE,). Thus E = (E A E,)V (E A E,) and by
L

the orthomodularity of @ E, = (E,A E)V (E, A E'). —

Theorem 19. With the hypotheses of lemma 9 and dim B’ = dim (B’),
for all v € [1, n], G is reducible.

Proof. From the preceding corollary there follows E, € Z (@) for all
E, of the orthodecomposition of 1 € G. Since B’ is supposed to be a non-
trivial direct sum (n > 1), there holds £, 4+ O and E, & 1 for allv € [1,#];
hence the assertion. —

Definition 8. (i) Let &7 (@) denote the (real) subalgebra of #(B’)
which is generated by 7 (G).

(i) Let &/ (@)’ denote the commutant of & ().

We will now establish a connexion between the operation of any sub-
algebra of #Z(B’) and the reducibility of G. To this end let us first note
the operation of T'p for any P € 4(G): by the proof of theorem 9, any
F ¢ Lp has the representation F = AP, 1 ¢ [o,1]. Hence TpF = AP
= u(Vp, F) P for every F ¢ L, which can be deduced from theorem 13
and its corollary 2.

Theorem 20. Let o7 be any subalgebra of #(B'). If o is reducible,
then so is G.

Proof. o reducible implies &7’ + {«idp|idp € Z(B’), « € R}. Con-
sider any A €.o7’ such that 4 =+ aidp. A commutes especially with
each Tp € #(B'): ATpP = AP = TpAP = u(Vp, AP) P = «(P) P
with a(P) := u(Vp, AP), ie. all P ¢ A(G) are proper vectors of A.
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Since A + «idg, there exist at least two distinct proper values of A4.

Suppose its total number to be n (1 < n < dim B’) i.e. A decomposes B’

into the non-trivial direct sum of the n proper spaces (B’),, each (B’),

belonging to the proper value «, of A. Let {P,|P, ¢ A(G), i ¢ [1, dim B']}

be a basis of B’. Then [1, dim B’] is subdivided into n disjoint sets I,

such that «, = «(P;,) for all ¢, € I,. Thus {P; |i, € I} is a basis of (B'),.
n

Any P ¢ A(G) being a proper vector of A4, we have derived 91 A&

N (B'),) = A(G), i.e. the decisive hypothesis of theorem 19. —
As it is structurally not restrictive to require ¢ to be irreducible (see [2]),
we can show the

Theorem 21. If G s irreducible, then o = B (B’).

Proof. By theorem 20 B’ is a faithful and irreducible o7/-module,
hence o7 is primitive. Thus, by JacoBsoN’s density theorem, &7 is
algebraically dense in #(B’) (see e.g. [19]) and so, because of the finite
dimension of B, o = #(B’). In particular, o/ (@) = #(B’), which ex-
presses that 7 (@) is a Baer-ring. —

The concluding remarks of this paper are dedicated to the com-
parision of the projector Ty with the Sasaki-projection extensively used
in [7—11] and [17, 18]:

Definition 9. (i) If G is orthomodular, a surjection @,:G — G(0, e) is
defined by @,(9) =en (g v e') for all g € G and any e € G ([15]).

(ii) Since @, is idempotent, it is called Sasaki-projection.

As immediately to be verified, the following implications hold for
e, g €q:

(1) g < e implies D,(g9) = g (by orthomodularity of @)
(2) e < g implies D,(g) = e

(8) ¢ < ¢ implies D,(9) =0

(4) ¢’ < g implies D,(g9) = e g.

According to NAKAMURA [16] there holds in an orthomodular G with

L
the definition “e;€e, iff e, = (e;ne) VY (e A e)”:

(5) ¢%e, iff ®, D, =D, D,

(6) e, Be, iff e, G e,.

The model in remark 4 demonstrates that T'z|G is not generally a
Sasaki-projection but if and only if G is Boolean, which is a consequence
of theorem 18. Whereas @, is a v-homomorphism, T'z|G is so only in the
Boolean case. The properties (1)—(4), however, are satisfied by Ty as
can easily be seen by corollary 1 to theorem 13 and by the orthomodu-
larity of G. We have, up to now, failed to settle the question whether
Ty has property (5) or not.

Let us at last outline the main results of the co-ordinatizing procedure
by FouLis [7—11]:
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& (@) denotes that multiplicative semigroup of isotone mappings @
of an orthomodular lattice @ into itself for which for each @ ¢ ¥ (@)
there exists one and only one @* ¢ ¥ (). Here, * is an involutory anti-
automorphism on & (). & (@) is a Baer-*-semigroup whose projection
lattice ' & (G): = {D,le € G, D, € & (G)} is ortho-isomorphic to G. ¥ (G)
is then said to be a co-ordinate semigroup of G. Fouris has shown that
& (@) is the smallest (with respect to homomorphisms) co-ordinate semi-
group of G. Infimum, supremum and orthocomplementation in #' & (G)
are determined merely by the *-mapping and the internal composition
on £ (@).

Thus there arise the following open questions in connexion with our
exposition:

1) It is possible to express the lattice operations in J (@) by means
of the internal compositions of &7 (@) ?

2) It is possible to define a *-mapping on 7 (G) only by order and
orthocomplementation so that this involution is compatible with the
internal compositions on % (B’) and so that Ty = Tp*"?

3) Suppose #Z(B’) to have such an involution. Is & then modular ?

4) When does Ty satisfy “E, € K, iff Ty Ty, = Ty Ty ?

5) When does the converse of theorem 17 hold ?

I thank Prof. G. Lupwia very much for suggesting this investigation and for

his decisively stimulating criticism. I also thank Dr. K. Kraus, Dr. P. Storz and
Mr. W. PrEDIGER for critical remarks.

References
1. Lupwig, G.: Versuch einer axiomatischen Grundlegung der Quantenmechanik
und allgemeinerer physikalischer Theorien. Z. Physik 181, 233—260 (1964).
2. — Attempt of an axiomatic foundation of quantum mechanics and more
general theories. II. Commun. Math. Phys. 4, 331—348 (1967).
3. — Attempt of an axiomatic foundation of quantum mechanics and more

general theories. III. Commun. Math. Phys. 9, 1—12 (1968).
4. Hauptsitze itber das Messen als Grundlage der Hilbert-Raumstruktur der
Quantenmechanik. Z. Naturforsch. 22a, 1303—1323 (1967).
5. — Ein weiterer Hauptsatz iiber das Messen als Gundlage der Hilbert-Raum-
struktur der Quantenmechanik. Z. Naturforsch. 22a, 1324—1327 (1967).
. — English preprint combining [4] and [5].
. Fouwis, D. J.: Baer *-semigroups. Proc. Am. Math. Soc. 11, 648—654 (1960).
. — Conditions for the modularity of an orthomodular lattice. Pacific J. Math.
11, 889—895 (1961).
9. — A note on orthomodular lattices. Portugal. Math. 21, 65—72 (1962).
10. — Relative inverses in Baer *-semigroups. Mich. Math. J. 10, 65—84 (1963).
11. — Semigroups co-ordinatizing orthomodular geometries. Can. J. Math. 17,
40—51 (1965).
12. Mirgs, P. E.: Order isomorphisms of B* algebras. Trans. Am. Math. Soc. 107,
217—236 (1963).

o 3 >



13.
14.
15.
16.
17.

18.
. BeHRENS, E. A.: Algebren, Bd. 97/97a. Mannheim: Bibliographisches Institut

Foundation of Quantum Mechanics 211

Day, M. M.: Normed linear spaces. Second printing, N. F. Heft 21. Berlin-
Gottingen-Heidelberg: Springer 1962.

Boursaxl, N.: Espaces vectoriels topologiques, Chap. 1 et 2, deuxiéme édition.
Paris: Hermann 1966.

Sasak1, U.: On orthocomplemented lattices satisfying the exchange axiom.
J. Sci. Hiroshima Univ. Ser. A 17, 293—302 (1954).

Naxamura, M.: The permutability in a certain orthocomplemented lattice.
Kodai Math. Sem. Rep. 9, 158—160 (1957).

Poor, J. C. T.: Baer *-semigroups and the logic of quantum mechanics. To be
published in this journal.

— Semimodularity and the logic of quantum mechanics. Preprint March 1968.

AG. 1965.

GUNTER DAHN
Institut f. theor. Physik (1) d. Universitat
355 Marburg (Lahn), Renthof 7





