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Abstract
Let Q € L!(S™ 1) have mean value zero and satisfy the condition
sup f 1QGH|(n |’ -y’Ifl)(1“(e+'"|5"y’|_l))ﬁ do(y") < oo for some B> 0.
é’lesl‘l—l sn=l1
Under certain conditions on the measurable function 4, we show that the singular

integral
h(yDQG’
T =p.v. [ MR ey

is bounded on the Triebel-Lizorkin weighted spaces F Z,’;V (R™). We also study the
Marcinkiewicz integral (with the same kernel Q as above) in the L”- weighted spaces.
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1 Introduction

In this note, we always assume that the kernel Q € LY(S™ 1) (n > 2) satisfies the mean value
zero property. Consider the singular integral 7 f (with 4 = 1) as defined in the abstract.
Calderén and Zygmund [3] proved that T is a bounded operator on LP(R") for 1 < p <
oo if Q € Llog* L(S"™"). Afterward, Connett [6] and Ricci and Weiss [16] independently
obtained the same result with the condition Q € H'(S""!), where H!(S"!) is the Hardy
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space on the unit sphere. Later on, Fan and Pan [10] obtained the result for a more general
class of operators.

Recently, Grafakos and Stefanov [13] proved thatif z=1, and Q € LY(S™ 1) satisfies the
condition

1

1) sup f 1Q(y")|(log ﬁ)““da(y’) < oo for some a > 1,
resn-1Jsn-1 1"yl

then

@
2Q2+a)

1 1
IT Alereey < Cllfllureeey for |5 =71 <

Subsequently, this result was extended by Fan, Guo and Pan [11], where is replaced

@
22+ a)
. Note that for every « satisfying 0 < e < 1, Grafakos, Honzik, and Ryabogin

a
b

Y 2(T+a)
[14] proved that there is an even integrable function Q on S"~! with mean value zero that

satisfies a condition similar to condition (1) ( where sup is replaced by essup,cg.-1) such
_(’GS"*I
that the singular integral

Q')
[yl"

Taf=p.v. [ =02 fe=ydy

1 1
is unbounded on L”(R") whenever |§ ——|> %. In particular, there is a function Q such
o

that Tq is bounded on L?(R") exactly when p = 2.

It may be possible that for @ > 1, T is bounded on L?(R") for 1 < p < oo, whenever
satisfies condition (1). However, this is still unknown at the present. The best result we can
infer from [13] is that T is bounded on L”(R") for 1 < p < oo, if Q satisfies condition (1) for
all @ > 0. In fact, under the hypothesis that Q satisfies condition (1) for all @ > 0, Jiecheng
Chen and Chunjie Zhang [4] have obtained the boundedness of T on the homogeneous
Triebel-Lizorkin space F bR for 1 < p,g<oo, seR.

The purpose of this paper is to find an alternative condition on Q so that the singular integral
T f (as defined in the abstract) is bounded on the homogeneous Triebel-Lizorkin weighted
space F bg@®™) for 1 < p, g < oo, s€R, and for some appropriate weight w. It should be
remarked that the proof in this paper follows some basic ideas in [5], which are different
from those in [4]. In [4], the authors used the vector-valued inequalities” approach, based
on some ideas of Hofmann [15]. It is not obvious that we could obtain the boundedness of
T on the homogeneous Triebel-Lizorkin weighted space F sg@®") for 1 < p,g<oco, seR,
by applying their techniques. We state our results in section 3, and the proof will be given

in section 4. Section 2 deals with some preliminary background and notations.
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2 Background

2.1 A,(R") weights.

Recall that A,(R") (p > 1) is the class of all weights w, which are non-negative and locally

integrable, such that
1 1 Pl
—1/(p-1)
w w <A <oo.
(|Q|~[Q )(|Q|L )

Here |Q| denotes the Lebesgue measure of the cube Q in R". Note that A, is the class of all
weights w > 0 for which the Hardy-Littlewood maximal operator M is bounded on L?(w).
Ay is the class of weights w > 0 for which M satisfies a weak-type estimate on L'(w), i.e.,
Mw(x) < Cw(x) a. e. for some positive constant C (see [12, 17] etc.).

Now let A »(R*) denote the class of all radial weights w(x) such that

w(x) = w(lx]) = vi(|x]) v;_p(lxl), where either v; € A|(R*) and is decreasing or v? e A|(RM),
i=1,2(see [9]). By (8) in [9], the Hardy-Littlewood maximal function M f(x) is bounded
on LP(w) forw € AP(RJr) and forall p > 1. Thusif w e A,,(R*), then w € A,(R") (see [17]).
Moreover, by the properties of A, weights and by the definition of A,(R*), we observe the
following facts:

AweA,R) = w €A, R*), 1 <p<o,
b)weAd,RY)=Te>03w*ecA,(R"), | <p<co,
oweAd,R)=3Te>03weA, (R*),1 <p<oo,and
DweA,R)=weA,R")forl <p<g<oo.

2.2 The Triebel-Lizorkin weighted space ),/ (R").

Fix a radial Schwartz function ® € .(R") such that supp® c {f eR": % <€ < 2}, d(¢) >0,
D) > >0, if 2 <|¢] < 3. Denote ,(£) = D(té), 1 € R, so that O,(x) = 1 "D(x/1), x € R".
For 1 < p,q < o0, @ € R, and w(x) € A,(R"), the homogeneous Triebel-Lizorkin weighted
space F Z:;V R") is the space of all tempered distributions f € .7/(R")/P(R") with the norm

defined by
~ rlq
{f (f IfC'CDt*f(X)qu—t) W(X)dX}
Rn 0 t
0o 1/q
H( | |f“c1>t*f<x)|qd—t)
0 t

The homogeneous Besov-Lipschitz weighted space BZ:;V(R”) is the space of all tempered
distributions f € ./(R")/P(R") with the norm defined by

1/p

¢

A1l oy

< 00.

LP(w)

o0 dt 1/q
”fllB:c;(an( f (r‘“||d>f*f(x)||m<w))47) < co.
' 0

See [1, 2, 19] for more information on this subject. We will denote the homogeneous
Triebel-Lizorkin unweighted space and the homogeneous Besov unweighted space by the
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symbols F' g’q(R”) and Bz’q(R”) respectively. Observe that by interpolation (see [19], p. 64,
p. 244), we have

- a()
(F Pdo

R"), Fgl, (R™)

P = Bg,q(Rn)'

b.q
Also, it is well known that the set

ZR"M = {¢ € .Z(R") : (D%@) = 0 for every multi-index a},

or equivalently the set

Se®)= ) { feS®Y: f X f(x)dx = o}
ae(MU{0})" R
is dense in both F? (R") and B} ,(R") for @ €R, 1 < p, g < oo (see [19], p. 240).
Let H,(R™) denote the Hardy weighted space of all tempered distributions f € .#”(R") for
which

1 gz gy = lIsup 0y = flllzon < o0,
>0

where ¢ is a fixed function in .7 (R"), Y(x)dx =1, and ¢,(x) = t "Y(x/t). By [1], we
Rl‘l
know that F 2”2”(1&”) = HY(R") (modulo polynomials), w € A, (R"). Moreover, if 1 < p < oo

and w € A,(R"), then HE(R™) = LP(w) (see [1]). For a function g(x,), x € R", t € R, we
define the mixed norm ||g||zr(w, L9(r)) as
1/q
( f lg(x, t)l"dt)
R

For the rest of this paper, the letter C will denote a positive constant which may vary at each
occurrence, but it is independent of the essential variables.

gl w, Lary) = < oo,

Lp(w)

3 Main Theorems

Let R* denote the interval (0,00). For 1 < p < o0, let p’ stand for the conjugate of p, i.e.,

1 1
—+— =1 Let h be a measurable function on [0, c0). In the sequel, we assume that Q

satisfies either one of the following conditions:

(2) su 1QO)(In ¢ - y'|~HIEHnld YT g0y < € < oo for some B> 0.
p
4’65‘”71 S'I—l

(3) sup Supf 1QON)Inl¢" -y | do(y') < C < 0.
{’ES”’I ’3>0 Sn—l
For a Schwartz function f € . (R") (n > 2), we define the singular integral T f as

h(yDQO’
T f(x) = p. V'f Ln(y)f(x—y)dy.
R DI

Also we define the function ugq 4(f) by

h(lyDQ(")
yl=1

Observe that uq 2(f) is the usual Marcinkiewicz integral. We have the following theorems.

) d 1/q
usz,q(f)(x)=( | |Fg<x,z>|"tq—fl) . where Fo(x.1) = f| | fx=y)dy.
yl<t
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Theorem 3.1. Let h e C'([0, o)) be a measurable bounded function. Assume that either h
is monotonic on [0, c0) or ' € L'(R*). Let Q satisfy the mean value zero property. Assume
that either Q satisfies either condition (2) or condition (3).

Ifw(x|) € Ap/q(RJ“), then ||Tf||F;§;;"(R") < C||f||F;§;;‘(Rn)f0r l<g<p<oo,a€R.

IFw(xD)' ™" € Ay g RY), then |IT fll o ny < Clifll g for 1 <p<g<oo,a €R.

In particular, we have

||Tf||F'(p{q(R") < C||f||F’;,{q(Rn)f0” l<p,g<oo,a€R, and

||Tf||Btp¥q(Rn) < C||f||B¢py$q(Rn)f0r 1 < P, q <00, € R.

Theorem 3.2. Let h and Q be given as in Theorem 1. If w(|x]) € Ap/q(RJr), then
0o llron) < ClMfl g ey for 1< < p < co.

IfW(|x|)1—p’ c Ap,/q/(R+), then ||uq, ¢()llLrow) < C||f||F2:3~(R,1) for1<p<g<oo.
In particular, g, >(Nllron < Cllfllren for 1 <2< p < eoifwe App(R*Y) and for 1 < p <2
ifw PP e Ay p®).

Remark 3.3. 1) Notice that the weights w appeared in Theorems 1 and 2 are radial weights.
2) See [7, 8] for the L”(w)— boundedness of the Marcinkiewicz integral under various con-
ditions on the kernels Q and the weights w.

3) Let a > 0. Let w!*¢ € A5(R") if p > 2; otherwise, let w satisfy w!*® € A»(R") and w? €
A1(R™)if 1 < p < 2. Under these weights’ conditions, the authors in [21] have obtained the
boundedness of the fractional Marcinkiewicz integral from the space F g (R™) for a certain
range of a. It is interesting to note that if 0 < @ < C (C; depends on p, ¢, and a), then
Q is only required to be integrable and to satisfy the cancellation condition (see Theorem
2 [21]). On the other hand, if C; < @ <0 (C;, depends on p, ¢, and a), then although the
moment condition on £ can be relaxed, Q is imposed by a condition which is stronger
than condition (2) in this paper (see (1.19) in [21]). Finally, when a = 0, the authors in
[21] obtained the results for the case of Q € Llog™ L(S n=1) Observe that the condition that
Qe Llog* L(S""") implies that

sup f Q0 log —— der(y') < oo,
Snfl

{'ES”_I

1
&7yl

The interested readers can view [20, 21] for more information on this subject.

4 Proofs of Theorems

4.1 Proof of Theorem 1

It suffices to prove the theorem for f € S, (R"). We choose a real-valued, radial function

¢ € .7 (R™) such that suppp C {fe R": % << 2}, &) =0, p(E)=c>0, if% <|é < %; and

for all £ # 0, f 162(&) dt = 1, where $o(&) = $(2€), t € R. Note that ¢pi(x) = 27 ¢(27"x),
R
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x€R”". Denote S » f = ¢y * f. Then for f € Sew(R?), f = szt(Sztf)dt. Also for f € Seo(R™)
R

and for each fixed x € R", we have

h(lyDQ(Q’
[ —

_ ffn h(|y||)|£3(y )th(|y|)f(x—y)dydf = II;O'Z *f(x)dl‘,

T f(x)

where
h(yDQG’
oy x f(x) = fR ) M){zr(lyl)f(x—y)dy,

yl"

and x2:(|yl) = x[zr 20+1y(|yl) is the characteristic function on the interval [2¢,21*1), t € R. Note
that the Fourier transform of the measures o is

h(yDQ»’
(€)= f ,, ('yl';l,,(y) €y dy.

We have the following estimates for G (£).

Lemma 4.1. If Q satisfies condition (2), then
62(©) < Cmin {[2'€], (In(e?[218]' /)~ (mesn@Ra )P, @1
If Q satisfies condition (3), then
2 (&)| < Cmin {281, 2'71?). 4.2)

Proof. By the cancellation property of (, we have

|62(&)

IA

2(t+1) d}"
11Alloo f f QG — D) do(y')—

2t Sn—l r
ClIQIIp g1y 27 El < C 1218

IA

Fix 0 < § < 1. This 6 will be chosen later. We write

G2(6)

[ 00K dots)

fA QO Ke()do(y') + fB QO Ke()do(y)

J1 + J2, where

2

1ot ’ d 6

Kf(Y)_f h(ztr)el|2§|(§~y)r r A= {y esn 1. |§ y|>_} and B = Sn_l\A,
r

By the hypothesis of £, it follows that

IKe(y)l < Cmin {1, 27" -y 7). (4.3)
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It is clear that inequality (4.3) implies |J;| < . If Q satisfies condition (2), then from

C
0[2¢|
inequality (4.3), we obtain |J5| < C (ln(ezé_l))_(h‘(”l“(‘fz‘w)))/g for some 3 > 0. Observe that
on the set B,

In(e?671)

r -1 2o-1ywas — 261 -1 _
(ln(|§ 'y | ))115 > (ln(e 0 ))a" =e0 >0 7, where as = m

So if Q satisfies condition (3), then
/2] < 5f Q0N An(¢’ -y |~ ) *do(y') < Co.
B

Thus we can obtain the estimates of &:(¢) by choosing ¢ = [2/4]7"/2. Lemma 1 is proved.
m]

For the remaining part of this article, we will prove for the case Q satisfying condition (2).
The proof of the remaining case is handled in the same manner. We write

f(0'21*f)dl—f@'zl*(fSZ(Hv)SZ(HV)de) dt
ffSQ(m)(O'zt*Sz(m)f)dtds—fTsfds, “4.4)
R

Tsf = fSZ(tH) (0’2r * Sz(rn)f) dt. (45)
R

1/q
(f|2—t(152[f|th)
R

rf

where

Observe that

00 1/q
dt
W ~ @ q _
11l eny H(j; "¢+ £ t)

. g
Thus for any function g € pr';;” " (R"), we have

(4.6)

LP(w) LP(w)

(@9l = | [ [ Ssoreszpwgmarx
< f \[R (02 %8y [)(X) Sy g(x) dt| dx
1/q
< (f |2—(t+s)ao_2’ %8 e f19 dt)
R LP(w)
1/q
(f |2(t+s)a§ 2(r+s)g|q, dl)
R Lr(w=P'Ip)
1/q
< C“gH o /p(R" (f |2~ (t+S)CYO'2t *SZ([+T)f|th) ,

Lr(w)
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where S e+ 18 the dual operator of S ,¢+s. That is, S 20+ 8(X) = S 51+ (8)(—x), and

2(x) = g(—x). Taking the supremum over all g € F/ ;,‘i’;,vip ” (R™) with

: < 1 yields
1/q
( f 2950 5 § 20 f17 dt)
R

Substituting p = ¢ =2 and w =1 in (4.7), we obtain

llgll F;";;Fp, /p ®"

T s fll oy < €
Lr(w)
ITsflly gy <€ fR fD 272 (6) pR1E) f(&)P dédr,

where Dy, = {£ € R : § <[20+9¢) <2}
If s > 0, inequalities (4.1), (4.6) and (4.8) imply that

1/2
c2* ( f f 1270 h 1y f(x)lzdtdx)
R" JR

C2_S||f||Fg’2(Rn)

IA

||Tsf”F(2'2(Rn)

IA

If s <0, by inequality (4.1) in Lemma 1, inequality (4.8) becomes

)l+,8

—(In(c K
”TSf”F(zl,z(R") < ¢~ n(er+els)) ||f||ng(R'l)’

In2 In2

4.7

(4.8)

4.9

(4.10)

where ¢ =2 — - and ¢ = - In order to estimate the norm ||’ f]| Fo @y, We need the

following lemma.

Q0

no Iyl
ator of L, i.e., L(f)(x) = Lt(f)(—)IcR), where f(x) = f(—x) and t € R. Then

Lemma 4.2. Denote L,(f)(x) =

o725 e f(O] < CHQUI 1) (LIS 000 f1 )

lloar % S pae9 fllLagwy < ClQ L1 -1 IS 2649 fllLagwy, and
lIsup Le(| fDllzrawy < ClIQI L g1 I fllrwy for 1< p < oo, w e Ap(RT).
teR

Proof. By Holder’s inequality, we have

h(lyDQ(
fn %er(lyl)S 2000 f(x =) dy‘

|O’2r ERY 2(r+x)f(x)|

, 1/q
h q
( ﬂm(y’)mwlyl)dy)
re I

o /q
8 ( R7 %ls 2(t+s)f(x_y)lq/\/zr(lyl)dy)

< CHQI sy (LIS 0 1)) 1.

A

FCe=y)x2(lyDdy, and denote L, the dual oper-

4.11)

4.12)
4.13)
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This proves inequality (4.11). Moreover, we have
2(l+l)

d
72« S0 <l | |Q<y’>|( | R {] doty')

Observe that

2([+l)

J

Here M,/ S 5u+s f(x) is the Hardy-Littlewood maximal function in the direction y’ € § =l
Thus

IA

L dr 1 [ ,
IS pes) f(Xx = 1Y) — 2supq — IS 9w+ f(x =Ty dT
r >0 LT Jo
2My'S 2(1+.v)f(X), for all r e R.

|O'2t % Sz(t+s)f(x)| S C ||h||00 f

sn

100N My S e f ) dr(y).

By Minskowski’s inequality, it follows that

lloar % S pees fllLagwy < Cf 1|Q()/)|||My'S2tr+s>f||Lq(w)61’0'()/)
sn-
< Cf l|Q(Y')|||Sz<t+s>f||u1(w)dO'(y')
sn-
<

ClIQIlLr 511 2049 fllaew),

where the second inequality follows from (8) in [9], and the bound C is independent of the
direction vector y’ € S"~!. Inequality (4.12) is proved.

It remains to prove inequality (4.13). Using the same techniques as in the proof of inequality
(4.12), we obtain

sup L)) <€ [ 100/ My S dory).
teR n=

Recall that by (8) in [9], M, f is bounded in LP(w) for 1 < p <oco,w e AP(R+); and the bound
is independent of the direction vector y’ € §"~!. Hence, an application of Minskowski’s
inequality yields (4.13). Lemma 2 is proved. O

We now estimate the norm || f]| FO (R When p = ¢, from inequalities (4.6), (4.7) and
(4.12) we obtain

IA

1/q
TSNl geny C ”Q“L](S"")( f f |2_(”S)“Sz<r+s>f(X)I"dtde)
’ R* JR

ClRAismlI gy e < C Il (4.14)

IA

If p > ¢, inequality (4.7) implies that there exists a non-negative function g € L” (w'™")
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(r = p/q) with unit norm such that || f||%,..
Fplq ®")

< C f 270 5 S puee F(X)| g(x) dx dt
R JR"?
< clone 2718 o f11)(x) g (x) dx dt
LY g Jgn
= clouie,., 270G g F (O Lrg(x) dxdi
S Jr Jre
< ClIT.., f ( f |2—<f“>“s2«+s>f<x>|‘1dz) sup L;g(x) dx
( ) R® R reR
, 1/r
< clo ( [ |2_<t+msz(m)f(x)lth)rW(ldeX)
(S” ) RN R
1/r
X ( |sup Lig(x)|” w'™" (|x|)dx)
R? teR
<

l+q/q’ q
CIRATE L I o g 18
where the second and the last inequalities follow from Lemma 2. Therefore,
”Tsf”Fg:;V(RH) < C||Q||Ll(S"*1)||f||F(p’:g’(Rn) < C”f”Fg;};'(Rn)

forl<g<p<oco,ad€R,weA »/q(R™), which together with inequality (4.14) yield

”Tsf”F;f:“;'(Rn) < Cllfllpz:;-(Rn)forl <g<p<oo,xeR,andwe Ap/q(R+). 4.15)
Now set g =2 and w = 1 in (4.15) and by applying duality, we obtain

p2 p2
Interpolating (4.9)-(4.16) and (4.10)-(4.16) (with w = 1) gives
1T flls ey < c275 1| o) 4.17)

for0<6;<1,5s>20,1<p<oo,xeR,and
”TYf”F‘Y ®) < C2—61(1H(C1+62|S|))1+ﬂ ||f||Fn @ (418)

P2 p,2

for0<6;<1,5<0,1<p<oo,eR.
Interpolating (4.15)-(4.17) and (4.15)-(4.18) (with w = 1) gives

ITs flls ey < C27 1l o (4.19)

for0<6,<0;<1,5s>20,1<g<p<oo,aeR, and

—5-(1 144
”TSf”ngq(R") < ¢ 2-%2(n(cr+ealsh) ||f||Fg,q(R") (4.20)
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for0<6, <61 <1,5<0,1<g<p<oo,a€R.Since p>g>1,wed, R =>weA,R"),
and thus there exists an € > 0 such that w!*€ € A »(R*). Hence inequality (4.15) implies that

ITs Nl aive oy < ClISI

o gy < forl<g<p<oeo,ackR. 4.21)

Lo wlte
Fo e

By interpolating (4.19)-(4.21) and (4.20)-(4.21) with the same p and ¢, but with change of
measures (see [18]), we have

s
HTsfHF;::;(Rﬂ) <C2” 3||f||Fz:;V(Rn) (4.22)
bre
fors20,0<63:?< I,1<g<p<oo,a€eR,and
€
- L +ealsD) B
”TSf”F%(Rn) < ¢~ %n(cr+elsh) ”f”Fg;;'(R") (4.23)

o
for s<0,0< 63 = 1%6 <1,1<g<p<oo,ach. It follows from (4.4), (4.22) and (4.23)
€
that

nwmmmsﬁwm@mwmcmwmg (4.24)

forl<g<p<o,acR,andwed,, RY).
We define the truncated singular integral 7€ f by

h(yDQL’
[yl>€ |y|
he(IyDQO
| P = ay

where h(|y]) = h(y)xe(y]), and x(|y]) is the characteristic function defined on the set
{y € R": [y| > €}. Note that ||A¢||co < ||1]|lco for all € > 0. Thus it follows from (4.24) that

||T6f||F;§:3'(Rn) < C“f”F;}:(;V(Rn) (4-25)

forl<g<p<oo,aeR we Ap/q(RJr), and C is independent of € > 0. Now suppose
wiP €A ¢ RT) with 1 < p < g < co. An application of duality to inequality (4.25) yields

||T€f||Fg:;V(Rn) < C”f”F;,’;};’(Rn) for 1 <p<g<oo,a€R,

and the constant C is again independent of € > 0. Passing to the limit as ¢ — 0, we finally
obtain

IT fllp gy < Cllfll ey for 1< p<g<oco,a€R, and wi™ " e Ay (RY).

For the unweighted case, we simply set w = 1 to obtain the results for the Triebel-Lizorkin
unweighted spaces. Moreover by interpolation (see [19]), we also get the results for the
Besov unweighted spaces, finishing the proof of Theorem 1.
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4.2 Proof of Theorem 2

Since the proof of this theorem is essentially similar to the proof of Theorem 1, we will

only outline some necessary steps in order to obtain the following inequality:
0. q(Dllrony < ClIflom gy for 1< g < p <ooif w(lxl) € AprgRY),

andforl < p<g<ooif w(lx)? € Al,//ql (R™). Define the measures {07 },cg by

Q /
ok f(x) =27 f Mf (x=y)dy.
p<2r DI

Then ,
q
He,q(F)(x) ~ (ﬁ%lazr * f(x)| dt) )

By a similar calculation as in the proof of Theorem 1, we obtain the same estimates for

G:(¢) as in Lemma 1. Moreover, we also have the following results

|oor %S pa+9 f(X)] < C ||Q||%?Sn_1) (Nt(|5 2(t+s>f|q)(x))1/q s

llovar # S s Fllzatw) < C QL1 so1) IS 3059 fllzanys and

| sup Ni(1fDllzr ey < ClIQlz1(sn-1y 1 fllLraey for 1< p < oo, we ApRY).
teR

Here Sy f = ¢ours * f, and

Q0N

|n—]

Mumrﬂ4f For—y)dy.

NE

The function ¢ is as in proof of Theorem 1, except for a slight modification that

f@@Mﬂ
R

for all £ # 0, instead of
\ﬂ@@%mL
R

O—2f*f=fa—2t*S2(t+s)de.
R

Observe that

By Minskowski’s inequality, we have

||0'2’*f||L‘I(R)§f||0'2’*Sz(fﬂ')f”Lq(R)dS = flq,sde,
R R

where

1/q
Iq’sf(x) = (fR |0'2t * S2(t+s)f(x)|q dt) .

(4.26)

4.27)
(4.28)
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By using similar arguments as in the proof of Theorem 1, we obtain
”Iq, Sf”LP(w) <C27e” Hf”Fg;(]R”)
forsome e; >0,5>0,1<g<p<oo,we Ap/q(RJr), and

—e( 148
.ol < C2 e (In(ci+c3s])) Hf”Fg’_;V(R”)

for some e, >0, 5s<0,1<g<p<oo,we Ap/q(RJr). It follows that for 1 < ¢ < p < oo,

lloar s fllLrow, Lagry) < f Mg sfleronds < CUAI o gy
. ,
Thus
k@, q(DllLrowy < Clloar = fllerow, Loy < ClFl o gy

forl<g<p<oo,weA »/g(R™), and an application of duality yields the remaining results.
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