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Abstract

Unimprovable, in a certain sense, sufficient conditions of solvability and unsolvability
of nonlocal problems are found for the differential system

dx:
% = it X1 sxn) (i=1,...,0),
where each of the functions f; : [a,b] x R* — R (i = 1,...,n) may be superlinear or

sublinear with respect to phase variables.
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1 Introduction

In the present paper, for the nonlinear differential system

du;

on a finite interval [a, b] we study the nonlocal boundary value problem

ui(ti) = (P,'(u,‘) (i =1,... 7n) (1.2)
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and its particular case

b
:/u(s)d(xi(s)—i—c,- (i=1,....n). (1.3)

Here, f; : [a,b] x R" — R (i = 1,...,n) are the functions satisfying the local Carathéodory
conditions, #; € [a,b], c; e R (i=1,...,n), ¢; : C([a,b]) — R (i =1,...,n) are continuous
functionals bounded on every compact set of the space C([a,b]), and «; : [a,b] — R (i =

1,...,n) are the functions of bounded variations.
The boundary value problems of the type (1.1), (1.2) have been mainly investigated in
the case where the functions f; (i = 1,...,n) admit the one-sided estimates
n
filt,x1,. . xq) sgn (1 —1;)x;) Z () |xx| +qi(t) (i=1,...,n),

that is, when orders of growth of the functions

(£,X15. 00y Xp) — [f,-(t,xl,...,x,,)sgn((t—t,-)x,-)]+ (i=1,...,n)

with respect to the phase variables do not exceed 1 (see, e.g., [1]-[5], [9]-[11] and the
references therein).
In case for which this condition is violated, the above-mentioned problems are, as a
matter of fact, being unstudied. The theorems proven below fill to some extent this gap.
Throughout the paper, the use will be made of the following notation: R" is the n-
dimensional real Euclidean space; x = (x;)"_, € R" is the column-vector with components
xi €R (i=1,...,n); &y is the Kronecker symbol; X = (xx)?,_, is the n x n-matrix with
components xj € R (i,k = 1,...,n) and with the norm || X|| = i lxik|; X1 is the inverse
ik=1
to X matrix; r(X) is a spectral radius of the matrix X; E is the unit matrix; C([a,b]) and
L([a,b];R) are the spaces of continuous and Lebesgue integrable functions u : [a,b] — R
and v : [a,b] — R, respectively, with the norms

lullc = max {Ju(t)| : a <1 <b}, ||V||L=/\V(S)|ds;

t
[|da(s)| is a full variation of the function o : [a,f] — R on [a,z].!
a

Definition 1.1. The real matrix H = (hik)z 1 belongs to the set A; if it is quasi-nonnegative
and asymptotically stable, i.e., if sy > 0 for i # k, and if real parts of eigen-values of the
matrix H are negative.

1
L[ |do(s)| =0 for = a.
a
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Definition 1.2. The function f : [a,b] x R” — R belongs to the set X j,.([a,b] x R") if it
satisfies the local Carathéodory conditions?, i.e., if f (t,+...,-) : R — R is continuous for
almost all € [a,b], f(-,X1,...,%,) : [a,b] — R, measurable for all (x;)?_; € R" and

max{‘f(-,x],...,xnﬂ : f{pc,-\ < p} € L([a,b];R)

i
for any p €]0,+oo].
Everywhere in the sequel, it will be assumed that
i € Kioe([a,b] xR™) (i=1,...,n).
Along with the problem (1.1) (1.2) we consider the auxiliary boundary value problem

dui

o= (L=N)pi(t,ur,... up)ui +Afi(t,uy, ... ou,) (i=1,...,n), (1.4)

ui(ti):l(p,-(u)(i: 1,...,71), (1.5)
depending on the parameter A €0, 1[. From Theorem 1 of [8] it follows
Proposition 1.3 (The principle of a priori boundedness). Let there exist functions p; €

Kioc([a,b] xR") (i =1,...,n), a set of zero measure I C [a,b] and a positive constant p
such that on the set ([a,b] X I) x R" the inequalities

pit,x1,..., %)t —1)>0 (i=1,...,n) (1.6)

are fulfilled, and for an arbitrary A €0, 1[, every solution of the problem (1.4), (1.5) admits
the estimate

n
Y lluille <p. (L.7)
i=1
Then the problem (1.1), (1.2) has at least one solution.
Besides the above proposition, in the sequel we will need the following three lemmas.

Lemma 1.4. The quasi-nonnegative matrix H = (h,k):‘ w1 belongs to the set Ay iff

hi; <0 (izl,...,n), (1.8)
r(Ho) < 1, (1.9)
where
hic \"
Hy = ((1—5&)%_]?) : (1.10)
il / i k=1

2in Greek Kaipo®eodmpn.
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Lemma 1.5. Let Hy = (hOik)Zk:I be a nonnegative matrix satisfying the inequality (1.9)

and p; and ho; (i = 1,...,n) be nonnegative numbers such that
n
pi < Y howpr+hoi  (i=1,...,n). (1.11)
k=1
Then
n n
Y pi <I(E—=Ho) |} hoi. (1.12)
i=1 i=1

Lemma 1.6. Let Hy = (hOik)Z w1 be a nonnegative matrix satisfying the inequality
r(Ho) > 1. (1.13)

Then for any € > O there exist the numbers hy; € [0,€] (i =1,...,n) such that
n
Y hoi >0, (1.14)
i=1

Y hoichox > hoi  (i=1,...,n). (1.15)
=1

Lemma 1.4 follows from Theorem 1.18 of monograph [6], and the proof of Lemma 1.5
can be found in [7]. As for Lemma 1.6, it is obvious and we omit its proof.

2 Main Results

First of all, we consider the case where the functions f; (i = 1,...,n) and the functionals @;
(i=1,...,n) satisfy the inequalities

ﬁ(t,xl,. .. ,xn)sgn((t —ti)xi)

Sgi(t,xl,-.-,xn)(Zhik!kahi) for r€fa,b]\1, (w)i=i €R" (i=1,...,n), (2.1)

k=1
b
|¢i(u)] < / u(t)|dBi(r) +vi for ueC(la,b]) (i=1,...,n), (2.2)
a
where I C [a,b] is a set of zero measure, h; and y; (i = 1,...,n) are nonnegative numbers,
H = (hi)j - € As, (2.3)

8i € Kioc(la,b] x R") (i =1,...,n) are nonnegative and f; : [a,b] — R (i =1,...,n) are
nondecreasing functions such that

Bi(b) —Bi(a) <1 (i=1,...,n). 2.4)
Assume
goi(t) =inf{g;(t,x1,...,x,) : (k)= ER"} (i=1,...,n), (2.5)
b t
ni :/ exp (h,-i /t goi(s)ds >dB,-(t) (i=1,...,n). (2.6)




96 I. Kiguradze

Theorem 2.1. Let the conditions (2.1)—(2.4) be fulfilled and
either M; < 1,0r v, =1-m; =0 forevery i € {1,...,n}, 2.7

where M; (i = 1,...,n) are the numbers given by the equalities (2.5) and (2.6). Then the
problem (1.1), (1.2) has at least one solution.

Proof. First, we note that the condition (2.3) by Lemma 1.4 ensures the fulfilment of the
inequalities (1.8) and (1.9), where Hy is the matrix given the inequality (1.10). On the other
hand, by the condition (2.7), we have

Yi={0-m)vi (i=1,...,n), (2.8)
where
_)Jvi/(=m;) for m; <1,
Yor = 0 for n; =1.
Suppose
h; .
hOi:W+'Yoj (i=1,...,n), (2.9)
p=|(E—Ho)'||'Y hoi, (2.10)
i=1
and
pi(t,xl,. .. ,xn) = hiigi(t,xl,. . .,xn) sgn(t—ti) (i =1,... ,n). (2.11)

By (1.8) the functions p; (i = 1,...,n) satisfy the inequalities (1.6), since g; (i = 1,...,n)
are nonnegative.

Let (u;)!_, be a solution of the problem (1.4), (1.5) for an arbitrary A €]0,1]. According
to Proposition 1.3, to prove the theorem, it suffices to state that (#;)?_, admits the estimate
(1.7).

In view of (1.8), (2.1) and (2.11), almost everywhere on [a, b] the inequalities

|u,~(t)|’sgn(t—t,-) S—pi(l‘)M,'(l‘)|—|-p,'(l‘)<ihoikpk—l—hi/|hi,’|> (i: 1,...,1’1) (2.12)
k=1

are fulfilled, where hoj = (1 — 8y )hie/|hii| (i=1,...,n),
pi(t) = |hii|gi(t,ur(t),-..,un(t)) > |hiilgoi(t) =0 (i=1,...,n), (2.13)

and
pi=|luillc (i=1,...,n). (2.14)
On the other hand, it follows from (1.5), (2.2) and (2.8) that

)] <2 [ )| B A0 M =1, ) @.15)

From (2.12) we have
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] <exp - \ [ ps)as| Yool + ;hOikpk+hi/|hii|)

« <1—exp<— /l;p,-(s)ds

If along with (2.16) we take into account that f3; : [a,b] — R (i = 1,...,n) are the nonde-
creasing functions satisfying the inequalities (2.4), then from (2.15) we find

)) fora<t<b (i=1,...,n). (2.16)

n

!ui(l)\SC!ui(ti)H(Zho,-kpmhi/\h,-i\)(l—ci)+x(1—ni)y()i (i=1,...,n), (2.17)

k=1

b t
= exp(—\/pxs)ds)dm) (i=1....n).
a t;
On the other hand, by virtue of (2.6) and (2.13), it is clear that

G<mi<l, Ml-m)<1-§ (i=1,...,n).

where

Taking into account the above inequalities and the notation (2.9), from (2.17) we get

n

Jui(;)] < ZhOikPk-l-ho,‘ (i=1,...,n).
k=1

Thus it follows from (2.16) that

|ui(t)\ < Zh()ikpk—l-hol' for a<t<b (i: 1,...,n).
k=1

Consequently, the inequalities (1.11) are fulfilled. However, by Lemma 1.5, the inequalities
(1.9) and (1.11) result in (1.12). Taking now into account the notations (2.10) and (2.14),
the validity of the estimate (1.7) becomes obvious. 0

If
b
(p[(u):/a w(t)doy()+e; (i=1,...,n),

then the boundary conditions (1.2) take the form (1.3). On the other hand, in this case the
inequalities (2.2) are fulfilled, where y; = |¢;| (i=1,...,n) and

Bi(t):/t\doc,-(s)| for a<i<b (i=1,...,n). (2.18)
a
Therefore from Theorem 2.1 we have
Corollary 2.2. Let the conditions (2.1), (2.3) and
/b]doci(t)|§1 (i=1,....n) (2.19)
a
be fulfilled. If, moreover,

either M; <1, 0or ¢;=1—-m;=0 forevery i € {1,...,n}, (2.20)

whereM; (i =1,...,n) are the numbers given by the equalities (2.5), (2.6), and (2.18), then
the problem (1.1), (1.3) has at least one solution.
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Ifyy=--=v=0(c; = =c, =0), then the condition (2.7) (the condition (2.20))
in Theorem 2.1 (in Corollary 2.2) is fulfilled automatically. Consequently, the following
corollary is valid.

Corollary 2.3. Let the conditions (2.1)—(2.4) (the conditions (2.1), (2.3), and (2.19)) be
fulfilled, and Y1 = --- =%, =0 (c; = --- = ¢, = 0). Then the problem (1.1), (1.2) (the
problem (1.1), (1.3)) has at least one solution.

Theorem 2.4. Let there exist constants h; > 0 and hy € R (i,k = 1,...,n), functions g; €
Kioc([a,b] xR") (i=1,...,n) and a set of zero measure I C [a, D] such that

(1 —Sik)hik >0, h; <0 (i =1,... ,n), H = (hl'k)?,k:l ¢AS (2.21)

and on the set ([a,b] \ I) X R" the inequalities

gilt,xi,...,x,) >0 (i=1,...,n), (2.22)
filt,x1,. .. xn)sgn(t —1;) > gi(t,x1,...,x) ( i e | x| —l—h,-) (i=1,...,n) (2.23)
k=1
are fulfilled. If, moreover,
0= [ WIdBi) for wecilab), (224)
where B; : [a,b] — R (i =1,...,n) are the nondecreasing functions satisfying the conditions
Bi(b) —Pi(a) =1, }E}zl,ﬁl(t) =Bi) (i=1,...,n), (2.25)

then the problem (1.1), (1.2) has no solution.

Proof. Assume
hoix = (1 = 8u)hix/|hii| (i=1,...,n), Ho= (hoi)] s -

Then according to Lemmas 1.4, 1.6 and the condition (2.21), the matrix Hy satisfies the
inequality (1.13), and there exist the numbers

hoi € [0,h;/|hi]] (i=1,...,n) (2.26)

satisfying the inequalities (1.14) and (1.15).

Assume now that the theorem is invalid, i.e., the problem (1.1),(1.2) has a solution
(u;)!_,. Then by the conditions (2.21)—(2.23) and (2.26), almost everywhere on [a,b] the
inequalities

pit) < (hilgi(t,ui (1), un (1)) >0 (i =1,...,m), 2.27)
(1) sn(t — 1) > pit) ui0)| + pilt) (fho,kuk+ho,) (i=l,...m, (28
k=1
(uj(t) — pi(t)ui(t)) sgn(t —1;) >0 (i=1,...,n) (2.29)
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are fulfilled, where

pi(t) = pi(t)sgn ((t —t;)u;(t)), w=min{u;(t):a<t<b} (i=1,...,n).
On the other hand, in view of (2.24) we have

ui(t,)_/ ()] dBi(1) >0 (i=1,...,n). (2.30)
Since u;(#;) (i =1,...,n) are nonnegative, it follows from (2.29) that
t
wi(t) zui(ti)exp(/ ﬁ,-(s)ds) >0 for a<i<b (i=1,...,n). (231
ti

If along with (2.27) and (2.31) we take into account that §; (i = 1,...,n) are the nonde-
creasing functions satisfying the equalities B;(b) = B;(a) (i = 1,...,n), then form (2.28)
and (2.30) we find

t
u;i(t) > u;(t;) exp <— / pi(s)ds )
+ (iho,-k,uk—l—ho,-) (l —exp (— /tp,-(s)ds )) fora<t<b (i=1,...,n) (2.32)
k=1 li
and

(tl) > Ctut tl <Zh01k,uk+h01)(1 *Ci) (l: 1,...,1’[), (233)

k=1
C,-z/jexp(‘/titp,-(s)ds>d[3,-(t) (i=1,....n).

However, by virtue of (2.25) and (2.27) it is clear that

Ci<1 (lzl,,n)
Therefore it follows from (2.33) and (2.32) that

where

n

Z hoiriak +hoi - (i=1,...,n)

and
n

> Y hoiux +hoi for a<t<b (i=1,...,n).

Consequently,
n
wi> Y o +hoi (i=1,...,n),
k=1
whence by the inequalities (1.15) we find

ui >mhy; (i=1,....n; m=1,2,...).

Therefore, '
ho < lim ™ =0 (i=1,...,n),
m—oo 1m
which contradicts the inequality (1.14). The obtained contradiction proves the theorem. []
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As an example, we consider the problems

ddL;‘ Pz(l Uiy.-., n) (hi,-ui+ Zhik]uk]+qi(t,u1,...,un)) (i: 1,...,)1), (2.34)
k=1
b
u,-(ti):/ ()| dBi(t) (i=1,...,n) (2.35)
and
dul- < .
E:pi(f ut,. (Z itk +qi(tur,. .., n)) (i=1,...,n), (2.36)
- b
wlt) = [ wO)dBi(e) (=1,...0m). 2.37)
Here

(1=8yx)hx >0, h;<0 (i=1,...,n),

pi and ¢; € Koc([a,b] xR") (i=1,...,n), and B; : [a,b] — R (i =1,...,n) are the non-
decreasing functions satisfying the conditions (2.25). Moreover, there exist a set of zero
measure I C [a,b] and the constants ¢y > 0 and ¢ > ¢, such that on the set ([a,b] \I) x R"
the inequalities

pi(t,x1,...,x5)sgn(t —1;) >0, Lo <gqi(t,x1,....,x,) <L (i=1,...,n)

are fulfilled.

The above problems are tightly connected with each other, since as it is not difficult to
see, the problem (2.34), (2.35) is solvable if and only if the problem (2.36), (2.37) has at
least one positive solution.’

From Theorems 2.1 and 2.4 we have the following corollaries.

Corollary 2.5. The problem (2.34), (2.35) is solvable iff H = (hi)?,_, € As.
Corollary 2.6. The problem (2.36),(2.37) has at least one positive solution iff H =
(hik)zr'l,kzl c As.

According to Corollary 2.5, the condition H = (hy)?,_, € Ay (the condition H =
(hit)}y—; ¢ As) in Theorem 2.1 (in Theorem 2.4) is unimprovable.
Note also that in the conditions of Corollary 2.5 we might meet with the possibility

when for arbitrary i € {1,...,n} and v > 0 one of the conditions
n -V n
<Z|-xk‘> ’Pi(tyxla---7xn)|_>+°° as Z’xk|_>+°°
k=1 k=1
or

n
(Zrm) Pt o) =0 as Y ] — oo

k=1
is fulfilled.
Consequently, unlike the well-known earlier results, the theorems proved by us cover
the cases where each of the functions f; (i = 1,...,n) is either superlinear or sublinear with

respect to the phase variables.

3That is a solution with positive components.
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