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Abstract

In this paper, we consider the Neumann problem for the Laplace operator with a given
data containing a divergence of a vector field. We demonstrate the existence and reg-
ularity of a weak solution. As an application, we consider the existence and regularity
of a weak solution in regard to the Maxwell-Stokes type equation.
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1 Introduction

In this paper, we consider the Neumann problem for the Laplace operator with data con-
taining the divergence of a vector field of the form

Au=divf+g inQ,
&—f-n+y onT, (1.1)
fgudx=0,

where Q is a bounded domain in R" with a boundary I', n denotes the outer unit normal
vector to the boundary I', and f, g and ¢ are given functions. We demonstrate the existence
of a weak solution in the W'” Sobolev and C'** Holder spaces and obtain W' estimates
and C% Schauder estimates. To the best of our knowledge, this result has not been explic-
itly proved in the previous research, although a similar result was given for the Dirichlet
problems by Gilbarg and Trudinger [10, Theorem 8.34].
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As an application of the above results, we consider the existence of a unique weak
solution and C'# regularity of the weak solution in regard to the Maxwell-Stokes problem
containing a p-curl system.

In a bounded simply connected domain Q in R? without holes, Yin [18] considered the
existence of a unique solution for the so-called p-curl system

curl [[curlv|?2curlv] = f  in Q,
{ divk =0 in Q, (1.2)
nxv=0 onl
where I" denotes the C>? (a € (0,1)) boundary of Q, p > 1, n the outer normal unit vector
field to I, and f is a given vector field satisfying the compatibility condition div f = 0 in Q.
If f is a C?-vector function, Yin [19] showed the optimal C'*#-regularity for some 3 € (0, 1)
of a weak solution. See also Yin et al. [20].
The equation (1.2) is a steady-state approximation of Bean’s critical state model for type
II superconductors. For further physical background, see [20], Chapman [8] and Prigozhin
[16].
Aramaki [3] extended the result of [19] on the C'*# regularity of a weak solution to a
more general equation, in a simply connected domain without holes to the following system.

divy =0 in Q, (1.3)

curl [S ,(x, [curlv*)curlv] = [ inQ,
nxyv=0 on 0Q)

where the function S (x,1) € C*(Q x (0, 0)) N CO(Q x [0, o)) satisfies some structure condi-
tions. Hereafter, we denote %S (x,1) by S(x,1).

However, in a multi-connected domain, the systems (1.2) and (1.3) are not well posed.
In fact, if the second Betti number is positive, for a weak solution v of (1.2) or (1.3), then
v+ z, where z satisfies curlz =0,divz=0in Q and zxn =0onT, is also a weak solution of
(1.2) or (1.3), respectively. Thus it is necessary to add some conditions to (1.2) and (1.3).
Aramaki [6] showed the unique existence and optimal C'*#-regularity of a weak solution
to the system (1.3) with additive conditions.

In the author’s previous paper Aramaki [4], we considered a system of quasilinear
parabolic type equations involving p-curl system associated with the Maxwell equations
in a multi-connected domain. We saw that the solution converges to a solution of the sta-
tionary problem as the time variable diverges to the infinity. The paper is a continuation of
[3] and [4]. For this type of operators, see also Aramaki [5].

We must impose the compatibility condition

divf=0in Q (1.4)

for the existence of solution to (1.3). When (1.4) does not hold, we may consider the
following equation with a potential.

curl [S;(x, |cur1u|2)cur1u] =f+Vrin Q. (1.5)

in a bounded multi-connected domain Q c R3.
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In this paper, we consider the existence and regularity of a unique weak solution to (1.5)
under some conditions in a bounded multi-connected domain in R3.

The paper is organized as follows. In section 2, we consider the Neumann problem for
the Laplace operator of the form (1.1). In section 3, we specify some assumptions on the
domain and function S for application to the Maxwell-Stokes problem. In section 4, we
obtain the existence of a weak solution to the Maxwell-Stokes problem and its regularity.

2 Existence and regularity of weak solutions to the Poisson equa-
tion with the Neumann condition

In this section, we assume that Q is a bounded domain in R” (n > 2) with a C! boundary I'
and 1 < p < o0,

Hereafter, we use the notations L”(Q), W"-P(Q) (m > 0, integer), W?(I') (s e R), C! @(Q)
and so on, for the standard Sobolev spaces and Holder spaces of functions. For any Banach
space B, we denote B" by the boldface character B. We henceforth use this character to
denote vectors and vector-valued functions, and we denote the standard inner product of
vectors a and b in R" by a - b.

We consider the following Neumann problem to the Poisson equation. For given f €
LP(Q) satisfying div f € LP(Q), g € LP(Q) and ¢ € W~/PP(T), find u € WHP(Q) such that

Au=divf+g inQ,
% —f-n+y onT, 2.1

We note that if f € LP(Q) and div f € LP(Q), then f-n € W-1Pr(T) is well defined (cf.
Amrouche and Seloula [1]), and there exists a constant C > 0 depending only on p and Q
such that

Lf - nllw-1p0y < CUfllLr @) + 1div fllr@)-

Now we give a notion of a weak solution of (2.1).

Definition 2.1. We say that u € W' (Q) is a weak solution of (2.1), if u satisfies

fVu-Vgodxzff~thdx—fgcpdx+fwgodS 2.2)
Q Q Q r

for all ¢ € CY(Q), where dS denotes the surface area of T and the last integral of (2.2)
means the duality between W=/PP(T") and wi-1prp ().

The compatibility condition becomes

f gdx = f wds. 23)
Q r

Remark 2.2. Lieberman [13] considered a more general elliptic equation, but he only
treated the case p = 2.

We obtain the following existence result.
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Proposition 2.3. Let Q be a bounded domain in R" with a C' boundary T. For f € LP(Q)
satisfying div f € LP(Q), g € LP(Q) and y € W~VPP(T) satisfying the compatibility condition
(2.3), the problem (2.1) has a unique weak solution u € WHP(Q), and there exists a constant
C > 0 depending only on n, p and Q such that

lullwir) < CUIA L @) +IgllLr@) + W lw-1701)- 2.4
For the proof, we apply the following proposition given by [1, Theorem 4.2].

Proposition 2.4. Let X and M be reflexive Banach spaces with the dual spaces X' and M’,
respectively, and let a be a continuous bilinear form defined on X x M. Let A € L(X,M")
and A’ € L(M,X’) be bounded linear operators defined by

a(v,w) = (Av,w) = (v,A'w) forve X,w e M.

Put V = KerA. Then the following statements are equivalent.
() There exists > 0 such that
. a(v,w)
inf —_—_ >
0#weM geyex |VIxIWlla
(i) A : X/V — M’ is an isomorphism, and 1/ is a continuity constant of A=\
(i) A" : M - X' LV :={f € X';{f,v) =0 for all ve V} is an isomorphism, and 1/B is a
continuity constant of (A’)™".

Proof of Proposition 2.3. We rely on the following inequality (cf. Kozono and Yanagi-
sawa [12, p. 3853] or Simader and Sohr [17, Theorem 1.3]). There exists a constant ¢y > 0

such that
fg Vu-Vvdx

IVullpr@) < co sup AT (2.5)
vewtr' @vvz0 VVIlLr o)
for any u € WP(Q), where p’ is the conjugate exponent of p, that is, (1/p)+(1/p’) = 1.
From now on, for any space B of functions defined in 2, we denote

B:{ueB;fudx:O}.
Q

Let X = W'P(Q) and M = WP (Q) which are closed subspaces of reflexive Banach spaces
WhP(Q) and W' (Q), respectively. Therefore, X and M are also reflexive Banach spaces
(cf. Brezis [7, Proposition III, 17]). For any u € Whr(Q), v=u- |1§| fg udx € WHP(Q). So it
can be easily seen that

(Vuyue WHP(Q)} = {Vv;v e WHP(Q)).

Hence (2.5) also holds if we replace W'7(Q) and W' (Q) with W'»(Q) and W7 (Q),
respectively. That is,

f Vu-Vvdx

Q

Vullpry<co  sup o (2.6)
veWLr' (Q),v+0 ”VVHLP’(Q)
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for any u € WP(Q), If we define a continuous bilinear form on X x M by
a(u,v) = f Vu - Vvdx for (u,v) € XX M,
Q

then it follows from (2.6) that (i) of Proposition 2.4 holds with 8= 1/c(. Define A € L(X,M")
by a(u,v) = (Au,v) for u € X and v € M. From (2.6), we can see that V = KerA = {0}.
Furthermore, we define a functional T by

(T,v)zff-Vvdx—fgvdx+ftﬁvdS
Q Q r

for v e Wh'(Q). Since f € LP(Q),g € LP(Q) and ¢ € W~V/PP(T'), we see that T € M’. By
Proposition 2.4 (ii), there exists a unique u € X = WP (Q) such that

a(u,v) = (T,v) forall ve M = Wh (Q),

and
llullx < collT||ps- 2.7)

For the Poincaré inequality, there exists a constant C = C(n, p,Q) such that |V||;» q) <
ClIVVlI ) for v € WP (Q). Hence for v e W' (Q), we have

KT, vl

IA

LAl @IVl o, + gl iy + llw-immry My

IA

CUlfllLr @) +l1gllr@) + I lw-1me DIVl -
Therefore, we have
ITla < CUIf e +I8llr@) + W lw-1eery)-

For any v € WP (Q), we have v—c, € W' (Q), where ¢, = Iﬁll vadx. Hence it follows
from the compatibility condition (2.3) that

fVu-Vvdx ff-Vvdx—fg(v—cv)dx+fa,l/(v—cv)dS
Q Q Q r
ff-Vvdx—fgvdx+fwvdS.

Q Q r

for all v e WP (Q). Therefore, u is a unique weak solution of (2.1) and the estimate (2.4)
holds. This completes the proof of Proposition 2.3.

For the regularity of the weak solution of (2.1), we want to prove the following estimate
of a C!* weak solution.

Proposition 2.5. Let Q be a bounded domain with a C** boundary T (0 < a < 1). Assume
that f € C*(Q),g € L*(Q) and ¢ € C*(Q) satisfying the compatibility condition (2.3). If
u € CH(Q) is a weak solution of (2.1), then there exists a constant C > 0 depending only
on n,a and Q such that

il < CU Moy * N8l + Wl y)- 2.8)
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Proof. Since C La (ﬁ) c Wh2(Q), if we apply Lieberman [13, Theorem 5.54], then we have

“l'tllcl,a(ﬁ) < C(”“”cO(ﬁ) + ”f”cﬂ(ﬁ) + ||g||L°°(Q) + Hw”CO‘(ﬁ)) (29)

We must drop the first term on the right-hand side of (2.9). For this purpose, we use an
argument similar to Nardi [14 Proof of Theorem 4.1]. Let us suppose that (2.8) is false.
Then there exist {uz} ¢ C¥(Q), {gr} € L™ () and {y} C CY(Q) satisfying the compatibility
condition fQ grdx = fr YrdS, such that iy, is a weak solution of

Aup =divfi+gr inQ,
a”" % = fi-n+yr onT,
f uka’x 0

”ukHCl,a(ﬁ) = 1’ and

ikl gy = KU el g + gl + Wl )

Then f, — 0in C"(ﬁ), gr — 0in L™(Q) and Y — 0 in C"(ﬁ). Since ||uk||Cm(§) =1, there
exists a constant C(€2) > 0 such that

|DPui(x) — DPur(y)| < C(Q)|x — y|* for x,y € Q,|8] < 1.

Iterating the Ascoli-Arzela theorem, there exists a subsequence {uy,} of {ux} such that uy, —
ug in CO(Q) and Dﬂuk, — ugin CO(Q) for |B] = 1. This implies that uy, — up in C! (Q) Hence
up is a weak solution of

Aug=0 in Q,
%irf =0 onl,
fQ updx = 0.

Thus we have ug = 0. From (2.9), we have

1= “uklllcl,a(ﬁ) < C(””k,”cO(ﬁ) + ”fk,”ca(ﬁ) + ”gk[HL"“(Q) + ”w/q”ca(ﬁ)) — 0.

This leads to a contradiction. Therefore the estimate (2.8) holds. O

We present the main theorem in this section.

Theorem 2.6. Letr Q be a bounded domain with a C'* boundary I' O<a<1). Assume that
f € CUQ) satisfying div f € LP(Q), g € L®(Q) and y € C*(Q) satisfying the compatibility
condition (2.3). Then a unique weak solution u of (2.1) belongs to C" “(Q), and there exists
a constant C > 0 depending only on n,a and Q such that (2.8) holds.

Proof. Choose f; € C3(Q), g, € C3(Q) and y; € C3(Q) such that

i = £ with [fillco) < clflln )

gk — g in L'(Q) with |Igxllz=) < cllgllz=).

lﬁk - lﬁ Wlth ||wkl|cn(ﬁ) < CHw”CQ(ﬁ)

Moreover, choose the C>® domain {Q;} exhausting Q such that I'; := 0Q; — I' and the
surfaces I'y are uniformly in C"¢ (cf. [10, the proof of Theorem 8.34]). Since g and ¥y
might not satisfy the compatibility condition, we choose constants ¢, such that

f grdx= | (Yr+cp)ds. (2.10)
Q I'x
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By the Lebesgue dominated convergence theorem, we can see that

fgkdx%fgdx, fgbdeﬁfwdS.
Q. Q Iy I

Since |I'x| — [['], we have ¢ — 0 as k — co. We consider the following smooth approximat-
ing Neumann problem

Au = dink + gk in C,
% = fe-n+yr+cr onTy, 2.11)
j;)ukdx=0.

Now the compatibility condition (2.10) holds. Thus (2.11) is a regular problem with the
Neumann boundary condition. Hence, it follows from [14, Theorem 3.1] that (2.11) has a
unique solution u; € C>*(Q). Moreover using Proposition 2.5, there exists a constant C > 0
depending only on n, @ and Q such that

A

heillcras, < CAF e+ gl + Wkl o + %)
Celllfll g + gl + Wl ) +crCIQ

IA

Letting k — oo in the weak form of (2.11), we obtain in the limit a unique weak solution u
of (2.1) and u € C'%(Q) which follows from [13, Theorem 5.54]. By Proposition 2.5, the
solution u satisfies the estimate (2.8). O

3 Assumptions to an application

In this and next sections, we consider the Maxwell-Stokes problem in R3. Since we allow
that the domain is multi-connected in R?, we assume that Q has the following conditions
as in [1] (cf. Amrouche and Seloula [2], Dautray and Lions [9] and Girault and Raviart
[11]). Let Q c R3 be a bounded domain of class C>® with the boundary I' and Q be locally
situated on one side of I'.

(1) T has a finite number of connected components Lo, Iy, .0 with 'y denoting the
boundary of the infinite connected component of R3 \ Q.

(2) There exist n connected open surfaces X;, (j = 1,...,n), called cuts, contained in
such that
(a) X;is an open subset of a smooth manifold M.

(b) 0X; cI' (j=1,...,n), where 9%; denotes the boundary of X;, and X; is non-
tangential to I".

(€) Z,NX;=0(# j).
(d) The open set Q=Q\ (U, ;) is simply connected and pseudo C L class.
The number 7 is called the first Betti number, which is equal to the number of handles of

Q, and m is called the second Betti number which is equal to the number of holes. We say
that if n = 0, Q is simply connected, and if m = 0, Q has no holes.
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Define two spaces by

KR (Q)
K7(Q)

{ve LP(Q);divy =0,curly =0in Q,vxn=00onT},
{ve LP(Q);divy =0,curly =0in Q,v-n=0o0nT}.

It is well known that dim K’T’(Q) =nand dimKﬁ,(Q) =m.

We assume that a function S (x,7) € C2(Qx (0, 0))NC(Q X [0, o0)) satisfies the following
structure conditions: there exist a constant 1 < p < co and positive constants 0 < A < A < oo
such that for all x € Q

S(x,0)=0and P22 < S,(x,1) < ArP22 for t > 0. (3.1a)
APD12 <8 (x, 1)+ 218 1 (x,1) < ArP722 for t > 0. (3.1b)
If1<p<2,Sux,0)<0, andif p > 2,8 4(x,1) > 0 for t > 0. (3.1¢)

We note that from (3.1a), we have
—AtP12 < S (x,1) < =AP'“ for t > 0.
4 4

When S (x,7) = tP/2, system (1.3) becomes (1.2), and by elementary calculations, we see
that S (x,7) = v(x)t?/?, where v € C*(Q) and 0 < v, < v(x) < v* < o0, satisfies (3.1a)-(3.1c).

4 An application to the Maxwell-Stokes type equation

Since we allow that Q is multi-connected, (1.3) is not well posed. In our previous paper [6],
we considered the following equation.

curl[S,(x, [curlvP)curlv] = f  in Q,
divy =0 in Q,
vxn=0 onl,
v-n,1)r,=0 fori=1,2,...m,

4.1

where (-, -)r, denotes the duality between w-Yrr(T;)and WV vy (T';). We assume that f €
LP'(Q) satisfying divf =01in Q and (f - n, I)r, =0 for i = 1,...,m, where the bracket (-, )r,
means the duality between w-1roP (1)) and W'=V/PP(T)). Though we use the same notation
as the duality between W~1/PP(T';) and W'=1/7"P'(T;), we should not be in confusion. We
showed the existence and regularity of a weak solution to the system (4.1). To explain the
result obtained precisely, we consider the space

VP(Q) ={v e LP(Q);curly € LP(Q),divy =0in Q,
vxn=0onI,{v-n1)r,=0,i=1,...m}.
Then we have

Lemma 4.1. Let 1 < p < oo, Then VP(Q) is a closed subspace of WP (Q), and we can
regard VP(Q) as a separable, reflexive Banach space with the norm

IVllvr(q) := llcurlv||rr )

which is equivalent to ||v||W1,p(Q).
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For the proof, see [6] and [1].
Moreover, we define a space

Wzlép(Q) ={peW"P(Q)vxn=0onT}.

Definition 4.2. For given f € LV (Q) satisfying div f = 0 in Q, we say v € VP(Q) is a weak
solution of (4.1), if v satisfies

fSt(x, |cur1v|2)cur1v-curlwdx = ff-wdxfor allwe th(;p(Q).
Q Q

In the previous paper, we obtained the following proposition [6, Proposition 3.5] and
theorem [6, Theorem 2.2] on the existence and regularity of the weak solution. These results
are used later.

Proposition 4.3. Assume that f € L7 (Q) satisfies div f =0 in Q and (f - n,1)r, = 0 for
i=1,...,m. Then the system (4.1) has a unique weak solution v € VP(Q), and there exists a
constant C > 0 depending only on A, p and Q such that
/-1
Wlive < CIAIL
Theorem 4.4. Assume that Q is a bounded domain in R? with a C*® boundary T satisfying

(1) and (2) for some «a € (0,1), and that a function S (x, t) satisfies the conditions (3.1a)-
(3.1¢). Moreover, f satisfies the condition that f € C*(Q) and

divf=0inQand(f-n,1)r,=0,i=1,...m.. “4.2)

Then the unique weak solution v € VP(Q) of (4.1) in the sense of Definition 4.2 belongs to
C'B(Q) for some B € (0,1). Furthermore, there exists a constant C > 0 depending only on
p,Q and ||f||Cry(§) such that

Vllers, < C.

When f does not satisfy the first equation of (4.2), the theorem is false. In this case,
we may consider the following Maxwell-Stokes problem (cf. Pan [15]): to find (u,7) €
VP(Q)x W' (Q) such that

curl [S(x,|curlu)curlu] = f+Vr  inQ,

divu =0 in Q,

uxn=>0 onT, 4.3)
W-n1)r,=0 fori=1,2,...m,

g—g=—f-n onT

Definition 4.5. We say that (u,n) € VP(Q) X WL (Q) is a weak solution of (4.3), if (u,m)
satisfies the following equality.

fSt(x,lcurlulz)curlu-curlwdx:ff-wdx+(Vn,w)W1,p(Q), W@ “4.4)
Q Q >0

10

Lp
Jorallw e W °(Q).
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First we obtain the following proposition on the existence of a weak solution.

Proposition 4.6. Assume that f € LY Q) and div f € L7 (Q). Then the system (4.3) has a
unique weak solution (u,n) € V() x WP (Q), and there exists a constant C >0 depending
only on A, p and Q such that

!

lleellye @) + Il () < CAIf @

+ ”f”Lp’(Q))-
Proof. We first consider the Poisson equation with the Neumann boundary condition

—Ar=divf inQ,
——_f-n onT, (4.5)
fQJde =0.

Applying Proposition 2.3, (4.5) has a unique weak solution 7 € W'»'(Q), and there exists a
constant C > 0 depending only on p and € such that

||ﬂ||W1vP'(Q) < C(“fHLp’(Q) + “dinHLn’(Q))-

Since f+Vre LY (Q), div(f+Vn) =divf+Ar=0in Qand (f +Vn)-n= f- n+3. 6” =0on
I', the hypotheses of Proposition 4.3 replaced f with f + Vrx hold. Hence (4.3) has a unique
solution u € VP(Q), and that there exists a constant C > 0 depending only on 4 and p such
that

2 <
lleellyr ) C||f||Lp @

The uniqueness of a solution (u,7) € V() X WP (Q) is now clear. O
Now we obtain the regularity of the weak solutions of (4.3).

Theorem 4.7. Assume that Q is a bounded domain in R with C>® boundary T satisfying
(1) and (2) for some « € (0,1), and that a function S (x, 1) satisfies the conditions (3.1a)-
(3.1c). Moreover, f satisfies the condition that f € C"(Q) and div f € L” (Q). Then the
weak solution (u,7) of (4.4) belongs to C B Q) x C! “(Q) for some 8 € (0,1), and there
exists a constant C > 0 depending only on p,a,Q and ||f IICC,(Q) such that

”ullclﬁ(ﬁ) + ||7T|Icl,a(ﬁ) <C. (46)

Proof. By Proposition 2.6, the solution  of the Poisson equation with the Neumann bound-
ary condition (2.1) is, in fact, in C'*(Q) and there exists a constant C > depending only on
a and Q such that

llea) < Clfllen

Since div(f +Vr) =0in Q and (f + V) n =0 on I, it follows form Theorem 4.4 that u is
in C'8(Q) for some B €(0,1), and the estimate (4.9) holds. O

Next we consider a special case where ) has no holes. We note that in this case, we
can adopt the Dirichlet boundary condition with respect to 7. That is to say, we consider
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the following problem: to find (u,7) € VP (Q) X Wé’p ’ (Q) such that

curl [S;(x,|curlu)®)curlu] = f+Vr  in Q,
divue =0 in Q,

uxn=0 onT, @.7)
1=0 onT.
Since Q has no holes, we can write
VP(Q)={v e LP(Q);curly € L?(Q),divy =0in Q,vyxn=0onT}.
For f € L¥ (Q), the following Dirichlet problem
e

has a unique weak solution 7 € W(;’p ,(Q) in the sense of

fVﬂ-thdx = —ff-chdx forall p € Wé’p(Q),
Q Q
and there exists a constant C > 0 depending only on p and € such that

”7T||Wl.p’(g) < CHf“Lp’(Q)-

These facts follows from the variational inequality (cf. [12, (2.16)])

Vi -Vpdx
”V"b”LP’ Q) <ci sup M

- for all y € W) (Q),
orgenir Vel @

where c) is a positive constant depending only on p and €, and an application of Proposition
2.4 as in the proof of Proposition 2.3.

Furthermore, if f € C“(ﬁ), it follows from [10, Theorem 8.34, 8.33] that the weak
solutin 7 of (4.8) belongs to C!- (Q), and that there exists a constant C > 0 depending only
on « and Q such that

el ety < Cllllogg, + 1 llge -

By the arguments as in the proof of Proposition 2.5, we can improve the estimate as follows.
||7T|Icl,a(ﬁ) < CHf”ca(ﬁ)

When f € L7 (Q), since f+ Vr e L7 (Q) and div(f + V) = div f + Azr = 0 in Q, and Q has
no holes, i.e., dim KZ(Q) =m = (0, it follows from Proposition 4.3 and Theorem 4.4 that we
can demonstrate the following.

Proposition 4.8. Ler Q be a bounded domain satisfying (1) and (2) with m = 0. Assume/ that
f € L7 (Q). Then the system (4.7) has a unique weak solution (u,n) € VP(Q) X Wé’p (Q),
and there exists a constant C > 0 depending only on A, p and Q such that

p-1

lallvec@y + iy < CAAL

+”f”LP/(Q))'
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Now we also obtain the regularity of the weak solutions of (4.7), under the hypothesis
feC* Q).

Theorem 4.9. Assume that Q is a bounded domain in R with C>® boundary T satisfying
(1) and (2) for some «a € (0, 1) with m = 0, and that a function S (x, ¢) satisfies the conditions
(3.1a)-(3.1¢). Moreover, if f € C“(ﬁ), then the weak solution (u,7) of (4.7) belongs to
Cc'# (ﬁ) xC 1’“(5) for some S € (0, 1), and there exists a constant C > 0 depending only on
a,Q and ||f ”C"(ﬁ) such that

”ullclﬁ(ﬁ) + ||ﬂ||cl,a(§) < C. (49)
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