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Abstract

In this paper, the authors study the oscillatory and asymptotic properties of solutions
of nonlinear fourth order neutral dynamic equations of the form
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where T is a time scale with supT = oo, ¢ € [fy,00)T, and 79 > 0. They assume that

ft :O %At < oo and obtain results for various ranges of values of p(¢). Examples illus-

trating the results are included.
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1 Introduction

The study of dynamic equations on time scales goes back to seminal work of Stefan Hilger
[8] and has received a lot of attention in recent years. Time scales were created to unify
the study of continuous and discrete differential and difference equations. Many results
concerning differential equations carry over quite easily to corresponding results for differ-
ence equations, while other results seem to be completely different from their continuous
counterparts. The study of dynamic equations on time scales reveals such discrepancies,
and allows us to avoid proving results twice, once for differential equations and once again
for difference equations. The general idea is to prove a result for a dynamic equation where
the domain of the unknown function is a time scale T, which is a non-empty closed sub-
set of the real numbers R. In this way the results in this paper not only apply to the set
of real numbers or set of integers, but also to more general time scales such as T = AN,
T=g"={r:1=¢" keNog} withg>1, T=N;={r?:1€No}, T={+n:neNp}e.tc, For
basic notations on time scale calculus, we refer the reader to the monographs [1, 2] and the
references cited therein.

In [12], the authors studied the oscillatory and asymptotic behavior of solutions of the
fourth order nonlinear neutral dynamic equations

()0 + pOy(@@))* Y +g(GHBE)) = 0 (1.1)

and

()5 + Oy +g(GHB@)) = £() (1.2)

for various ranges of p(¢) under the assumptions that g(¢) > 0 and fz :o %At < 0o. From their
work it is apparent that it would be possible to obtain analogous results for the oscillation
and asymptotic behavior of solutions of (1.1) and (1.2) in case g(¢) < 0. It remains an
open problem as to what happens if g(¢) is allowed to change signs. However, if g(¢) =
g (t)—q (1), where g* (f) = max{0, q(¢)} and ¢~ (¢) = max{0, —q(¢)}, then equations (1.1) and

(1.2) take the forms
(rOO0) + pOy@)) )+ (OGHBO) -4~ OGOHH D) =0 (1.3)
and
(rOGO + pOy@) ) + g (OGOHED)) - (OGHHD)) = f(). (1.4)

respectively, which we see are in the form of (H) and (NH).
Our goal here is to study the oscillatory and asymptotic properties of solutions of the
nonlinear fourth order neutral dynamic equations

(rOG@) + pOy@) ) +gOGEBO) — hOHG¥®) =0 (H)

and

(YY) + pOY @)™ + (G HBM)) - OHN YD) = £(2), (NH)
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on a time scale T such that supT = co and 7y € T. We consider these equations under the

assumption that
f T A < o (H))
1] r(t)

and for various ranges of values of p(f). Here we extend the results of [12] to fourth order
dynamic equations with positive and negative coeflicients and generalize earlier work in
[12]. Oscillation results for equations (H) and (NH) under the assumption that ft;o (rr(—(l’))At =
oo can be found in [7].

For equations (H) and (NH) we will use the notation that [fy,o0)T = [fy,00) N'T and
assume that r € Cr4([9,0)1,(0,00)), p, f € Crq([to,0)T,R), q, h € Cra([19,0)1,(0,0)), G,
H e C(R,R) satisty uG(u) > 0 and uH(u) > 0 for u # 0, G is nondecreasing, H is bounded,
and a, B, y € C,4(T,T) are strictly increasing functions such that

tlim a(t) = tlim L) = tlim y(t) =00, a(t), B(@), y(t) <t,
and

(@oB)(t)=(Boa)t) forall f¢e][ty,o0)T.

The inverse of a(¢) will be denoted by a (1) € C,4(T, T). Whenever we write ¢ > 1, we
mean t € [f],00)NT.

Let t_1 = inf ¢4y 00)p 1(0), 8(), ¥(2)}. By a solution of (H) (or (NH)) we mean a function
¥ € Cra([1-1,00)7, R) such that y() + p(t)y(a(t)) € Cr([to, )7, R), r(H)(y(1)+ p(r)y(a(r)) e
Cf ([f0,00)T,R), and such that (H) (NH)) is satisfied on [fg, c0)T. A solution of (H) or (NH)
is called oscillatory if it is neither eventually positive nor eventually negative, and it is
nonoscillatory otherwise. In this paper we do not consider solutions that eventually vanish
identically. An equation will be called oscillatory if all its solutions are oscillatory. We will
need the following lemmas in the sequel.

Lemma 1.1. ([12, Lemma 3.1]) Let (H; ) hold and u(t) be a real-valued twice rd-continuous-
ly differentiable function on [tg, o] such that r(t)uA2 (1 e Cf ([10, )1, R) and (r(t)uA2 (t))A2
<0 for large t € [tg,00)1. If u(t) > 0 eventually, then one of the following cases (a), (b), (c),
or (d) holds for large t, and if u(t) < 0 eventually, then one of the cases (b), (c), (d), (e), or
(f) holds for large t, where

@ ub)>0, u¥©O>0 and (O (0 >0,
b)) *®>0, u¥B<0 and HOu® ®)* >0,
© ub)>0, uW@)<0 and U™ (1) <0,
@ <0, W¥®O>0 and O @) >0,
() ub(t)<0, u¥@)<0 and U™ (1) >0,
(f) Wb0)<0, u¥(1)<0 and U™ 1) <O0.
Lemma 1.2. ([12, Lemma 3.2]) Let (H|) hold. Assume that u(t) is a positive real val-

ued rd-continuously A-differentiable function such that r(t)uA2 (¢) is twice continuously A-
differentiable and (r(t)qu(z‘))Az <0 for large t. Then:
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(i) If case (c) of Lemma 1.1 holds, then there exists a constant k € (0,1) such that the
following inequalities hold for large t:
(1) ub () > =(r(Ou™ OY Ry (1);
(L) ub(@t) > —r(u (1) [~ 75 As;
(I3) u(t) > ki (1);

(L) u(t) > —k(r(u® () iR (¢);
where R (t) = ftoo rs(—_S’)As.

(ii) If case (d) of Lemma 1.1 holds, then for large t,

(Is) u(t) > r(tu® ()R (o),

where Ry(t) = ftoo Uﬁfz)_tAs.

Remark 1.3. Since Ry(1) < [~ 5As and Ry() < [ * %)As, then, in view of (H,), R;(?),

Ry(t) > 0ast— oo and f: %At < o0o. Clearly, R(f) < Rx(t), and R|(?), R,(¢) are monotone
decreasing.

Lemma 1.4. ([12, Lemma 3.4]) Let (H,) and the hypotheses of Lemma 1.1 hold. If u(t) >0
for large t, then there exists constants k; > 0 and ky > 0 such that ki R»(t) < u(t) < kyt for
large t.

Lemma 1.5. ([12, Lemma 3.5]) Let F, H, P : [tg, )T — R satisfy
F(t)= H({t)+ P()H(a(t)) for t€[f, o),

where t € [ty,0)r is such that a(t) > to for all t € [f,00)y. Assume that there exist constants
Py, Py € R such that P(t) is in one of the following ranges:

(1) —c0o<P(1) <0, (2) 0KPHKP <1, (3) 1<P;<P(t)<co.

If H(t) > 0 for large t € [tg,00)1, liminf,_,o H(¢) = 0, and lim;—., F () = L € R exists, then
L=0.

Discussions of the oscillatory behavior of solutions of differential equations and differ-
ence equations for various ranges of values of p(¢) can be found in [6] and [13], respectively.
Our final lemma is a very useful form of a chain rule for functions on time scales.

Lemma 1.6. ([1, Theorem 1.87]) Assume g : R — R is continuous, g : T — R is A-differenti-
able on TX, and f : R — R is continuously differentiable. Then there exists c in the interval
[t,0(D)] such that

(fo)™(t) = f'(g(c)g"(®).
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2 Oscillation results for (H)

In this section, we study the asymptotic behavior of solutions of equation (H) under the
assumption (H;). We will make use of following conditions on the functions in equations
(H) and (NH):

(H) [ ;"’ 2 [Z o (0h(HAtAs < oo;
(H3) there exists A > 0 such that G(u) + G(v) > AG(u+v) for u, ve R with u, v > 0;

(Hy) G(u)G(v) =G(uv) for u, veR;

(Hs) [7 Q()At = 0o where Q(r) = min{q(1), q(a(t))};

(Hs) forsomel>1, [~ d(t)Q(t)G(Ry(B(1))At = 0o where d(f) = min{R! (0°()), R (c-(a()))};
(H7) G(—u) =—-G(u) for u e R;

(Hs) forsome > 1, [~ R (c(1)q(t)G(Ro(B(1))At = co.

Remark 2.1. Notice that (Hy) implies (H7), (He) implies

(H) [T Q0GR (B1)))At = o0,

and (Hg) implies

(Hy [T aGR(BE))AL = o0,

which in turn implies

foo q(H)At = oo.

Theorem 2.2. Assume that conditions (H|)—(Hg) hold, and p\, p,, and ps are positive real
numbers. If (i) 0 < p(t) < p1 <1or(ii) 1< py < p(t) < p3 < oo holds, then any solution of
(H) is either oscillatory or converges to zero as t — .

Proof. Let y be a nonoscillatory solution of (H) on [#g,o0)T, say y is an eventually positive
solution. (The proof in case y is eventually negative is similar and will be omitted.) Then,

there exists #| € [fy, o0)T such that y(¢), y(a(?)), y(B(t)), y(y(¢)) and y(a(B())) are all positive
forr > 1. Set

0 =0+ o), e
and
O e G URB RN @2
t N

Notice that condition (H;) and the fact that H is a bounded function imply that k() exists
for all z. Now if we let

w(1) = 2(1) = k(1) = (1) + p(D)y(a(1)) — k(D), (2.3)
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then

o™ ()Y = —g()GHBX))) <O, 2.4)

for all ¢ € [f1,00)r. Clearly, w(z), wA(®), (rOW (1), and (H(OW?’())® are monotonic on
[t1,00)r. In view of Lemma 1.1, we have to consider the two cases w(z) > 0 or w(z) < 0.
Suppose that w(#) > 0 for t > £, for some t, > #1; then there exists #3 € [t, c0)r such that
w(a(?)), w(B(¢)) > 0 for t € [t3,00)7. By Lemma 1.1, one of the cases (a), (b), (c) or (d) holds.
If (a), (b) or (d) holds, then applying (H3), (H4), and (Hs) to equation (H) gives
0= (W™ () +gOGHBN)) + G(P) W™ @)™ +G(P)g(a)GHB@ D))
> (rw™ ()Y +GP)r@OW (@)™ +A0NGHBE®) + py(@B®))
> (rw™ ()Y +GP)r@OW™ (@)™ +A0(G &A1) 2.5)
for t > t, > t;, where we have used the fact that z(¢) < y(¢) + py(a(#)). From (2.2), it follows

that k(7) > 0 and k2(¢) < 0. Hence, w(B(1)) > 0 for ¢ > t3 implies that w(B(¢)) < z(B(¢)) for
t > t3. From (2.5), we have

™ ()Y +G ()@ (@)™ +10OGWEBD)) <O, (2.6)
fort > t3 > . Applying Lemma 1.4 and (Hy) to (2.6) gives
W™ )Y +G ()W (@)™ +AG (k) QDGR (B1))) <O,

fort > t4 > t3. Now lim,_wo(r(t)wAz (1))2 exists, so integrating the above inequality implies
AG(ky) f O(G(R(B(1)))Ar < oo,
14

which contradicts (Hy).
Next, suppose case (c) holds. By (I4) and Lemma 1.4, we have

k(=r()w™ ()2 1R, () < w(t) < kot. 2.7)

for t > t3 > . Choose f(x) = x!=! with [ > 1, which is continuous on (0,c0), and take
gt = (—r(t)wAZ (1), Applying the chain rule (Lemma 1.6), using (2.4) and the fact that g
is increasing, means there is a c in the real interval [#, 0 (¢)] with g(c) = L, such that

—[(=rep™ MY = (= DL =row® )
(- DL g()G(B1)))
(- Dg ™ (T(®)g(t)GHB®))). (2.8)

\%

From (2.7), kg(t)R,(t) < ky for t > t3, so kg(o(¢))R1(0(t)) < kp for ¢t > t3. Thus, (2.8) becomes

—[((=r@w™ @' > (- DLLR (c(0)q()GHB(©)), (2.9)
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where L; = k/k,. Choose t4 € [t3,00)1 such that a(¢) > t3 for all ¢ € [t4,00)1. Using (H3),
(Hy4), and Lemma 1.4, we have

— L= oW )T = GI(=r(@m)W™ (@) A

(- DLIR, (c(1)g(t)GO(B1))) + G(p)(I - DL R, (o-(a(1))g(a(t) Gy(B(e(1))))
A= DL OOGE(B(1)))

A= DL A QOGW(B()))

A= DL G(k)d(t) Q)G (R (B(1)))

vV v

[\

for ¢t > t4. Therefore,

| dooncrpmar <.
14
which contradicts (Hg).

Now we suppose that w(t) < 0 for ¢t > #,. Then z(¢) — k(¢) < 0 implies y(t) < z(¢) = y(¢t) +
p(@®)y(a(?)) < k(t). Thus, y is bounded. By Lemma 1.1, it follows that one of the cases (b),
(c), (d), (e), or (f) holds for t > #,. In cases (e) and (f), lim,_,o, w(¢) = —co which contradicts
the boundedness of y.

In cases (b) and (¢), w(?) is increasing and w(¢) < 0, so lim,_,., w(¢) exists. Consequently,

0> tlim w(t) = limsup[z(t) —k(1)]
— t—0c0
> limsup[y(?) — k(?)]
t—o00
> limsupy(r) — tlim k(t)
t—00 —

implying that lim;_, y(#) = 0 since lim;_,« k(f) = 0.

Finally, let case (d) of Lemma 1.1 hold. Then w(#) < 0 is decreasing so lim,—,cc w(t) = L
with —oo < L < 0. Since k(f) — 0, this implies z(¢) eventually becomes negative, which is a
contradiction. This completes the proof of the theorem. O

The following corollary is immediate.

Corollary 2.3. Under the conditions of Theorem 2.2, every unbounded solution of (H)
oscillates.

Our next theorem gives sufficient conditions for all unbounded solutions to oscillate.

Theorem 2.4. Let 0< p(t) < p< 1. If (H}), (H3), (H4) and (Hg) hold, then every unbounded
solution of (H) oscillates.

Proof. Let y be an unbounded nonoscillatory solution of (H), say y(¢), y(a(?)), y(B(?)),
y(y(1)) and y(a(a(?))) are all positive for ¢ € [t],00)r for some #; > t5. We set z(t), k(?)
and w(t) as in (2.1)—(2.3) to obtain (2.4) for ¢ > ;. Consequently, w(t), wA(@), (r(t)wAz(t)),
and (r(t)wAz(t))A are of constant signs on [fp,00)T, 1 > 1.

Assume that w(f) > 0 for > t,. By Lemma 1.1, one of the cases (a), (b), (c), or (d)
holds. First suppose (a) or (b) holds. Then 0 < w(1) = z2(£) — k*(¢). If z(¢) oscillates, then
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Z2(#) < 0 at some arbitrarily large values of 7 which is a contradiction since k2(¢) < 0 for all
t. Thus, z is monotonic, and for the same reason we can not have z(f) < 0, so z(f) > 0 for
all large ¢, say ¢ > t3 > t,. Hence, in these two cases,

(1=p)z(t) < (1 = p()z(r) < z(t) — p(Hz(a(2))
= y(0) — p(D)pla(D)y(a(a(r))) < ¥(1),
that is,
y(@) > (1= p)z(t) > (1= p)w(r) (2.10)

for ¢t > t, > t1. Thus, (2.4) implies

G((1 = pywBEN)q() < ~(riw™ )™,

and applying Lemma 1.4 and (Hj) gives

Gk (1= pYGRL(BDOg() < —(rw™ (1), 2.11)

Integrating (2.11) from #3 to co, we have

f g(NG(RL(B(1)))At < oo,
1)
which contradicts (Hy).

If case (d) holds, then w2 () < 0 and w and z are bounded which can not happen if y is
unbounded. If case (¢) of Lemma 1.1 holds, we proceed as in the proof of Theorem 2.2 to
obtain (2.9). From (2.9), (2.10) and Lemma 1.4, we have

—[((=rep™ @OYMH'H2 > (1= DLLG((1 = p)ki)g()R, (o(6)G(Ro(BD)))

for ¢ > t3. Integrating the last inequality from ¢3 to co, we obtain

f q(OR| (o())G(RL(B1)))At < oo,
4]
contradicting (Hg).

Finally, we see that since y is unbounded, the case w(f) < 0 does not arise because
w(t) = z(t) — k() < 0 implies 0 < z(f) < k(¢) so again z(¢) is bounded. This completes the
proof of the theorem. O

Our next two results are for the case where p(¢) is negative.

Theorem 2.5. Let —1 < py < p(t) < 0 and conditions (H,), (Hz), (H4), and (Hg) hold. Then
any solution of (H) is either oscillatory or converges to zero as t — oo.

Proof. Lety be a nonoscillatory solution of (H), say y(?), y(a(t)), y(B8(t)), y(y(t)) are positive
for all ¢ € [t],00), 1] > ty. Setting z(¢), k(¢), and w(¢) as in (2.1), (2.2), and (2.3), we obtain
(2.4) for t > t;. Hence, w(¢) is monotonic for large ¢ € [t{,00)r. Let w(¢) > 0 for t > t,, for
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some #, > t; and assume that one of the cases (a), (b), or (d) of Lemma 1.1 holds for ¢ > t,.
By Lemma 1.4, we have y(8(7)) = w(B(¢)) > k1 Ry (B(¢)) for t > t3 > t,, with which (2.4) yields

f g(NG(R2(B(1)))At < oo,
13
contradicting (Hg).

Next, we consider case (c). Proceeding as in the proof of Theorem 2.2, we obtain (2.9).
Furthermore, y(¢) > w(t) > k1R, (¢) for t > t3 by Lemma 1.4. Consequently, for ¢ > t4 > 13,

—[((=r@W™ O > (= DLIG(k)q(0)R, (1) G(Ro(B1))). (2.12)
An integration of (2.12) gives

f g(OR (a(1))G(R2(B(1)))At < oo,
1

contradicting (Hg).

Now suppose w(t) < 0 for ¢ > t,. We claim that y is bounded. If not, then there is
an increasing sequence {7,}°  C [f,00)r such that 7, — oo, y(7,) = 00 as n — oo, and
¥(1,) = max{y(t) : t»r <t < 7,}. We choose 7| large enough so that a(7r1) > t,. Hence,

0> w(ty) = y(1,) + p(r)y(a(ty) —k(t,) = (1 + pa)y(t,) — k(7).

Since k(t,,) is bounded and 1+ p4 > 0, we have w(t,) > 0 for large n, which is a contradic-
tion, so our claim is true. Hence, z(¢) is bounded as is w(f). Clearly, cases (e) and (f) of
Lemma 1.1 cannot arise.

In cases (b) and (c), —oo < lim;—,co W(#) < 0. Using the fact that lim,_,, k(¢) = 0, we have
lim; 0o w(f) = lim,_, 2(¢). Hence,

02 fimw() = Jimz)
= 1i?lillpb(t) +p(O)y(a(n)]
ZI@gmmﬂgy@mmm
= limsupy(?) + pslimsup y(a(t))
= (II:O;M) limsup Y(tt)_:oo

—o0

which implies that limsup,_,,, y(¢) = 0, that is, lim,_,, y(f) = 0.
If case (d) holds, then 1imt_)oo(r(t)wA2(t))A exists and so (2.4) gives

\quawmmm<m (2.13)
5]

If liminf,_, y(¢) > 0, then it follows from (2.13) that

tfqmm<%
[5)

which contradicts Remark 2.1. Hence, liminf,_,. y(f) = 0. Using Lemma 1.5, we conclude
that lim;_,. w(f) = 0 = lim,_, z(f). Proceeding as above, we may show that limsup,_,, y(¢) =
0 and hence lim;_,o, y(f) = 0. This completes the proof of the theorem. m|
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Theorem 2.6. Assume there are constants ps and pe such that —co < ps < p(t) < pg <
—1 and conditions (H,), (Hy), (Hs), and (Hg) hold. Then any solution y of (H) is either
oscillatory, or satisfies liminf,_,, | y(¢) | = 0, or satisfies | y(t) | — oo as t — oo,

Proof. Proceeding as in the proof of Theorem 2.5 in cases (a), (b), (c), or (d) for w(¢) > 0,
we again obtain contradictions to (Hg). Next we consider case w(t) < 0 for ¢ > t,. Suppose
case (b) or (d) holds. Since lim,_.(F(E)W’ ()2 exists, (2.4) gives

f g(OG((B()))AL < co. (2.14)
5]

If liminf,_, y(¢) > 0, then it follows that

f g(HAL < o0,
[5)

contradicting Remark 2.1. Hence, liminf,_,., y(t) = 0. If case (c) holds, then as in the proof
of case (c) of Theorem 2.2, choose f(x) = x'"' and g(r) = (—r(t)wAz(t))A. By Lemma 1.6,
there exists ¢ in the real interval [z,07(¢)] with g(c) = L such that

—[(=row® 'Y = = DL =row® @)
(- DL'g()GH(B(1))).

Integrating, we obtain
f g(G(y(B(1)))Ar < co. (2.15)
[5)

Hence, liminf,_,. y(¢) = 0.

Finally, in cases (e) and (f), we have wAz(t) < 0 for t > t, and integrating twice from #3
to ¢, we obtain w(t) — —oo as t — oo. From (2.3), z(f) = —co as t — oo, 50 lim;—, y((?)) =
lim,_, o, y(f) = oo. This completes the proof of the theorem. O

3 Oscillatory results for (NH)

This section is concerned with the oscillatory and asymptotic behavior of solutions of equa-
tion (NH) for suitable forcing functions f(f). We restrict our forcing functions to those that
change signs. We will use the following conditions:

(Ho) There exists F € C2,([to, o)z, R) such that rF*” € C2 ([19,00)r,R), (rF*)* = f, and

—oo < liminf F(¢) < 0 < limsup F () < oo;
1—00

—00

(Hio) There exists F € C2 ([tg,c0)r,R) such that rFA" € C2 ([19,0)r,R), (rF2 )™ = £,

litmian(t) =—oco, and limsupF(¢) = +co.

—o0
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Theorem 3.1. Let either (i) 0< p(t) < p1 <1 or (ii) 1< py < p(t) < p3 < oo, and assume
that conditions (H|)—(Hy) and (H1o) hold. If

(Hi1) limsupf d()Q(s)G(F(B(s)))As = +00

t—oo to

and liminf f d(s)0(5)G(F(B(5)))As = —c,

then every solution of (NH) oscillates.

Remark 3.2. Notice that condition (H;;) implies

(H},) limsup f O(s)G(F(B(s)As = +co and liminf f 0(5)G(F(B(s))As = —co.

t—00

Proof of Theorem 3.1. Suppose that y is a nonoscillatory solution of (NH) on [#y, o)t so

that y(1), y(a(t)), y(B(?)), y(y(1)), and y(a(B(?))) are all positive on [¢1,00)T for some #; > fy.
With z, k, and w as in (2.1)—(2.3), let

v(t) =w(t) - F(t) = z(t) — k() — F(¢t) (3.1
for t > t;. Then (NH) becomes
o™ ()Y = —g(OGH(B(1)) <O. (3.2)
Thus, v(¢) is monotonic on [tp,o0), for some #, > t;. If v(r) > O for ¢ > t», then z(¢) >
k(t)+ F(t) > F(t). In view of (NH), (H3), and (Hy), it is easy to see that
0 = (W™ ()Y + q(DOGHBE)) + G(P)(ra®WV™ (@)™ +G(p)g(at)GH(Ba(t)))
> (™ ()Y + G(P)HadOW™ (@)™ + 101G E(BD)))
> (™ ()Y + G(P)HadOWY ()™ + 101G (F(B(1))), (3.3)
fort>t3 > 1. Let (a), (b) or (d) of Lemma 1.1 hold. Integrating (3.3), we obtain
lim sup f OG(F(B(1)))At < o0
t—o00 13

contradicting (H/ ).
Let case (c) of Lemma 1.1 hold. Then proceeding as in the proof of case (c) in Theorem
2.2, we obtain an inequality similar to (2.9) from which it follows that

(™ D' = GEIre@w™ @o)™)' ™1
> A(-1DLdOQNGE(BM)))
> Al-DLdOQNG(FBWD)))

for ¢ > t3. An integration shows

f
lim supf d(s)Q(s)G(F(B(s)))As < +o0

—o0 to
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contradicting (Hy).

Therefore, v(t) < 0 for t > t, and one of the cases (b)—(f) of Lemma 1.1 holds. In each of
these cases z(¢) < k(¢) + F(¢) which implies liminf,_, z(f) < 0. This contradiction completes
the proof of the theorem. O

Remark 3.3. We can drop condition (Hj1) from the hypotheses of Theorem 3.1 and obtain
that bounded solutions oscillate. In case v() < 0, the proof is the same. If v(¢) > 0, then
z(t) > k() + F(t) > F(¢) and condition (H() contradicts the boundedness of y.

Our next two results are for the case where p(7) < 0.

Theorem 3.4. Let —1 < p(¢t) < 0 and conditions (Hy), (H3), (H7), and (Hy) hold. If

!
(Hi2) limsup f R} (0(5))q(s)G(F(B(s)))As = +00

1—00 1o
1
.. i _
and llgglffto R, (0(8)q(s)G(F(B(5)))As = —oo,
then any solution y of equation (NH) is either oscillatory or satisfies limsup,_, , [y(f)| = oo.

Proof. Let y be a nonoscillatory solution of (NH), say y(#), y(a(?)), ¥(8(t)), and y(y()) are
all positive on [#], c0)T, t] > fy. Define v(¢) as in (3.1) so that we obtain (3.2). Consequently,
v(t) is monotonic on [t,, c0)r. Let v(¢) > 0 for t > #,. Then one of the cases (a)—(d) of Lemma
1.1 holds. Now, v(f) > 0 implies

y(#) > z(t) > k(1) + F(1) > F(¢) 34

for t > tp > t;. If any one of the cases (a), (b), or (d) holds, then using (3.4) in (3.2), we
obtain

t
lim supf q($)G(F(B(s)))As <

t—o00 13

contradicting (Hy»).
Assume that case (c¢) holds. Proceeding as in the proof of Theorem 2.2, we obtain

—[((=re™ )12 > (1= DLLR, (0(1)g()G(B@))), (3.5)

and using (3.4) and (3.5), this becomes

—[((=rep™ O > (1= DLLRY (e (0)q()GF (BD))), (3.6)

for t > t3 > t,. An integration yields a contradiction to (His).
We must have v(r) < 0 for £ > t,. Now, z(t) —k(t) < F(¢) which implies that liminf,_,, z(?)
= —oo so limsup,_, ., y(f) = +co, which completes the proof of the theorem. O

Theorem 3.5. Let —1 < py < p(t) <0 and conditions (H,), (H»), (H7), (Ho), and (H\3) hold.
Then every unbounded solution of (NH) oscillates.
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Proof. Let y be a positive unbounded nonoscillatory solution of (NH) on [#,c0)r. Pro-
ceeding as in the proof of Theorem 3.4, we have the required contradiction if v(r) > 0 for
t=21n.

Next, we suppose that v(f) <0 for 7 > #,. Since y is unbounded, there exists {7,}> , C
[t2, c0)T such that T;,, — oo, y(1,,) — 00 as n — oo, and

Y(1p) = max{y(r) : f <1 < 7).
We may choose n large enough so that a(7,) > #,. Hence,
2(tn) 2 (1 + pa)y(Tp).

By Lemma 1.1, one of the cases (b)—(f) holds. Now z(#) = v(¢) + k(t) + F(¢) implies that
z2(t) < k(t) + F(¢), and so

oo = (1+p)limsupy(r,) < limsuplk(t,)+ F(1,)]

n—o00 n—oo
< lim k(ty,) + limsup F(t,,)
t—00 N—00
< oo,
This contradiction completes the proof of the theorem. O

The final theorem in this paper gives sufficient conditions for the equation (NH) to have
a bounded positive solution.

Theorem 3.6. Assume that 1 < p; < p(t) < py < % p% < oo and (H») hold. Suppose that (Ho)
holds with _(1[16;;) <F(@)< Ig—p_z]. In addition, assume that G and H are Lipschitz on R with
Lipschitz constants G and H\ respectively. If

00 O'(I) 00
fl; % t o($)q(s)AsAt < oo,

then (NH) admits a positive bounded solution.

Proof. By (Hy), we can choose t; > ty large enough so that

Co@®) (7 [ m=-1  pi-1
j;l % t O'(S)h(s)AsAt<m1n{4p1H(l),16p2G(1)}.

Let X = BC,4([t1,o0)T,R) be the Banach space of all bounded rd-continuous functions on
[#1,00)T with the supremum norm

|||l = sup{| x(2) |: € [£1,00)T},
and let

p1—1

S={xeX:
8p1p2

<x(f) <1, t€[ty, )7}
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Then, S is a closed, bounded, and convex subset of X. Take 1, € [t], c0)r so that a(¢), 5(¢),
y(t) = t; for all ¢ € [t,,00)T. Define the mappings A, B: S — S by

Axt {Ax(tz), for t € [t1, 1),
X = - 2 _
_;Ezllg;; 417};5-]10]))’ for 2 € [2,00)r.
and
Bx(1), for t € [t1, )T,
Bx(n) = | Hemah + Ao

00 N1 00
s e P S (@) = $)q@G((Bu))AwAS,  for t € [12,00)r.

For x € S, we have

k()

f"" o(s)—t f w((r(u) — $)h(u)H(x(y(w)))Aus
¢ I"(S) s

< H(l)foo@ OO(J'(u)h(u)AuAs
t r(s) N
1
—(p1—-1).
< 4p1(P1 )

For all x, y € S and all ¢ € [tp,0)T, we have

1 1

Ax(1) + By(1) < —2(2p?+p1 -+ (pi—-D+—(pi1-D<1
4p; 8p1p2 4p;

and
1 1 5
Ax()+By(t) > —-—+ Qpi+p1—-1D- (p1—-1- (p1—-1
p1 4pip2 16p1p> 16p1p2
s p-ol

8pip2

Thus, Ax+ByeS.
To show that A is a contraction mapping on S, first notice that
_xaT'@)  2pitpi-l oyl 2pitpi-]
ple'(®)  4pip@ @) ple'(®) 4piple (@)
_MaT'@) |y ) ‘
ple'(®)  pla1(®)

w50

llAx — Ayl

Since p; > 1, A is a contraction mapping.
To show that B is completely continuous on S, we need to show that B is continuous
and maps bounded sets into relatively compact sets. In order to show that B is continuous,

N

1
1
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let x, xx = xx(r) € S be such that ||x; — x|| = sup,,, {lxk(?) — x()|} — 0. Since § is closed,
x(t) € §S. For t > t;, we have

< o(s)—a”

RON
|(Bxk)—<Bx>|=’ = (t)) o f (1) — $)h(u)H (e (y () Auis s
ORI f (0 (1) = )g()G (X (B))AuAs
pla- 1<r)> o0 r(s) Tk
o(s)—a (1)
p(a % " e f (o(1) — $)h(u)H(x(y(u)) AuAs
a(s)—a" (0
tti o P [ - Dot sas
_ © o(s)—a ()
ot | T [t - o
— H(x(y(u)))AuAs
f UORU) f (0 () — $)q(u)(Gx(B(u)
p(orl(t)) ) 1
— G((B)))AuAs
1 < o(s)—t
< —H1||Xk—x||f f (o(u) — s)h(u)AulAs
-1(p) r(s)
+—G1||xk xllf ()1 a'(u)q(u)AuAs
1) r(S) s

1
< —(p1-Dllx- xk||+
4p%

(171 = Dllx = xl.

Since for all # > #1, {xx(¢)} converges uniformly to x(¢) as k — oo, limy_,c | (Bxy)(¢) —
(Bx)(?) |= 0 for t > t;. Thus, B is continuous.

To show that BS is relatively compact, it suffices to show that the family of functions
{Bx : x € §} is uniformly bounded and equicontinuous on [¢,c0)t. The uniform bounded-
ness is clear. To show that BS is equicontinuous, let x € § and tﬂ,t’ > t1. Then

(Bx)(1") = (Bx)(@)]
JFEe@)  Fel@yl, ’ Ko '(@)  ka'(@))
pla (@) p ' @)| [pl (")  pla ()
-1 00
’p(a l(a >>f m(f(S) r<f> (t)f ()= DgnGEOAAS
0'(s) a”
~ plar 1<r NJaiy ()

-1
) f (@) - $)g ()G (x(Bw)) Aus

s0 [(Bx)(t )= (Bx)(f) — 0 as  — ¢ . Therefore, {Bx: x €S} is uniformly bounded and
equicontinuous on [#;,0)r. Hence, BS is relatively compact. By Krasnosel’skii’s fixed
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point theorem (see, for example, Lemma 3 in [9] or Lemma 2.4 in [7]), there exists x € S
such that Ax + Bx = x. Thus, the theorem is proved. m]

Remark 3.7. Results similar to Theorem 3.6 can be proved for other ranges of values for
p(@).

4 Examples

We conclude this paper with some examples of our main results.

Example 4.1. Let T = R and consider the differential equation

y(t/4)

m= , t>0. “4.1)

(eé (y(t)+%e;”y(t/3)) ) +%e%y3(t)— 14e™(1+e7")

It is easy to verify that the hypotheses of Theorem 2.2 are satisfied. Here, y(f) = ¢™% is a

nonoscillatory solution of (4.1) that converges to 0 as t — oo.

Example 4.2. Let T =R and consider the differential equation

Y4
L+y2(e/4)

(eé (y(t)—%e‘ty(tﬂ)) ) +e%y3(r)—1—21e"(1 +e) 20 G2

It is easy to see that the hypotheses of Theorem 2.5 are satisfied. Here, y(f) = ¢ % is a

nonoscillatory solution of (4.2) that converges to 0 as t — oo.
Our next example is one of a difference equation.

Example 4.3. Let T = Z and consider the difference equation

A" A2(y(n) + e "y(n—2))] + e (e + DX + 12 Pys(n—1)

ﬂ =0, n>2. 43)

20 —4 N2 =3, 132 21y —4n
—e e+ D+ D) (1+eMe 2o

Conditions (H;)—(Hg) are satisfied so equation (4.3) satisfies the hypotheses of Theorem 2.2
and Corollary 2.3. Here we have y(n) = (—1)"¢" as an unbounded oscillatory solution.
Next, we have an example of a forced equation.

Example 4.4. Let T =R and consider the equation

(et (y(t) +e My - n))”)” +8e M y(t—2m)
- 2
_50p-37/2 (1 + 2 o2 t) y(t=3n/2)

= 1" —6e¥cost, 1227 (4.4)
1+y2(t—3n/2)

Conditions (H;)—(H4), (Hjo), and (H;;) are satisfied with F(¢) = %(9 sint—12cost), so
equation (4.4) satisfies the hypotheses of Theorem 3.1, and all solutions are oscillatory.
Here y(r) = €' sint is such an oscillatory solution.



Fourth Order Dynamic Equations 27

Our final example is on the time scale T = hZ.

Example 4.5. Let T = hZ with h a quotient of odd positive integers and consider the equa-
tion

h 1 2, ,2h 1 2 st
A,%(eng(y(z)—eh(l+e—5’)y(z—h)))+2eh(€}:r )(e h+ )e%y%(z—3h)
—4h 2, ,-3h 2
(€ " 1) (e + 1) =2 4 Y —2h)
_ 1 ————— =0, t>3h. 45
¢ ( 7 TR A Ty *>

It is fairly easy to see that conditions (H;), (H»), and (H4) hold and —2¢" < p(r) < —e" < —1.
In order to show that (Hg) holds, take [ = 1 + é > 1 and first note that

o s—1—h h 2h 3h
Ri(c(®) =Ri(t+h) = Z P 0+ o 2h e gk T
s=t+h
h 1 1 h 1 h
>—((N+—+—+...)= ( )= )
el+2h el o2h el+2h l_eLh et+h(eh_1)
o) A .
7 7
RS D)2 (——)t—.
He0)2 (Gt —
Also,
s—t+3h h 1 1 1
Ry(B(1) = Ry(t=2) = ) gt )
s=t—2h
h 1 he"
>Z(l+e—h+ﬂ+ )_(eh—l) r
SO
he  \5 [ heh \3 1
S e e
®o» = () =(om1) =
Then,

f R @ (0)qOGRABONAI= > Ry (r1)g()GRABE)

1o t=to

N ((— " i 5t b3
SISy E AR
i h 2h AN
=(eh(ef]?—l)) (2eh(e 1:1)2(6 h+1)2)(efi1) g;)eﬁ = o

Hence, the hypotheses of Theorem 2.6 hold so any solution of (4.5) is either oscillatory,
satisfies liminf,_,o, | y(¢) | = 0, or satisfies | y(f) | — oo as t — co. Here y(r) = (—1)'e’ is an
oscillatory solution.
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