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Abstract

In this paper, we propose an alternative direct algebraic method of constructing, for
nonlinear evolution partial differential equations, conservation laws that depend not
only on dependent variables and its derivatives but also explicitly on independent vari-
ables. As illustration, the fifth order Korteweg de Vries (fKdV) and modified (n+ 1)-
dimensional Zakharov-Kuznetvov (ZK) equations are probed.
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1 Introduction

The concept of conservation laws is substantially used in the field of partial differential
equations (PDEs) ([8, 9] and references therein). Indeed, the investigation of conservation
laws can lead to find some qualitative properties of PDEs such as integrability, stability,
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existence of global solutions and even the linearizability conditions [9, 10, 12, 13]. The
literature prospers in various approaches to construct local conservation laws. For instance,
we can cite the direct method [5, 1, 2], the Noether method [6, 3], the characteristic method
[7, 11] and the variational derivative method [7, 14]. All these approaches allow, in most
cases, to compute polynomial conservation laws that only depend on dependent variables
and its derivatives, and not explicitly on independent variables.

In this paper, an alternative study of time-space dependent conservation laws for some
classes of nonlinear evolution PDEs is performed by judiciously exploiting known algebraic
methods [8, 15]. It generalizes, to any dimensional space, a previous algorithmic scheme
[16] elaborated to construct spatio-temporal dependent conservation laws for n-order (1 +
1)-dimensional Korteweg de Vries (KdV) equations. Finally, we probe, in this framework,
the fifth order Korteweg de Vries (fKdV) [4] and modified (n + 1)-dimensional Zakharov-
Kuznetvov (ZK) equations [8, 17].

2 Preliminaries: basic definitions, theorems and notations

This section, mainly based on [7, 8], addresses relevant definitions, theorems and notations
playing a central role in studying conservation laws for nonlinear PDEs. Consider a system
of s-order PDEs

Rxu®)=0, v=1,--,m, 2.1)
where x = (x!,...,x") and u = (u',...,u™) and X x U, the space whose coordinates are

denoted by (x, u(s)), (encompassing the independent variables x, the dependent variables u
and their derivatives up to order s, u)y.

Definition 2.1. (Differential function) A function f defined on X x U is called s-order
differential function if it is locally analytic, i.e., locally expandable in a Taylor series with
respect to all arguments.

Definition 2.2. (Total derivative operator) Let f defined on X x U®) be an s-order differ-
ential function. The total derivative of f with respect to x' is defined by:

J j
o B of
Dxif = @ + Z Z cee Z Milxl”'(ki+l)xi"'knxnr’

j:1k|=0 kn=0 klxl‘,,knxn

where )
j B ak1+"'+kllu]

Yotk = QY (Y

integer slj is the maximal order of derivation of the variable u/ with respect to x' in the
differential function f.

Definition 2.3. (Maximal rank condition) The system (2.1) is said to be of maximal rank
if the Jacobian matrix
oF, JF >

Jr(x,ul) = <8x’8u(s)

is of rank m whenever u is a solution of (2.1).
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Definition 2.4. (Invariant scaling or dilatation group for a PDE) The system of s-order
PDEs
R(x,u®)=0, v=1,---.m

is said to be invariant under a dilatation group if there exist a nonzero parameter A and
vector constants (a',---,a") € R? and (b',--- ,b™) € R™ such that

REa®)=0, v=1,--,m

with ¥ = (Ax!, ... A%x") and i = (AP, APnu™).
Moreover, one can attribute weights to the variables and total derivatives as follows:

w(xi) = i W(”j) =bj, w(Dy)=—a;.

Definition 2.5. (Rank of a monomial) Let f defined on X x U®) be an s-order polynomial
differential function.

1. An s’-order monomial M is a term of f expressed as
s nom ~ Bij
M:cHHH(x’)‘x" (Dl;,-uf) with s, oy, Brij € N;c € R,.
k=0i=1 j=1

2. The rank of the monomial M is the real number
s n o om ) )
YY) [ouw(x') +Buij (w(e!) +kw(Dy)) ]
k=0i=1 j=1

3. fis said to be uniform in rank if all its monomials have the same rank.

Proposition 2.6. The differential functions defining a system of polynomial PDEs invariant
under a dilation group are uniform in rank.

Definition 2.7. (Total divergence) A total divergence of an n-dimensional differential func-
tion F = (F',---  F") is defined by:

DivF =D F' '+ -+ DuF".
Definition 2.8. (Conservation law for a PDE) Let
Rt,xu®)=0, v=1,---,m (2.2)

be a system of (n+ 1)-dimensional s-order differential equations. A conservation law of
(2.2) is the PDE
D,p+DivJ =0, (2.3)

where p is called conserved density whose the associated conserved flux is the vector dif-
ferential function J = (J1,---  J").

Definition 2.9. (Zeroth-Euler operator) Let f defined on X x U be an s-order differential
function.
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1. The zeroth-Euler operator (also called the variational derivative) of f is given by

) ) )
sal = G )
where for j=1,--- ,m
5. & of
i . -D, ki (=D — =
s k]Z:,O k,,zz’o( 1)" - (=Dxr) o,

kyxl ekt

2. f is said to be exact if there exists an (s — 1)-order differential vector function
C = (C'(x,uts=V), -+ ,C"(x,ut"1))) such that f = DivC.

Theorem 2.10. (Exactness theorem) A differential function f is exact if and only if % f=
0,j=1,...,m.

Definition 2.11. (Divergence and divergence-equivalent terms) A term f is a divergence
if there exists a vector C such that f = DivC. Two or more terms are divergence-equivalent
if there exists a linear combination of these terms which is a divergence.

Theorem 2.12. (Characterization of divergence-equivalent terms) When the zeroth-
Euler operator is applied to a set of divergence-equivalent terms, their images under the
zeroth-Euler operator are linearly dependent.

Definition 2.13. (Higher-Euler operator) Let f defined on X x U®) be an s-order dif-
ferential function. The (iy,...,i,)-higher-Euler operator (also called the higher variational
derivative) of f is given by

S(il""’i") S(il,...,in) S(il""’i")
f: ( Sul fv 77f )
u

du oum
where for j=1,--- ,m
§it.-onin) 5] s k k » . of
S f — Z Z ( i >( in ><—Dx1)k1 ”"'(—Dxn)k" maji_
ki=iy  kn—iy n Uk

Definition 2.14. (Homotopy operator) Let f defined on X x U®) be an s-order exact differ-
ential function with n independent variables x = (x!, ..., x"). The n-dimensional homotopy

operator is an n-component vector,
1
(ngx )f,...,H,an)f) ,wherefori=1,...,n

with the integrands Iifi) f defined as

J
§;—

, 5] () (K1 yoonskit 1, i)

(x) Ltk T R
1Y = Yy oY phoph W ).
v klZZO ki=0 kn2:01+k1+"’+kn X . du/ !
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The notation (Ibsfi) f ) [Au] means that in If;i) f, all components of the function u as well as
their derivatives are multiplied by A.

Theorem 2.15. Let f defined on X x UY) be an s-order exact differential function with n
independent variables x = (x',...,x"). Then

Div'f = (H,le)f,...,H,Sx")f>.

In one, two and three independent variables, the homotopy operator takes the following
forms.

e One-dimensional homotopy operator, x = x', H,f

1 dA
g = [ () a5
where ‘
S j k—i-1) Of -1
Lif =Y | Y ul.(-Dy) Wi and D.'f=H,f.
k=1 \\i=0

J
Uy

. . (2 (') () 2.
e Two-dimensional homotopy operator, x = (x' ,x*), | H, 'f,H, 'f):

v L m o dh .
HLS )f:/O ZI(I,E/ )f) [;\"M]Ta l:1727
J=

with the integrands I’Efi) f defined as

- L1, \ [ kitky—Li—1,—1
) R T l; ki—1—1
Lif = XYY du

ki—=1 k=0 ;=0 1, =0

;=0 lixlpx? ki + kP
ki

where

pe{l,2}\{i} and Div'f= (Hﬁx])f,Hﬁ)f) .
e Three-dimensional homotopy operator, x = (x',x*,x%), ( ngxl) 1, HLSXZ) 7 H£x3) f):

O 1 R (1) it 1 1.2
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with the integrands Ib(ji) f defined as

- bl 1, \ [ 1,+1
@) R SN ( i q><plpq>
X
Li'f = Y Y Y u

U i
ki kp=0ky=0 ;=0 [,=01,~0 ettt ki+kp+kq
ki
kithy+kg—li—ly—1g— 1\ [ kp+kg—1,—1I,
ki—li—1 ky—1,

kp +k,
k 14
of

(=D)S (=D ) (=Dl
Mk,'xi kpxPkgxd

where

1,234\ {i 1=il3 d Div'f= (") a") ¢ gt
Pv‘]e{ )~ }\{l}7q+ _l[],p#q an 2% f u f7 u f? u f .

3 Main results

We consider in this section a system of s-order (n+ 1)-dimensional evolution PDEs
") =FR(t,x,u®) v=1,....m, 3.1

where x = (x!,...,x") and u = (u',...,u™). Assuming that (3.1) is of maximal rank, we
propose to find its conservation laws.

3.1 Construction of conservation laws

The approach consists of three successive steps: i) determination of a scaling symmetry
group; ii) construction of a density and iii) calculation of a flux.

A scaling symmetry group can be obtained using linear algebra, which avoids having
to solve a system of over determined PDEs. This is done by solving an algebraic system
of weights for independent and dependent variables and total derivatives appearing in the
PDEs, assuming that each equation of the system of PDEs is uniform in rank and taking
into account the fact that the values of these ranks are not necessary the same for distinct
equations. In other words, one makes the hypothesis that the p, monomials of the function
F, have the same rank and one forms a set of py — 1 equations whose unknowns are the
weights of variables and total derivatives present in the function F,. The final algebraic
system of weight equations results from ', (py — 1) equations of m different determined
sets.

Considering a system of s-order (n+ 1)-dimensional evolution PDEs

"), = FR(t,x,u®,a))y v=1,....m, (3.2)
of maximal rank and m+¢q < Y" ,(py—1)— 1, where x = (x!,... x"), u= (u',...,u™) and
u=(u',...,u?), then one can check that there exists a scaling symmetry group if w(u/),

w(u') and w(D,) are expressible as functions of some w(D,:).
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e In the case when the system (3.1) has a scaling symmetry group, since the scaling

parameter A is arbitrary, in general the solutions of the weight system can be of the
form:

wu') = hjw(Dgw),...,w(Dw)), j=1,....,m
w(Dy) = go(wW(Dyi),...,w(Dy,)), (3.3)
w(Dy) = g (WD ),....wDy)), Le{l,....n}\{i1,...,i}.
Setting w(D,i, ) = ri,,...,w(D) = rj, the relations (3.3) give:
wu!) = hi(ri,...,ri)=sj, j=1,...,m
w(D;) = gol(ri,...,ri) = ro,
w(Dy) = gi(riyy...,ri))=r, le{l,...,n}\{i,... i}
Therefore, the weights of independent variables are w(t) = —rp, w(x;) = —r; and a

scaling symmetry group of the system (3.2) is:

(t,20,0) — (W08 Al AT AL ™).

When the system (3.1) does not possess a scaling symmetry group, sometimes identi-
fied by the solution of the weight system under the form w(u/) =w(D;) =w(D,:) =0,
one can transform it into another PDEs system of the form

") = R(t,x,u® @), v=1,...,m, (3.4)

where & = (u',...,u4) is a vector of new dependent variables, which now has a scal-
ing symmetry group. Such a transformation can be performed by one or both of the
following actions:

(i) conversion of some arbitrary monomials coefficients of considered PDEs sys-
tem into new dependent variables;

(i1) suitable identification of monomials in the PDEs system and their multiplication
by new dependent variables.

By the same arguments as before, the solutions of the weight system obtained from
the system (3.4) are generally of the form:

w') = hjw(Dy),... ;WD) j=1,....m
@) = fiDp) (D)), =1,
w(Dy) 80 (W(Dyir),---,w(Dyir)) (3.5)
w(Dy) = g (WD ),....w(Dy)), Le{l,....n}\{i1,...,i}.
Putting w(D,i, ) = ri,,...,w(D,) = ri, (3.5) gives:
w!) = hj(riys...,ri)) =sj, j=1,....m
wid) = filriyyoori)=e, 1=1,....q
w(D) = go(ri,...,ri) =ro,
w(Dyu) = g (riy,...,ri))=r, le{l,....n}\{i1,... i}
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Therefore, the weights of independent variables are w(t) = —rp, w(x;) = —r; and a
scaling symmetry group of the system (3.4) is given by:

(t,2,u, 1) — (A8, A1 x AT NS S AL W),

In the sequel, we consider the PDEs system (3.4) and treate the new dependent variables
u',...,u? as weighted constants. Once a scaling symmetry group of equation (3.4) is de-
fined, one fixes the value r of the rank for the density p which can be constructed step by
step as follows:

(1) Use the independent and dependent variables, and their partial derivatives to form a
set O of rank »r monomials by: first constituting a set Qg such that

Q = {My,ucACN, M,=[]@)P, B €N,
=1
0 < [rankM,,| < |r| +Wmax } (3.6)

where Wmay = max{|w(u/)|, |w(@)|,|w(Dy)|,|w(D;)|}. Second, for each M, u € A,
build a set Qg such that

QO,LI = {MO,Ua MO,u :taﬂo <lﬁl(xi)am> (ﬁ(ﬁl)ﬁ;,]) <IV£I(Dxi)nyi> M,ua

i=1 =1 i=1

rankMo, =1, 040, O, B, Nui € N} (3.7
Finally, the required set can be written as
0= J Qo
HEA

Remark 3.1. :

e All monomials defining M, are taken separately in Q, without their coeffi-
cients;

e Take Qg, = 0 when there do not exist positive integers 0,0, O, Euh Nui such
that rankMo, = r.

e Take Qo, = {M,} when rankM,, = r.

(i) Set Q' the subset of all divergence terms of Q. Then denote by P = Q'\ []g the set of
non divergence terms.

(iii) Using Theorem 2.12, identify in P all subsets of divergence-equivalent terms and
form a set R” of elements of all such subsets, at the rate of one and only one element
per subset. Then denote by R = P\ Cg the useful set for the density computation.

(iv) Linearly combine the monomials of R to form a rank r candidate density p. By the
conservation law (2.3), D;p = —DivJ, D;p is a divergence with respect to the space
variables. Therefore, the undetermined coefficients of p are found by solving the
linear algebraic system formed by setting to zero the coefficients of monomials in

S .
@ (Dlp‘u,:F([,x,u(s),i[)> :07 J= 17"')m' (38)
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Provided a density p, the corresponding flux J can be computed by using the homotopy

operator as follows:
J=" ..., J") =Div (=D, plu-r). (3.9)

Example 3.2. Consider the (1 + 1)-dimensional fifth order KdV equation given by [4]
uy = —Yusy — Puzy — ol uy EF(t,x,u(S)). (3.10)
The uniformity condition for the rank applied to the function F leads to the weight system
w(D,)+w(u) = 5w(Dy)+w(u)
= 3w(Dy)+w(u)
= w(Dy)+(p+1Dw(u) (3.11)

whose solution is w(u) = w(D;) = w(D,) = 0 indicating that (3.10) does not possess a
scaling symmetry group. In order to get round this situation, we substitute the parameter 3
by a new dependent variable u(z,x), i.e. B < u(t,x). Equation (3.10) then becomes

u = —'yu5x—ﬁu3x—0cupuxEF(t,x,u(S),ﬁ), (3.12)

with the corresponding weight system

w(D,)+w(u) = 5w(Dy)+w(u)
— 30D + () + (@
= w(Dy)+(p+1)w(u) (3.13)
yielding the solution
W(D1) = Sw(Dy), wla) = (D). wi(@) = 2w(D). (3.14
Setting w(D,) = 1 leads to
W) = —1, w(D) =5=—w(t), w(u)= ;, (i) =2 (3.15)

from which we deduce the one parameter dilatation group of equation (3.12) as
(t,x,u,u) — (lfSt,Xflx, l%uﬂ»zﬁ) ) (3.16)

Let us now compute the relevant quantities.

e Conserved density p; of rank r = 8 and its associated flux J' for (3.12) with p = 1
We have

w(u) =4, Qo = {u*,u}, Qo1 = {u*}, Qoo = {uay, Wu, sy }.
Q = {u?, ugy, Pu,iiuz, }, R =P = {u?,ui’u}.

From R, we form a candidate density p; = c1u? + cu*u. Condition (3.8) is sat-
isfied for any constants c¢; and ¢;. Seeking ¢; = ¢, = 1 gives p; = u? + 2u. Let
E, = —D,pi| =F (1 xu® ) Applying the one dimensional homotopy operator to the
differential function E;, we obtain the flux

1 - 1 2 PR 1_
Ji = 29Y(uugy — uyuzy + EM%X) + 2u(uuyy — Euz) + §OLM3 + VP g B + Euzocuz.
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o Conserved density p, of rank r = 8 and its associated flux J? for (3.12) with p =2
We get

w(u) =2, Qo = {u*, 1, u?,u}, Q: {u® P uny, i P02 U3y, U, U Uy Hilday }

3 Pl 12
R =P = {u* vluy,,uti®,iPu* 13 ,ilu}.

From R, a candidate density can be written as
p2 = crut + coutuny + e’ + calPu® + csu%x +cell .

Condition (3.8) is satisfied if and only if ¢; = ¢; = ¢3 = ¢5 = 0 and for any constants
c4 and cg. Setting ¢4 = ¢ = 1 gives pr = W+ tu. Let E, = _D’pzlur:F(t,Lu@@‘
Applying the one dimensional homotopy operator to the differential function E;, we
obtain the flux

1 1.
h o= 2 (MMZx—EM )+u Yu4x+2u ou

1

~ |
+ 2uzy(uu4x — UUzy + 51 —wour’ + ity

) 3
3.2 Construction of time-space dependent conservation laws
We start this section with the following statement.

Proposition 3.3. If
p=) py suchthat Y D.ipy=F (3.17)

v=1 i=1

is a conserved density for equation (3.2) whose associated flux is J = (J',... J"), then

» 1 n . m v
pztp+n<ZxJ>v;u (3.18)

j=1

is also a conserved density of equation (3.2) with the associated flux J= (JNl, e ,ﬁ‘), where

Fui ! (Zﬂ) p. (3.19)
n\ iz

Proof.
" 1 . m n m
Dip=tDp+p+— Y x| Y (), DT =tDuJ — fp - fo Y D.py.
j=1 v=1 j=1 =
Therefore,
n m n
D,p+DivJ =1 [D,p +DivJ] + fo Y ") =) Dapy| =
j=1 v=1 i=1

whenever u, = F(t,x, uls), ;,(S)) m o
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We consider now the systems of the form (3.4). Let d;y be the derivation order of the
function F, with respect to x' and let dy, be the order of the function F,. The condition (3.17)
shows that the order of the function py must be dy — 1. Thus, setting

Sy = {je{l,....m}, DB,-ujisianforsomenEN},

L, = {le{l,....q},disinF,},

Ri\/ — (le - I)W(Dxl) +de\/W(ka) + Z W(u‘l) + Z W(]}{)7
kAi j€ky I€Ly

Ry = max{Ry,i=1,...,n}, R=max{Ry,,v=1,...,m}

affords the following proposition.

Proposition 3.4. Let p be a conserved density of equation (3.4) satisfying the condition
(3.17). Then,

)
rankp =R, rankpy =Ry, S (D,p|ut:F(t’x’u<x)7,;(x))) =0. (3.20)

Therefore, a basic algorithm for the construction of time-space dependent conservation
laws for the equation (3.4) can be established as follows:

Step 1. Find a scaling symmetry group for the PDEs system (3.4). See details of computation
in the previous subsection.

Step 2. Construct a rank R conserved density p satisfying conditions (3.17) and (3.20) as
follows: First, for each v € {1,...,m}, form a set Qpy such that

QOV - {M\ﬂw }\’ S A C N7 MV)\, = H (uj)Bv}»j? BV?L]' € N7 I“ankj‘4\/ S RV}
jel

Second, for each My, v € {1,...,m} and A € A, form a set Qy,; such that
~ n
Qo = {Mown, Moy = (H(ﬁ{)ﬁ"m> (H(Dxi)n””’) M.,
l€Ly i=1

n ~
rankMoyy, < Ry, vaM <dy—1, By, i € N}-
i=1

Remark 3.5. Note that:

(i) Qova # 0 since My, € Qoyy.-

(i) All monomials that define My, are separately taken in Qg without their coef-
ficients.

Third, form a set O, such that

Ov = | Qowr = {Mowy, rankMoyy <Ry, A=1,...,qv} (3.21)
AEA
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Step 3.

Step 4.

and define py and a rank R candidate density p as

m

qv
pv=Y coMon, P=Y pv. (3.22)
A=1 =1

= v
Fourth, explicitly determine the values of the undetermined coefficients ¢y in such a
way that both conditions (3.17) and (3.20) are satisfied.

Compute a flux J associated with p by applying the homotopy operator to the differ-
ential function —D; p|y,~F .

Determine the time-space dependent conservation laws of equation (3.4) using the
relations (3.18) and (3.19).

Example 3.6. Consider the (1 + 1)-dimensional fifth order KdV equation (3.10) with the
parameter p = 1, namely [4]

uy = —Yusy — Pusy — o, = F(t,x, u(s)). (3.23)

In Example 3.2, we have shown that equation (3.23) does not have a scaling symmetry
group, but the substitution § < u(t,x), where u(t,x) is a new dependent variable, leads to
the following equation

u = _yu5x—ﬁu3x—ocuuxEF(t,x,u<5),i[) (3.24)

in which the weights of different variables and total derivatives are

w(Dy) = 5w(Dy), w(u) = 4w(Dy), w(u) = 2w(Dy).

Seeking w(Dy) = 1 gives: w(x) = —1, w(D,) =5, w(t)=-=5 w(u)=4, wu)=2
from which we deduce the corresponding one parameter dilatation group as

(t,x,u,u) — (stt,kflx,ﬁu,?uzﬁ)

and d] =5, d11 =5, R11 = 10, R] = 10, R =10.

Computation of a conserved density p of rank R = 10 and its associated flux
We have:

iy 2 2 2 =0
QOl = {M,M }a QOIZ = {M s UxUy Uy U, U, UL }7
Qo1 = {uaux7“2x7”3xau4x7uuau U, Uy Uy, U Uy, UUDx, U u2xvuu3x7“”4x}7

01 = Qo11 Y Qo12-

Determining a candidate density as a linear combination of all elements in the set
Q1 and looking for the undetermined coefficients in such a way that both conditions
(3.17) and (3.20) are satisfied, we obtain p = —Yusy, — Puz, — %uz.

Applying the one dimensional homotopy operator to the differential function

E = —=Dipl,,_p( xu5 i Yields the flux

1 1
J = — §0c2u3 — 2ue By — 2uPoir, — ug Y — 2uYOltgy — 5[30%2(

7
—  3u, Yoz, — EM%XYOL — u4xB2.
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e Determination of a time-space dependent conservation laws of equation (3.24)
By using relations (3.18) and (3.19), we obtain the conserved density

p=t (—qu — Buzy — gu2> +xu

with the associated flux

1 1
J =t (—3062u3 — Qute By — 2uPoir, — ug Y — 2uClitgy — EBOW’%

7 o
—  3Buyyous, — EM%XW — u4x[52) —X <—Yu4x — Bupy — Euz) )

Example 3.7. Consider the modified (2+ 1)-dimensional Zakharov-Kuznetsov (ZK) equa-
tion [8]

wy = — Uttty + uty) — B (uax + uzy )y + (uax + uzy)y] = F(2,%,,u'?). (3.25)

The uniformity condition applied to the function F leads to the weight system

w(D;)+w(u) = 2w(u)+w(Dy)
= 2w(w)+w(Dy)
= w(u)+3w(Dy) (3.26)
= w(u)+3w(Dy)
= () +w(Dy)+2w(Dy)
= W)+ 2w(Dy) +w(Dy)

whose solution can be written as
w(Dy) =3w(Dy), w(Dy)=w(Dy), w(u)=2w(Dy).

Setting w(Dy) = 1 provides w(x) = —1, w(D;) =3, w(t) = =3, w(Dy) =1, w(y) = —1, w(u) =
2 from which we deduce the one parameter scaling symmetry group of (3.25) as:

(t,x,y,u) = (A6, Ay W),
Weget:dy=3,d1=3,dy =3, Ri=7,R0py=7,Ri=7,R=1.

e Computation of a conserved density p of rank R = 7 and its associated flux
We have:

Qo1 = {u,u?,u?}, Qoi1 = {u,utx, tty, ure,uny, thyy}, Qoiz = {u},
Qo2 = {0 uthy, 13, 5, wty, usty, ity utty, ity b, Q1 = Qor1 U Qoia U Qors.

Constructing a candidate density as a linear combination of all elements in the set
01 and looking for the undetermined coefficients in such a way that both conditions
(3.17) and (3.20) are satisfied, we find p = —%Ocu2 — Buay — Puy.
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Applying the two dimensional homotopy operator to the differential function
we obtain the flux J = (J!,J?), where

E= _Dtp‘u,:F(t,x,y,u(”)
1 1 4 4 2 6
J'o= —§u30c2 - Euﬁﬁoc - guBOny - guxgyﬁz — guﬁocuzy — guzxzyﬁz
4 1 1 1
— 2uPowuy, — §u3xy|32 — guyﬁ(xux — u4x[32 — 6143[30( — gu4yﬁz,
1 1 2 4 4 6
Jr = —§u30c2 — Euﬁﬁoc - guBOCblzx - gugxyﬁz - guﬁocuxy — guzxzyﬁz
4 1 1 1
—  2ufoius, — guxgyﬁz — guiﬁ(x — u4y[32 — guyﬁocux — §u4xB2.

e Determination of a time-space dependent conservation laws of equation (3.25)
By using relations (3.18) and (3.19), we compute the conserved density

~ 1 1
p=t (_20“42 - Bu2x - Bu2y> + §(x+y)u

with the associated flux J = (J',J2), where

1 1 4 4 2 6
J'o=t <_3”30°2 - EM%BO‘ - g”BOny - g”ﬁsz - g”BOWZy - g“ZnyBZ
4 1 1 1
—  2uPoun, — §u3xy62 - guyﬁocux - 144xB2 6 560(' - 5u4yB2>
) (s — P~ B
3 XTy 3 u Uy Uzy |,
1 1 2 4 4 6
P =t <—3u3oc2 — Eufﬁoc — g“BOWZX — §M3xy[32 - guﬁocuxy - guzxzyﬁz

4 1 1 1
- 2uBO“/Qy - gMXSyBZ - 8”}25130‘ - u4yBZ - guyﬁ(xux - 5M4x32>

— %(x+y) <;0cu2 — Buoy — Bu2y> .

Example 3.8. Consider the modified (3 + 1)-dimensional Zakharov-Kuznetsov (ZK) equa-
tion [8]

w = —O(uuy+ iy +uiz) — B(uoy + uy + ung)x + (o + iy + )y
+ (u2x+u2y+u2z)z] EF(ta)C)yaZaM(Z))' (327)

The uniformity condition applying to the function F leads to the weight system

w(Dy) +w(u) =2w(u) +w(Dy),  w(Dy)+w(u) =w(u)+w(Dy)+2w(Dy)
w(Dy) +w(u) =2w(u) +w(D;),  w(Dy)+w(u) =w(u)+w(Dy)+2w(D,)
w(Dy) +w(u) =w(u)+3w(Dy),  w(D;)+w(u) =w(u)+w(D;)+2w(Dy)
w(D;)+w(u) =2w(u) +w(Dy),  w(Dy)+w(u) =w(u)+w(Dy)+2w(D;)
w(D;) +w(u) = w(u) +3w(Dy), w(D;) +w(u) = w(u) +w(Dy) +2w(D;)
w(Dy) +w(u) = w(u)+3w(D,), w(Dy) +w(u) = w(u) +w(D;) +2w(Dy)
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whose solution is

w(Dy) =3w(Dy), w(Dy)=w(Dy), w(D;)=w(Dx), w(u)=2w(D,).

Setting w(D,) = 1 gives w(D;) =3, w(Dy) =w(D;) =1, w(u) =2, w(x) =w(y) =w(z) =
—1, w(t) = —3 from which we deduce the associated one parameter scaling symmetry
group as:

(t,x,y,z,u) — (A3, A e Ay, A2, A %0).

We obtain: d] = 3, d]] = dz] :d31 = 3, R]] :Rzl :R31 = 10, R] = 10, R =10.

e Computation of a conserved density p of rank R = 10 and its associated flux
We have:

Qn = {uwu? 1, u*u’}, Qus={u},

QO]] = {u7u)muyvu2x:”2y7uxy7uzvu2zvuxzauyz}a
Q = {MZ u u u Mz l/iz M2 uu uu uu
012 — y Ul Ully , Ul 7, U, yo Uz U2 x, U2y, U2 7,

Uylly , Ullyy, Uy, Ulkyz , Uz, Uyllz }

2 2 2 2

3.2 2 2 2 2
Q()13 = {u yU Uy, U Uy, U uz,uux,uuy,uuz,u Uy, U Uy, U ULz,

2 2 2
Ul Uy, U Uy, U Uyz, U uyz,uuxuz,uuyuz},

4 3 3 3. 29 99 99 3 3 3
Qos = {0, uy, 10wz, w1 P 1w, w0y, 10,

2 3 3 3 2 2
U Uy, U Uy y U Uz U Uy U Ul U uyuz},

01 = Qo11YQo12U Q013U Qo14 U Qois.

Forming a candidate density as a linear combination of all elements in the set O and
looking for the undetermined coefficients in such a way that both conditions (3.17)
and (3.20) are satisfied, we obtain

1
p= —EOWZ — Buox — Puoy — Pua..

Applying the three dimensional homotopy operator to the differential function

E = _Dlp‘u,:F(I,x,y,z,u(z))’ with the help of the computer algebraic system Maple,
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yields the flux J = (J!,J2,J3), where

]1

]2

]3

4 4 2

1 4
2 2 2
= _§MX2)’ZB — guBOLuxy — guzyzzﬁ — gl/lyBal/tx — I/l4xl3 — gl/tB(xsz

6 1 2 4 2
- 3 MZszB ZMBOWZJC - §M4ZBZ - guBOWZy - g”x3zl32 - g”BOWZZ
1 6 4 4 1 4
g(lefﬁ - gu2x2yB2 - gl"3xzﬁ2 - guxy2z[32 - gu4yBZ - gux3y[32
4 1 1
— SugxyB uzﬁocux 2BOL— —u Boc— fu BOL
) yBa‘ 143yz|3 [30( uy3z|32 [30( ulxyz B
4 4 1 4 2
- 3 —uPOUtyy — 5 — Uy B — gu4z[3 - gux3yBZ - u4y[3 - gMZXZZBZ
6 1 1 6 1
- 5 u2x2y[3 uyBO('ux - §u4xl32 - 2“[30(‘142)* - §u2y22132 - guZBa‘u}‘
1 4 2 2 4
§a2u3 — gMBOWyz - gu[S(xuz)c — guBOLuzz — §M3xy52>
1 4 2 4 6
= _gu4y[32 — guy3zl32 — §u2x2y[32 — §u3yzl32 - gu2x2zl32 - gbt2y2z|32
4 1 4
- gu3szZ - gu4x[-)’2 - gux3z52 BOL uxZ)zB uiBOL
4 1 1 1
guzxyzﬁz Boc u[iocu)z — goc uw— guzBOWx 3u2[30my

2 4 2
— ugp?— guﬁocugy — 2uPouy, — guﬁocuxz - guB(xuzx.

e Determination of a time-space dependent conservation laws of equation (3.25)
By using relations (3.18) and (3.19), we compute the conserved density

1 1
p=t <_20W2 - Bu2x_ BMZy - Bu2z> + g(x+y+z)u

with the associated flux J = (fl ,fz,f?’), where

4 4 2 1 4
t <_5ux2yzl32 - guBa”xy - §M2y21l32 - guyﬁaux - l44x£52 - g”ﬁauxz

1 2 4 2
uzxzzﬁ — 2uPoiuy, — §M4ZBZ - g“BOWzy — g”x3z[32 — gu[.’)(xuzz

6 4 4 ! 4
ot — fuznyBZ h §”3xz[32 - g"xﬂZB - 5”‘” B~ guﬁyﬁz

1
u3xy[52 — guzBOWx — gugﬁoc —— Boc— fu [306>

1
g(x—i—y—i—z) <—20cu2 — Buax — Puzy — BM2z> ,

(3.28)
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1 4 1 4 1 4
o= <—2”§BOC— §u3yz|32 - 8”3505_ g”y3z|32 - 6”%505— g”nysz

4 4 1 4 2
- guﬁa”xy - g“xyZsz - §u4zl32 - §Mx3y[32 - u4yl32 - §u2x2zl32
6 1 1 6 1
- gu2x2yBZ - guyﬁomx - §M4XBZ - 2“Ba”2y - g”ZyZsz - guZBOWy
1 ,5 4 2 2 4 2
— goc uw— guﬁocuyz — guB(xugx — gu[?)ocuzz — §u3xyﬁ >
1 1,
= gty ta) | =5 ou” = Buse— Buzy —Pux |,
1 4 2 4 6 6
P o=t <—5“4yB2 - g“y3zl32 - guzxzyﬁz - g”ByZBZ - §M2x2z|32 - §“2y2zl32
4 1 4 1 4 1
- §M3XZB2 - §”4xBZ - g”x3z[32 - E”?Ba - g”nyzBZ - 6145[30(
4 1 4 1 1 1
— guzxyZBZ — guiﬁa — guBOWyz — §a2u3 — guzﬁ(xux — g”zBOWy
2 4 2
— ugp?— guBOLuzy — 2uPouy, — gMBOsz — 3uBOCu2x>
1 1,
- g(x+y+z) —oou — Puzy — Buzy — Pus; | -
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