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Abstract

We study the structure of approximate solutions of a discrete-time control system with
a compact metric space of states which arises in economic dynamics. We are interested
in turnpike properties of the approximate solutions which are independent of the length
of the interval, for all sufficiently large intervals and are stable under perturbations of
an objective function.
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1 Introduction

The study of the existence and the structure of solutions of optimal control problems defined
on infinite intervals and on sufficiently large intervals has recently been a rapidly growing
area of research. See, for example, [2, 6, 8, 10-15] and the references mentioned therein.
In this paper we study the structure of solutions of a discrete-time optimal control system
describing a general model of economic dynamics [3, 7, 9, 13-15].

Let (X,p) be a compact metric space and Q be a nonempty closed subset of X x X.

A sequence {x;};>, C X is called a program if (x;,x1) € Q for all integers ¢ > 0.
A sequence {xt}tTiTl C X where integers T, 75 satisfy 0 < T} < T is called a program if
(x¢,x041) € Q for all integers 7 € [T, T, — 1].

In this paper we consider the problem

T-1

Y v(xi,xit1) — max (P)
i=0
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S. t. {(x,-,x,-ﬂ)}iT;Ol CQ, xo =21, XT = 22,

where 7T is a natural number, z;,z0 € X and v: Q — R! is a bounded function. In models
of economic growth the set X is the space of states, v is a utility function and v(x;,x;41)
evaluates consumption at moment ¢. The interest in discrete-time optimal problems of type
(P) also stems from the study of various optimization problems which can be reduced to
it, e.g., tracking problems in engineering [5], the study of Frenkel-Kontorova model related
to dislocations in one-dimensional crystals [1] and the analysis of a long slender bar of
a polymeric material under tension in [6]. Optimization problems of the type (P) with
Q = X x X were considered in [10-12].

We are interested in a turnpike property of the approximate solutions of (P) which is
independent of the length of the interval T, for all sufficiently large intervals. To have this
property means, roughly speaking, that the approximate solutions of the optimal control
problems are determined mainly by the cost function v, and are essentially independent of
T, 71 and 7. Turnpike properties are well known in mathematical economics. The term was
first coined by Samuelson in 1948 (see [9]) where he showed that an efficient expanding
economy would spend most of the time in the vicinity of a balanced equilibrium path (also
called a von Neumann path).

In the classical turnpike theory [3, 7, 9] the space X is a compact convex subset of
a finite-dimensional Euclidean space, the set Q is convex and the function v is strictly
concave. Under these assumptions the turnpike property can be established and the turnpike
X is a unique solution of the maximization problem v(x,x) — max, (x,x) € Q. In this
situation it is shown that for each program {x; };7, either the sequence {ZtT:_Ol V(X Xp11) —
Tv(%,%)}7_, is bounded (in this case the program {x;}* , is called (v)-good) or it diverges
to —oo. Moreover, it is also established that any (v)-good program converges to the turnpike
X. In the sequel this property is called as the asymptotic turnpike property.

In [14] we showed that the turnpike property follows from the asymptotic turnpike
property. More precisely, we assumed that any (v)-good program converges to a unique
solution X of the problem v(x,x) — max, (x,x) € Q and showed that the turnpike property
holds and x is the turnpike. Note that we do not use convexity (concavity) assumptions. It
should be mentioned that in [13] analogous results were established for the problem

T-1

Y v(xi,xier) = max, {(xi,xi1)} o CQ, x0 =1z
i=0

where T is a natural number and z € X.

In the present paper we improve the turnpike results established in [13, 14] and show
that the turnpike property is stable under perturbations of the objective function v. Note that
the stability of the turnpike property is crucial in practice. One reason is that in practice
we deal with a problem which consists a perturbation of the problem we wish to consider.
Another reason is that the computations introduce numerical errors.

Let (X,p) be a compact metric space and Q be a nonempty closed subset of X x X.
Denote by M the set of all bounded functions u : Q@ — R!. For each w € M set

W]l = sup{[w(x,y)| : (x,y) € Q}. (1.1)



38 A. Zaslavski

For each x,y € X, each integer T > 1 and each u € M set

T-1
6(u, T,x) = sup{ Z u(xi,xip1) : {x;}L, is a program and xo = x}, (1.2)
i=0
T-1
o(u,T,x,y) = sup{ Y u(xi,xis1) : {x;}L, is a program and xo = x, x7 =y},  (1.3)
=0

=

T—1
o(u,T) =sup{ ) u(xi,xit1) {x;}L, is a program}. (1.4)
i=0
(Here we use the convention that the supremum of an empty set is —oo).

Assume that v € M is an upper semicontinuous function. Since in [13, 14] we assume
that objective functions are defined on the set X x X in order to apply their results we set
v(x,y) = —|[v|| =1 forall (x,y) € (X x X) \ Q.

We suppose that there exist ¥ € X and a constant ¢ > 0 such that the following assump-
tions hold.

(A1) (x,%) is an interior point of Q (there is € > 0 such that {(x,y) € X x X : p(x,X),
p(y,%) <€} C Q) and v is continuous at (¥, x).

(A2) 6(v,T) < Tv(x,X)+¢ for all integers T > 1.

It is easy to see that for each natural number 7" and each program {x,}[T:O

T-1
Z v(xe,x41) <o, T) < Tv(x,X)+¢. (1.5)
t=0

Inequality (1.5) implies the following result.

Proposition 1.1. For each program {x;};°, either the sequence

T—1
{ ZO V(2 41) = Tv(E%,X) )74

is bounded or limy_, o [):,T:_Ol V(X Xp41) — TV(%,X)] = —co.
A program {x; };7 is called (v)-good if the sequence
T-1
[Y ) — Tv(EH}F

t=0

is bounded [3, 4, 12].
In this paper we suppose that the following assumption holds.
(A3) (the asymptotic turnpike property) For any (v)-good program {x,}* ,

lim p(x,,%) = 0.

Note that (A3) holds for many important infinite horizon optimal control problems. See,
for example, [13-15]. In particular, (A3) holds for a general model of economic dynamics.



Turnpike Properties of Approximate Solutions 39

By (A3) ||[v|]| > 0. For each M > 0 denote by X, the set of all x € X for which there
exists a program {x; };°, such that xop = x and that for all integers 7 > 1

T-1
Y v(x,xig1) = Tv(x,5) > —M. (1.6)
=0

Clearly U{Xy; : M € (0,00)} is the set of all x € X for which there exists a (v)-good
program {x, };* , such that x = x.

Let T be a natural number. Denote by Y7 the set of all x € X for which there exists a
program {x,}_, such that xo = ¥ and x7 = x.

Denote by Card(A) the cardinality of a set A.

The following two theorems which describe the structure of approximate solutions of
our discrete-time control system are our main results.

Theorem 1.2. Let My, My, € be positive numbers and let Ly be a natural number. Then there
exist & > 0 and a natural number L, > Lo such that for each u € M satisfying ||u—v|| <9,
each integer T > L, and each program {x,},TZO which satisfies

X0 GXMO, Xr € YL();

T-1
Z u(xt7xt+1) > G(M,T7X0,XT) - M,
=0

the following inequality holds:
Card({t €{0,...,T}: p(x;,%) > ¢€}) < L,.

Theorem 1.3. Let My, M, € be positive numbers. Then there exist 8 > 0 and a natural
number L, such that for each u € M satisfying ||u—v|| < §, each integer T > L, and each
program {x;}_, which satisfies

-1

Xp € XM07 Z u(xtrxT-i-l) 2 G(M,T,.X()) _Ml
t=0

the following inequality holds:
Card({t €{0,...,T}: p(x;,%) > ¢€}) <L,.

Theorems 1.2 and 1.3 establish the turnpike property for approximate solutions of the
optimal control problems with an objective function # which belongs to a small neighbor-
hood of v. They extend the main results of [15] which were obtained in the case when M,
is sufficiently small and depends of My and €.

Note that examples of pairs (v, Q) for which the assumptions made in this paper hold
are presented in [15].

The paper is organized as follows. Section 2 contains auxiliary results. Theorem 1.2
and 1.3 are proved in Section 3.
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2 Auxiliary Results
By (A1) there exists 7 € (0, 1) such that
{(x,y) eX xX: p(x,%), p(y,X) <F} C Q. (2.1)

Clearly, for each w € M, for each x,y € X satisfying p(x,%),p(y,%) < 7 and any integer
T > 1,0(w,T,x,y) is finite.
In order to prove our main results we need the following lemmas obtained in [15].

Lemma 2.1 (15, Lemma 2.4). . Let € > 0. Then there exists & € (0,7) such that for each
w € M satisfying ||w—v|| <8, each integer T > 1 and each program {x;}!_ satisfying

p(-x()vx)? XT, S Z xtuxFH > G(W T X(),XT) 8

the inequality p(x;,%) < € holds for allt =0,...,T.

Lemma 2.2 (15, Lemma 2.5). Let My, M| ,€ be positive numbers and let Ly be a natural
number. Then there exist a natural number L, > Lo+ 2 and & € (0,¢€) such that for each
w € M satisfying ||w—v|| < 8, each integer T > L., each program {x;}_ satisfying

min{p(x;,%X): t=1,...,T—1} > €,

each zo € Xy, and each zi € Yy, there exists a program {y,},T:O such that

-1 T-1
Yo =20, yr =21, 3, WO,Yer1) = Y wlxe,Xer1) + M.
=0 t=0

3 Proof of Theorems 1.2 and 1.3

We prove Theorems 1.2 and 1.3 simultaneously. Let 7 € (0, 1) satisfy (2.1). We may assume
that My > 2 and that

lv(x,y) —v(%,%)| < 1/4 forall x,y € X satisfying p(x,%),p(y,%) < 7. (3.1)
By Lemma 2.1 there exists a positive number
d; < min{e, 7} (3.2)

such that the following property holds:
(P1) for each w € M satisfying ||w — v|| < §,, each integer T > 1 and each program

{x:}L, satisfying

T-1

p(x0,%), p(xr,x) < d1, Z w(xe,x4+1) > o(w, T, x0,x7) — 8
t=0

the inequality p(x;,%) < € holds forallt =0,...,T.
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In the case of Theorem 1.2 the natural number Ly is given. In the case of Theorem 1.3
put Lo =4.

By Lemma 2.2 there exist a natural number L; > Lo+ 2 and 8 € (0,9;) such that the
following property holds:

(P2) for each w € M satisfying ||w —v|| < 8, each integer T > L;, each program {x;}_,
satisfying

min{p(x;,%): t=1,...,T—1} > 9y,
each zg € Xy, and each z; € Yy, there exists a program {y, }_, such that
T—1 T—1
Yo =20, YT =21, Z W(VrsYe41) > Z w(xe,Xi1) + My +4.

t=0 t=0

By (2.1), the choice of 7 and (3.1)

{zeX: p(x,x) <F}CXiNY1 C Xy NYy,- (3.3)
Choose a natural number
Ly>4+L, (3.4)
and a natural number
L.>8(Lo+Li +Ly+2)+ L2+ M5 "). (3.5)
Assume that u € M satisfies
|lu—v[[ <38, (3.6)

an integer 7 > L, and a program {x, }_, satisfies

X0 GXMO, XT € YL{),

T-1

Z u(xl7xt+1) ZG(M,T,XO,XT)—M] (37)
t=0

in the case of Theorem 1.2 and

T-1
X0 € Xum,, Z u(x,xr41) > 0(u, T,xp) — M (3.8)
t=0
in the case of Theorem 1.3.
Let an integer
1€ [0,T —Ly]. (3.9)
‘We show that
min{p(x,,)f): l:’C—l-l,...,’C—l-Lz}SS]. (3]0)

Assume the contrary. Then

p(x;, %) >0y, t=1t+1,...,T+Ls. (3.11)
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By (3.7) and (3.8) there is an integer S| such that
0<S81 <7, x5, € Xipp, (3.12)
x¢ & Xy, for all integers ¢ satisfying §; <t < 1.
By (3.2), (3.3) and (3.12) for all integers ¢ satisfying §1 <t <1
p(x;, %) > F > 9. (3.13)
We show that there is an integer S, such that
T+1, <S5 <T, x5, €Yy,. (3.14)

In the case of Theorem 1.2 the existence of an integer S, satisfying (3.14) follows from
(3.7). Consider the case of Theorem 1.3 and show that in this case an integer S, satisfying
(3.14) also exists.

Assume the contrary. Then

x &Y, t=1+Lp,...,T
and in view of (3.2) and (3.3)
p(x, %) >F>08;,t=1+Lo,...,T.
Combined with (3.13) and (3.11) this implies that
p(x, %) > 81, t =8 +1,...,T. (3.15)

By (3.4), (3.9) and (3.12)
T-8>T—1t>1,>L,. (3.16)
By (3.6), (3.12), (3.15), (3.16) and (P2) there exists a program {yt},T:S1 such that

T-1 -1

)’S1 :.XS], yr :)E, Z ”(YIa)’tH) Z Z u(xl‘u'xt-‘rl) +M1 +4 (317)
t=3S; =51

Put
Yt = Xty tZO,...7S1.

Clearly, {y,}[TZO is a program and in view of (3.17) and the equation above

Yo = Xo,
T-1 T-1 T-1 T-1
Z u(Ve, ye+1) — Z u(Xe, X 41) = Z u(ye, ye+1) — Z u(xe, X 01) > My +4.
=0 =0 =5 =38

This contradicts (3.8). The contradiction we have reached proves that there is an integer S,
satisfying (3.14). Thus in the case of Theorem 1.2 and in the case of Theorem 1.3 there
exists an integer S, such that (3.14) holds.
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We may assume without loss of generality that for all integers ¢ satisfying T+ Ly <t <S>
X & Yi,. (3.18)
Together with (3.2) and (3.3) this implies that for all integers ¢ satisfying T+ L, <t < S
p(x,x) > 7> 9. (3.19)
By (3.14), (3.12), (3.11), (3.13) and (3.19)
S2—81 > Ly, x5, € X, X5, € Y1,

p(x, %) >0, t=8+1,....8%—1. (3.20)
By (3.4), (3.6), (3.20) and property (P2) there exists a program {yt}tsisl such that

Vs, = X815 YS, = XS,

Sy—1 Sr—1
Y u(yeyen) = Y ul,xi1)+ M +4. (3.21)
=S =5
Put
y: = x; for all integers # satisfying 0 <7 < S (3.22)

and for all integers ¢ satisfying S, <t < T.

Clearly, {y;}_ is a program and

Yo = X0, Y1 = XT. (3.23)
By (3.21) and (3.22)
T-1 T-1 Sr—1 S—1
Z u(ye, Y1) — Z u(Xe, X 41) = Z u(ye, Y1) — Z u(xe, X y1) > My +4.
t=0 t=0 =35, =S

Together with (3.23) this contradicts (3.7). The contradiction we have reached proves
(3.10).

Thus we have shown that the following property holds:

(P3) for each integer T € [0, ...,T — L]

min{p(x;, %) : t =1+ 1,..., 17+ Lo} < d;.
Using (P3) by induction we construct a sequence of natural numbers {S,-}iq:l such that
Sy € [1,L,], foreach integer i satisfying 1 <i<g—1, (3.24)

Siv1—Si € [1,L2[, 0< T—Sq < Ly,
P(xSiaf)<517i:17---7‘]- (325)
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By (3.5) and (3.24) g > 6. Set

Siv1—1

E] = {i S {1,...,6]— 1} : Z u(x,-,xlur]) Z G(M,SH_] —S,',XSI.,)CSH]) —81}, (3.26)
t=S;

EQZ{I,...,q—l}\El. (3.27)

By (3.6), (3.25), (3.26) and (P1) for each i € E;
px, %) <&, t=38;...,8141.
Together with (3.2), (3.24) and (3.27) this implies that
{re{0,...,T}: p(x;, %) > ¢}
C{0,...,81 —1}U{r: tis aninteger such that S, <t < T}

Uieg,{t : t is an integer such that S; <t < Si;;}.

Combined with (3.24) this implies that
Card({r € {0,...,T}: p(x:,X) > €}) < 2L, + L,Card(E»). (3.28)

By (3.7), (3.8), (3.24), (3.26) and (3.27)

T-1
My > o(u,T,xp,xr) — Z u(Xi, Xit1)
=0

Sit1—1
> Y [o(u,Siv1 — Siyxs;,xs,,) — Y, u(xi,xir1)] > 8 Card(E)

ick, t=S;

and
Card(E,) < 61’1M1.

Together with (3.5) and (3.28) this implies that
Card({r €{0,...,T}: p(x,%) > €}) < 2L, + LM < L,.

This completes the proof of Theorems 1.2 and 1.3.
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