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ON ASYMPTOTIC STABILIZABILITY OF DISCRETE-TIME
LINEAR SYSTEMS WITH DELAYED INPUT*

ZONGLI LINT

Abstract. This paper examines the asymptotic stabilizability of discrete-time linear systems
with delayed input. By explicit construction of stabilizing feedback laws, it is shown that a stabiliz-
able and detectable linear system with an arbitrarily large delay in the input can be asymptotically
stabilized by either linear state or output feedback as long as the open loop system is not exponen-
tially unstable (i.e., all the open loop poles are on or inside the unit circle.) It is further shown that
such a system, when subject to actuator saturation, is semi-globally asymptotically stabilizable by

linear state or output feedback.
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1. Introduction. This paper examines the asymptotic stabilizability of a dis-

crete-time linear system with delay in the input,

x(k+1) = Az(k)+ Bu(k —r), xz(s) = ¢(s),s € [-r,0],

® y(k) = (k)

where x € R" is the state, u € R™ is the control input of either state feedback or
output feedback type, y € R? is the measurement output, and r > 0 an integer that
represents time delay in the control input. It is also assumed that the pair (A, B) is
stabilizable and the pair (A, C) is detectable.

Control problems for linear time delay systems in the form of (1) or in a variety
of other forms have been a subject of extensive research (see, for example, [1, 2, 3,
4,5, 6,9, 10, 13, 15, 16, 18, 19, 20, 22, 23, 24, 25, 26] and the references there in).
Various stability and stabilizability conditions were identified and stabilizing feedback
laws constructed.

Our interest in discrete-time systems of the form (1) has been motivated by several

recent results on asymptotic stabilization of their continuous-time counterparts,

(2)

{ i(t) = Ax(t) + Bu(t — 1), x(0) = ¢(0),0 € [-7,0],
y(t) = Ca(t),

where 7 > 0 is the delay. In particular, two special classes of (2) were recently

revisited in [13, 8] and [14], respectively. Both [13] and [8] showed that, in the presence
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of input delay, an oscillator system, which has a pair of open loop poles at +j, is
globally asymptotically stabilizable by bounded state feedback laws. In [14], the
authors established global asymptotic stablizability by bounded state feedback of a

chain of integrators with a delay in the input.

While both the oscillator and the chain of integrator systems are special classes
of (2) and both have all poles on the imaginary axis, the feedback laws that were
constructed for stabilizing them are very different and the proof of the closed-loop
stability involves different techniques. The feedback laws in [13] and [8] both involve
a saturation function and both require the explicit knowledge of the amount of the
delay. The closed-loop stability in [13] was established through that of a system under
distributed control, while [8] resorted to analysis of trajectories. The feedback law in
[14] does not require explicit knowledge of the amount of delay but involves a set of
nested saturation functions and is thus nonlinear. Recently, the results of [14] were
extended to open loop systems with all poles located on the closed left-half plane [25],

where L,, stabilization is also considered.

More recently, a general result on stabilizability of the system (2) was established
in [12]. By explicit construction of stabilizing feedback laws, it was shown that system
(2), with an arbitrarily large finite delay, is asymptotically stabilizable by either linear
state or output feedback as long as the open loop system is not exponentially unstable
(i.e., all the open loop poles are in the closed left-half plane). It is further shown that
such systems, when subject to actuator saturation, are semi-globally asymptotically

stabilizable by either linear state or output feedback.

This recent literature in a way indicates the complexity in the stabilization of sys-
tems with delay in the input such as those in the form of (2) and (1). The objective of
this paper is to establish parallel results of [12] in the discrete-time setting. That is,
the system (1), with an arbitrarily large finite delay, is asymptotically stabilized by
either linear state or output feedback as long as the open loop system is not exponen-
tially unstable (i.e., all the open loop poles are inside or on the unit circle), and such a
system, when subject to actuator saturation, is semi-globally asymptotically stabiliz-
able by either linear state or output feedback. Key to establishing these discrete-time
results are the low gain feedback design technology [17] and the discrete-time version
of the Razumikhin Theorem for delay difference equations [7, 27]. Even though these
results are parallel to their continuous-time counterparts [12], their developments are
more involved. For example, in the countinuous-time setting, the subsystems corre-
sponding open loop poles at s = 0, on the slow time scale, are independent of the low
gain parameter . On the other hand, in the discrete-time setting, the subsystems
corresponding to the open loop poles at z = 1 or z = —1, on the slow time scale,

contain terms that are in the order of e. These € order perturbation terms lead to
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delicate analysis as the convergence rate of the closed-loop system under low gain
feedback is also only the order of €.

Simple examples show that the above mentioned results would not be true if the
open loop system is exponentially unstable and thus are not conservative. For the
continuous-time counterparts [12], we give some intuitive arguments as to why the
knowledge of the delay is needed in the feedback law when there are non-zero open
loop system poles at the imaginary axis. Here in the discrete-time setting, we will be
able to come up with simple systems with open loop poles located on the unit circle
but at z # 1 for which no delay independent linear feedback can achieve asymptotic
stabilization.

The remainder of this paper is organized as follows. Section 2 contains some
preliminaries that we need to establish our main results. Sections 3 contains state
feedback results. Section 4 contains output feedback results. Section 5 deals with the
situation when the inputs are subject to both delay and saturation. Section 6 includes
some examples to demonstrate the results of the paper. Section 7 draws a conclusion
to the paper.

Throughout the paper, we use rather standard notation. R denotes the set of
real numbers, R"™ denotes the set of n-dimensional real vectors, R™*™ denotes the

set of n x m real matrices, and I,, denotes an n x n identity matrix.
2. Preliminaries.

2.1. Low Gain Feedback. Consider the following linear system,

(3) xz(k+1) = Az(k) + Bu(k), xze€R", ueR,
where
_ 0 - _
0
(4) A= , B=
0 0 0 1 0
L —an —0Qp—-1 —Ap-2 -*° —ar | L _

Assume that all eigenvalues of A are on the unit circle. Let F(e) : (0,1] — R*™" be

the unique state feedback gain such that
(5) MA+ BF(g)) =(1—¢)A(4), €¢€(0,1].

Then, we have the following lemmas [17] on the properties of the resulting closed-loop
system. Explicit construction of all the matrices involved in these lemmas can be
found in [17].
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LEMMA 1. Consider the system (8) and let F be as given by (5). Then, there

exists a nonsingular transformation matriz Q(g) € R™*™ such that

(6) Q '(e)(A+ BF(£)Q(e) = J(g) := blkdiag {J_1(¢), J11(¢), Ji(e),--- , Ji(e)},

where
—(1—-¢) 1
(7) Jo1(e) = K K :
—(1-¢) 1
—(1—-¢
=e) 1,
1—c¢ 1
(8) J+1(€) = )
1—¢ 1
1—c¢
Ny XN,
and for each i =1 tol,
Jie) Ia
(9) Jile) = R , J?(s)—(l—f)[ 5 6]
JiE) L B

with o2 + 2 =1 for alli =1 tol and o # o fori # j.
LEMMA 2. Consider the system (3) and let F be as given by (5). Let J() be as

given in Lemma 1. Let
(10) S(E) = blkdla’g{sfl(a)a S+1(€)7 S1 (5)7 So (5)5 to 7Sl (5)}5

where S_1(g) = diag{e"-171 egn-172 ... g 1}, Si1(e) = diag{em+1 7L en172 ... g
1}, and for each i =1 to I, S;i(c) = blkdiag {e"i Iy, e™ 21y, -+ ely, Io}.
Then,
1.

(1) 8()J(€)5 ™ (e) = J(e) == bldiag { T 1(6), J11(e), ae), i)}

where

—(1—-¢) =
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(1—-¢) ¢
(13) ) = oo ,
(1—2¢) €
O
and for each i =1 tol,
(14)
J () ely
S o [ o gi]
i(e) = , Jie)=(1-¢) )
J*(e) ely =B
J;(E) 2n; X2n;

with B; > 0 for alli =1 tol and B; # B; fori # j;
2. There exists an €* € (0,1] such that the unique positive definite solution ]5(5)

to the Lyapunov equation

(15) J'(e)PJ(e) — P = —el

is bounded over € € (0,e*], i.e., there exist positive definite matrices Py, and

152 such that
(16) P, < P(e) < Py, Ve e (0,6%].

LEMMA 3. Consider the system (3) and let F be as given by (5). Let Q(g), I,
and n; for i =0 to I, be as defined in Lemma 1. Let the scaling matriz S(e) be as
defined in Lemma 2. Then, there exist v, a, 3,9 > 0, all independent of €, such that,
for all e € (0,1],

(17) [F(e)] < e,

(18) [F(e)Q(e)S™H(e)] < ae,
(19) |F(e)AQ(e)S™ (e)| < e,
(20) Q) <9, Q7 (e)l < 0.

2.2. The Razumikhin Theorem. Consider the time delay system,

{xw+n fla(k),an), k>0,
xo(s) = (s), se[-r0].

(21)
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Let
Coyw=A¢:{-r,—r+1,---,-1,0} — R"},

and for each ¢ € Cy, -, we define its norm as

|| = max |1(s)],
1l seL| (s)]
where | - | is the Euclidean norm on R™ and Z,. denotes the set of integers {—r, —r +
1,---,—=1,0}. We also use zy € Cp,, to denote the restriction of z(k) to the interval

[k — r, k] translated to [—r, 0], that is,
zi(s) =z(k+s), se[-r0].

Also denote the solution of the difference equation (21) with the initial condition
xo € Cpr as z(k, xo).

DEFINITION 1. The zero solution x(k) = 0 of (21) is said to be asymptotically
stable if

1. for every 6 > 0 there exists an € = €(8) such that, for any ¢ € B(0,¢€) =
{ € Coups ||¥]] < €}, the solution x(k,v) of (21) satisfies i € B(0,0) for all
k>0;
2. for every n > 0 there exist a K(n) and a vo > 0 independent of n such that
¥ € B(0,vg) implies that ||zx|| <n, Vk > K(n).
If the system (21) is asymptotically and item 2 holds for every v € Cy i, then it is
globally asymptotically stable.

Clearly, if the system (21) is a linear system, then, asymptotic stability implies
global asymptotic stability. The Razumikhin Theorem [7, 27] gives conditions under
which z(k) = 0 is asymptotically stable. Actually, more information about the invari-
ant set and the regional stability is contained in the proof of this theorem in [7]. This
additional information is incorporated in the following statement of the theorem.

LEMMA 4 (Razumikhin Stability Theorem). Consider the delay difference equa-
tion (21). Suppose that u,v,w and p € RT —— RT are scalar, continuous and
strictly increasing functions, with u(0) = v(0) = 0 and p(t) >t for t > 0. If there is

a continuous function V : R" — R and a positive number p, such that for all
zr € My (p) :=={ € Cnyr 2 V(ih(s)) < p, Vs €[-r0]},

the following conditions hold,
1o u(lz]) < V(z) < v(]a]),
2. AV (x(k)) = V(x(k+1))=V(x(k)) < —w(|z(k)]), if V(z(k+s)) < p(V (z(k))),
Vs € [—r,0],
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then the solution xz(k) = 0 of the equation (21) is asymptotically stable. Moreover,
the set My (p) is an invariant set inside the domain of attraction. If items 1 and 2
hold for all z € R™ and u(t) — 0o as t — oo, then, the solution x(k) =0 is globally
asymptotically stable.

3. Stabilization by Linear State Feedback. For the system (1) with all
eigenvalues of A on or inside the unit circle, we construct two families of linear state

feedback laws as follows.

State Feedback Design:
Step 1. Find nonsingular transformation matrices Ty and 7; such that the pair

(A, B) is transformed into the following block diagonal control canonical form,

[ A7 0
0 A
(22) THAT = | & 0 b
0 o --- A O
L0 0 0 A
By B By x|
0 By -+ By %
(23) TOBT=| @ i i
0 0 - B x
| Bor Bo2 -+ By * |

where A contains all the eigenvalues of A that are strictly inside the unit
circle, for each i = 1 to [, all eigenvalues of A; are on the unit circle and hence
(A, B;) is controllable and is given by,

0
0
Ai = : : : . : s Bi= i,
0 0 0 e 1 0
L —Qin, —Gi(ni—1) —Qi(n,—2) "'~ L 1]

and finally, *’s represent submatrices of less interest.
We note that the existence of the above canonical form was shown in [21].
The software realization can be found in [11].

Step 2. For each (4;, B;), let Fy(¢) € R'*™ be the state feedback gain such that

(24) A(Ai + BiF,(e) = (1 - 2)A(Ay), <€ (0,1]

Note that F;(e) is unique.
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Step 3. Construct two families of low gain state feedback laws as

(25) u(k) = F(e)A"x(k),
and
(26) u(k) = F(e)z(k),

[ Fl(E) 0 1
0 FQ(E)
27)  F(e)=T, : 7!
0 Fii(e) 0
0 F(e)
L 0 O .

The first class of low gain feedback laws (25) uses the knowledge of the time delay
r, while the second family (26) does not require the knowledge of r. The theorem
below establishes that a linear state feedback law from (25) asymptotically stabilizes
the system (1) as long as all eigenvalues of A are on or inside the unit circle.

THEOREM 1. Consider the closed-loop system comprising of the system (1) and
the linear state feedback law (25). Let all eigenvalues of A be on or inside the unit
circle. Then, for any given arbitrarily large r > 0, there exists an €* > 0, such that,
for each e € (0,e*], the closed-loop system is asymptotically stable.

Proof. Without loss of generality, assume that the pair (A, B) are already in the
form of (22)-(23). Under the state feedback law (25), the closed-loop system is given
by

(28) x(k+1) = Ax(k) + BF (e)A"x(k —r),

from which we have

r—1
(29) Ax(k—r)=a(k) = > A" 'BF(e)A"x(k + s — 2r).
s=0

Substitution of (29) in (28) results in

r—1
(30)  @(k+1)=(A+BF(e))ax(k) — BF(e) Y A" *"'BF(e)A"x(k + s — 2r).
s=0

Partitioning the state z according to the structure of (22)-(23),

T
v=|af 2 - o 2f |, meRYic[Ll]
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we rewrite the state equation (30) as follows

l
21(k+1) = (A1 + BiFi(e))ar (k) + Y BuFj(e)z;(k)

r—1

—BRlF(E)Z A" IBF(e)ATx(k + s — 2r),
s=0

l
wo(k+1) = (A + ByFy(e))aa(k) + Y BajFj(e);(k)
j=3

—BRQF(E)TE AT BF(e)ATx(k 4 s — 2r),

s=0

(31)

zi(k+1) = (A + BiE(e))zi (k)

r—1
—BuF(e)Y A" *'BF(e)A"x(k + s — 2r),
s=0

l
./L'Q(k + 1) = AO,T()(]C) + Z BQij (E)Jij (k)
j=1

r—1
—BR()F(E)Z A" IBF(e)A"x(k + s — 2r),
s=0

where for each i = 1 to I, By, is the ith row of the right hand side of (23) and By is

the last row.

Now for each i = 1to [, let Q;(¢), Si(¢), Ji(€), P, vi, i, Bi, and 9; be the matrices
Q(e), S(¢), J(¢) and P and the constants 7, a, § and 9 as defined in Lemmas 1-3,
but for the triple (A;, B;, F;(€)). Define a state transformation as,

where Zg = zg, and, for each i =1 to I, Z; = S;(e)Q; " (¢)x;.

It follows from Lemmas 1 and 2 that, under this state transformation, the state
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equation (31) can be written as

(33)
Z1(k+1) = Ji(e)a (k) + Z: S1()Q7 " (e) By, Fy(£)Q;(€)S; (€)% (k)
— 51(6)Q7 (e)Br1 F(¢) f A" IBF(e)A"Q(e)S (&)@ (k + s — 2r),
=0
Za(k +1) = Jo(e)Z2(k) + zl; S2(€)Q2(e) Ba; Fy(£) Q4 (€) S5 ()25 (k)
- Sz(a)Qil(a)BRaF(s)TZ_é AT TIBF(e)ATQ(e)S T (e) T (k + s — 2r),
F(k+1) : Ji(e)a (k)
- Si(e)Q 1(€)BRzF(a)TZ_§ AT TIBF(e) A"Q(e)S T (e) T (k + s — 2r),
To(k+1) = Agio(k) + Zl; B Fj(e)Q;(2)8;  (e)F; (k)
- BROF(E)§ A" TIBR(e)ATQ(e)S T (e)E(k + s — 2r),
=0
where
Q(e) = blkdiag {Q1(¢), @2(c), -+, Qu(e), I},
and

S(e) = blkdiag {S1(¢), Sa(g), -+ , Si(e), I}.
Let us choose a Lyapunov function
l . ~ ~ ~
(34) V(%) =Y K'E] Pi(e)Ei + &g Poito »= 3" P(e)7,
i=1
where Py > 0 is such that
AFPyAg — Py = —1,
K > 0 is a constant whose value is to be determined later, and
(35) P(e) = blkdiag {/{]51(5), K2Py(e), -,k By(e), 150} .

The existence of such a Py is due to the fact that Ay is asymptotically stable. The

difference of V along the trajectories of the closed-loop system (33) can be evaluated
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as follows,

l
—25 [Z Si(a)Qi1(5)Biij(5)Qj(5)Sj1(5)57j(k)] i(€)

j=1+1
r—1
xS;()Q; H(e) BriF(¢) Z AT IBF(e)ATQ(e) ST (e)#(k 4 5 — 2r)
s=0

1 qT
+H[§:&@Qﬁ@3mw@@@mﬁ@@@) P(e)

j=i+1

[ > Si(e)Q; M (e)BiFy(e )Qj(f)sj_l(g)fj(k)]

=i+1

~&5 (k) (AT PoAo — Py ) ok +zz k) AT PoBo; Fy (£)Q5 ()5 ()2 (k)

! T
+ [Z BOij(5)Qj(5)83‘_1(5)jj(k)] Fo {Z BOij(5)Qj(5)83‘_1(5)jj(k)]

l
—2 [Z KUZT (k) JF () Py(e)Si(e)Q;  (€) Bri + &3 AS Po Bro

r—1

x Y A" TIBF(e)A"Q(e)S T (e)i(k + s — 2r)

s=0

F(e)

r—1

+ Z AT TIBF(e)ATQ(e) S (e)E(k 4 5 — 27‘)1

s=0

l
< | YR FTEBLQ; ) SHOPE)SHE)Q; () BruF (o)

+F"(¢)BEyPyBroF(¢)

(36) X i AT TIBE(e)ATQ(e)S M (e)E(k + 5 — 27’)] .

s=0

Recall that J™(e)P;(e)Ji(e) — P; = —eI and AT PyAg — Py = —1. Also, it follows
from Lemma 3 that the matrices defining the remaining (%;(k),Z;(k)) terms, other
than the term defined by Agﬁvo - Po, are all of order € or order £2. It is then
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straightforward to verify that there exist a constant x > 0 and an e} € (0,1] such
that,

AV(z(k)) < — 53" (k)E(k)

l
,fEJFAEJFPQBRO + Z K

i=1

-2 z} (k) J7 () Pi(e)8i(£)Q; " (€) Bui

T

[Z Si(e)Q™(e)Bi; Fi(e )Qj(ﬁ)sjl(g)fj(k)]
Jj=i+1

} F(e)
r—1

x Y AT TIBF(e)ATQ(e) S (e)E(k + s — 2r)
s=0
+ Ti:AT*S*lBF(a)A’“Q( 1St (e )i(k+s—2r)]

s=0

i

x P;(£)S:(€)Q; *(€)Bri

l
< [ RFTOBLQ ) SHE)SHOQ () BuF (o)

+ F*(e)BryBroF (¢)

r—1
% ZArfsleF(E)ATQ(g)Sfl(a)ff(k + 55— 27")‘| s €€ (05 53{]

s=0

(37)

Recalling the special structure of jl(a) and Lemma 3, we have

l

|S(2)Q 7 (£)AQ(e) Z A;Qi(e)S7H(e)] + | Aol

l
= Y [Si(E)Q @A+ BEE)QE)S ()
~5i(e)Q; ! (6) BiFi(e)Qi(e)S; ! (2)]| + | 4o

ji(&')’ + EOéi'l9i|Bi|> + |A0|
(38) <4, e€(0,7]
Hence, we have

[S(£)Q7 () A'Q(e)S ™ (e)]

(39) 1S(5)Q 7 (£)AQ(E) S (©)S(E)Q () A+ AQ(E)S ' (¢)| < &7,
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and

[F()A"Q(e)S7 ()] = [F(e)Q(e)ST () S(6)Q ™ (€)A™Q(e)S T (e))|
<|F()Q()STHe)|[S(e)Q7H(e)A™Q(e)S ™ (e)|

l
(40) <e [ 0411 or.
=1

+&2a (r)V 2 (E(k Z|A|’“S1 V(i(k+s—2r)),

2
1

(41) +etewy(r Z|A|” "Wi(E(k+s—2r)| , ee(0,e]],

for some w1 (1), w2 (r) > 0, both independent of e. In arriving at the above inequality,

we have used the inequality

V(@(k) = 7 (k) P)(k) < Amax(P(£))F" (k)E (k).

Now, let 7 > 1 be any constant. If V(Z(k + s)) < nV(%(k)),Vs € [-r,0], then,

AV(f(k))<——Amix((f))V(f(k))+€QW1(T)77 zizlfll“sf1 V(z(k))
s=0
r—1 2
+et@a(rn® | DA V(Ek)
s=0

|A|r s— 1]

V(Z(k)), ee€(0e7],

1 .
= —¢ |:2)\;1;X(P( —ew (r

(42) —8 ZUQ

Z|A|r s—1

where the following estimate was used,
VE@E(k+s—2r) < IVE(@E(E - 1) <nVE(E(K)), Vs [-r0]

We recall that, by the definition of P(¢) in (35) and because of (16), Amax(P(€)),

as a function of ¢, is bounded from below by a positive scalar independent of . It is



240 ZONGLI LIN

clear that, for any given r > 0 and n > 0, there exists an £* € (0,e7], such that, for
all e € (0,e%],

(43) AV (z(k)) < —u(e)V(z(k)), it V(Z(k+s)) <nV(Z(k)), Vse][-r0],

for some positive scalar p(e). It thus follows from Lemma 4 that the closed-loop

system (28) is asymptotically stable. O

Theorem 1 involves the linear state feedback law (25), whose gain matrix depends
explicitly on the value of r. While for some special cases, delay independent feedback
laws might achieve stabilization, the knowledge of the delay r is in general necessary.

To see this, consider the simple system,
x(k+1)=—x(k) +uk—-r), zecR,

which has a single open loop pole located on the unit circle at z = —1. Let us consider

a delay independent feedback law
u(k) = ax(k).
Under this feedback law, the closed-loop system is given by
x(k+1) = —x(k) + ax(k — 1),
which has the following characteristic equation
242 —a=0.

Using the Jury table, it is straightforward to verified that, when r is an odd number, a
necessary condition for the system to be stable is o < 0, and for an even r, a necessary
condition for the system to be stable is o > 0. This clearly shows that the knowledge
of the delay r is indispensable in the construction of stabilizing feedback laws.

Given this necessary condition, let us construct a state feedback law of the form
(25) as follows

u(k) = F(e)A"x(k) = (=1)"ex(k), >0,
which results in the following closed-loop system characteristic equation
2" — (=1)"e =0.

Using root locus arguments, it can be verified that the closed-loop system is indeed
asymptotically stable for sufficiently small value of ¢, as Theorem 1 indicates. The

root locus arguments also justifies the use of low gain feedback.



STABILIZABILITY OF DISCRETE-TIME LINEAR SYSTEMS 241

The following theorem shows that if all eigenvalues of A are either at z = 1
or strictly inside the unit circle, then the system (1) can indeed be asymptotically
stabilized by a linear state feedback law (26), whose gain does not depend on the
value of r. The intuition to this intricate difference between the poles at z = 1 and
the poles at other locations on the unit circle is the following. Under the low gain
feedback, open loop poles at z = 1 are relocated to 1 —e. As a result, the closed-loop
dynamics corresponding to these poles, and hence the control input, evolves slowly
and the effect of the delay is small. On the other hand, under the low gain feedback,
a pole at z = —1 or a conjugate pair of poles at other locations on the unit circle
are shrunk toward the origin and relocated on the circle with a radius of 1 —e. Even
though the norm of the two states associated with these two poles decays slowly, the
states, and hence the control input, oscillate at a constant frequency no matter how
small € is. That is, the states oscillate and decay to zero within the envelope defined
by 4(1 — ¢)¥. Thus, the factor A" in the feedback gain is used to account for the
effect of the delay in control input. This intricate difference between the oscillating
nature of the closed-loop state trajectories resulting from an open loop pole at z = —1
or from pure imaginary open loop poles and the non-oscillating nature of the state
trajectories resulting from open loop poles at z = 1 can be easily observed in the

simulation results presented in Section 6.

THEOREM 2. Consider the closed-loop system comprising of the system (1) and
the linear state feedback law (26). Let all eigenvalues of A be either at z = 1 or
strictly inside the unit circle. Then, for any given arbitrarily large r > 0, there exists
an £* > 0, such that, for each € € (0,e*], the closed-loop system is asymptotically
stable.

Proof. Under the linear state feedback law (26), the closed-loop system is given
by,

x(k+1) = Az(k) + BF (e)x(k —r)
(44) = (A+ BF(e))x(k) + BF(¢)(x(k — r) — x(k)).

Without loss of generality, assume that the pair (A, B) are already in the form of
(22)-(23). Partitioning the state x according to the structure of (22)-(23),

T
v=|af 2 - o 2f |, meRYic[Ll]
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we rewrite the state equation (44) as follows
ik +1) = (A4 +B1F1( ))z1(k)
+ZBU k) + B F(e)(x(k — ) — z(k)),
zo(k+1) = (A2 +B2F2( ))z2 (k)

(45) +Z By F ) + BraF(e)(a(k — r) — x(k)),

z(k+1) = (A4 + BF(e )) 1(k) + B F(e)(z(k — 1) — z(k)),

zo(k+1) = Agzo(k) + ZBOJ )+ BroF(e)(z(k — 1) — x(k)),

where for each i = 1 to I, Bg; is the ith row of the right hand side of (23) and Bgg is
the last row.

For each i =1 to I, let Q;(¢), S;i(e), ji(s), P, vi, ai, Bi, and 9; be the matrices
Q(e), S(e), J(¢) and P and the constants +, o, 3 and 9 as defined in Lemmas 1-3,
but for the triple (A;, By, Fi(€)). Define a state transformation as,

T
(46) = z7,2%,---, 37,35 |
where # = x¢, and, for each i =1 to I, #; = S;(¢)Q; " (¢)x;.
It follows from Lemmas 1 and 2 that, under this state transformation, the state

equation (45) can be written as
(47)

1(k+1) = +ZS1 e)Q1 ' (e)B1;F;()Q;(e) Sy (e);(k)
+51(e)Q7 " (e )BRlF( )Q(e)S™(e) (&(k — r) — &(k)) ,
Za(k+1) = Ja(e)i +ZS2 )Q2()B2; Fj(£)Q;(€) S5 () (k)

7j=3

+82(e)Q3 " (6) BraF () Q(e) S (e) (@(k — 1) — T (k)

i

where

Q(e) = blkdiag {Q1(¢), Q2(¢), -+ , Qu(e), I},
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and
S(e) = blkdiag {S1(¢), Sa(g), -+, Si(e), I}.
Since all eigenvalues of A; are at z = 1, it follows from Lemma 2 that

Ji(e) = J1a(e)

(1—¢) e
(I1—¢) 5
(1 o E) s XNy
-1 1
(48) =1, +¢

-1 1

-1
i XNj

Thus, the state equation (47) can be written in the following compact form,
(49) &(k +1) = Z(k) + A(e)2(k) + S()Q " (e) BF (£)Q(e)S ™ (e) (E(k — ) — &(k))

where fl(a) is defined in an obvious way, and by (48) and Lemma 3, each of its elements
is of the order of £. Also by Lemma 3, elements of S(¢)Q~'(e)BF(¢)Q(c)S~(¢) are
also of the order of «.

It follows from (49) that

r—1

ﬂk—ﬂ—f@):—E:Cﬂ@ﬂk+s—r%+ﬂ@Q‘%@B
s=0
(50) xF(a)Q(s)S‘l(s) (Z(k+s—2r)—2(k+s— T))) )

Let us now choose a Lyapunov function
l ~ ~ ~
(51) V(&)=Y k'@ P + &g Py == " P4,
i=1
where Po > 0 is such that
AYPyAg — Py = —1,
K > 0 is a constant whose value is to be determined later, and
P = bikdiag { Py, 2Py, -+ k' P, By

The existence of such a Py is due to the fact that Ay is asymptotically stable.
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It follows from (50) that

|
—

(52)  |@(k —r) — #(k)| < wo(k)e (v% (Fk+s—7)+Vi@Ek+s— 27~))) ,

S

Il
o

for some wq(x) > 0, dependent on k.

The difference of V' along the trajectories of the closed-loop system (47) can now

be evaluated as follows,

S
—

- Zl: {#:E;f(k) (Jg(s) P, (e)J;(e) — }-(a)) i (k)

j=i+1

1 17T
+k' [ > 8ie)Qi M (e)Bij Fi(e)Q;(2)S; H(e)F;(k) | Pile)

[ > Si(e)Q; (e)BiFy(e )Qj(f)sj_l(g)fj(k)]

=i+1
—g (k) (AEPOAO —160) Zo(k +QZ k) A PoBoj Fj(2)Q;(2)S; (€)Z; (k)

l

+ Z Bo;jF;(e)Q;()S; M (e)i;(k) | Po

ZBOij (E)Qj(E)Sjl(E)fj(k)]

l

+2 Z k' €)P;(2)Si(e)Q; ™ (e) Bri + &g Ay Py Bro

<FEQEOS O~ 1) — 506)
@k = 1) = #(k) (ST QT F(E)
l
>~ W BL(QT ()" S (€)Pi(e)Si()Q7 () Bu + B PoBuo

=1

xF(e)Qe)S™ (e)(@(k — ) — &(k))

X
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=1

l
<> { er'ET (k)i (k)

+25" Z (€)Pi(2)Si()Q; " (e) Bij Fy(e)Q; () Sy ()& (k)

J=i+1

1 Q7T
+k' { > Sie)Qi M (e)Bij Fi(e)Q;(2)S; H(e)F; (k)| Pi(e)

j=it+1

=i+1

[ > Si(e)Q; M (e)Bij Fy(e )Qj(g)sj_l(‘g)i.j(k)jl

+2sz ) PoBo 5 (€)Q5(6)S; ™ (€)i5 (K)

l
Py [Z BoJ-FAa)QJ—(a)sj1<a>5cj(k>]

j=i+1

l l
+2>° [f# { D Si(e)Q; H(e)Bij Fi(e)Q;(e)S;  (e), (k)

+ k] (k)T () Pi(e) Si(e) Qi (€) Bri + 5 Af ?oBRo]

By Lemma 3, the matrices defining the (Z;,Z;) cross terms, besides the term
Z3 (k)Zo(k), are all of the order of e. This fact, along with (52), then imply that there

exist a constant £ > 0 and an &} € (0,1] such that,

AV(E(R) < — S (R)ih) + 2o VEGER) Y (VEG+s—1) + VE@Ek +5—20))
s=0
r—1 2
(54)  +emy Z(Vé(:i(k—i—s—r))—i—V;(fc(k—i-s—%)))] e e (0,7
s=0

for some constants wy > 0 and wsy > 0.
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Now, let n > 1 be any constant. If V(Z(k + s)) < nV (z(k)),Vs € [—r, 0], then

AV(z(k)) = —%AQQX(P)V@(M) +e (W" (n+7) + e’ (n + 772)2) V(@ (k)
(55) =—¢ (%Ar;;x(ﬁ) —ewmir (n+n?) - *war? (n + n2)2) V(&(K)).

It is clear that, for any given r > 0 and n > 0, there exists an ¢* € (0,¢7], such that,
for all € € (0,¢"],

(56)  AV(@(k)) < —p(e)V (@), if V(@(k +s)) < nV(E(k)), Vs € [-r,0],

for some positive scalar p(e). It thus follows from Lemma 4 that the closed-loop

system (44) is asymptotically stable. O

To examine the conservativeness of the results of Theorems 1 and 2, we consider

the following simple system, whose open loop system is exponentially unstable,

{x(k+1) = Bak)+ulk—r), B>1,

57
(57) u(k) = —ax(k).

We will show that, for large enough delay r, the system (57) is not asymptotically
stable for any choice of the feedback gain «, and thus the conditions of Theorems
1 and 2 are tight. To this end, let us consider the characteristic equation of the

closed-loop system,

(58) 27— B +a =0,

or

(59) l4+a—t _—¢
2(z=p)

and examine its root loci. Plotted in Fig. 1 is the pole-zero locations of the open loop
system corresponding to the characteristic equation (59). For a < 0, there will be a
branch that travels on the real axis to the right of z = 8. This the closed-loop system
would not be stable for any values of r and o < 0.

We next consider the case when o > 0. In this case, two branches of the loci will
travel, as the value of « increases, toward each other on the real axis, one starting at
z =0 and the other at z = 3. They will meet at the breakaway point

Or
r+1’

Za =

which is outside the unit circle for r large enough. The corresponding value of « at

ﬁr-{-l r T
Qg = .
r+1 <r+1>

the breakaway point is
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15 b

05f 3 1

F1G. 1. Sketch of root loci of the characteristic equation (59).

Recalling that

lim< " ) =e !,
r—oo \ 17+ 1

we see that the value of «, grows unbounded as the value of r increases. However, a
necessary condition for the stability is |«| < 1. This implies that, for r large enough,
the branch of root loci that starts at z = @ will not reach z = z,, and thus remain
outside the unit circle, for 0 < o < 1. In conclusion, the closed-loop system (57), with
a large enough delay r, is not asymptotically stable for any choice of the feedback

gain a.

4. Stabilization by Linear Output Feedback. For the system (1) with all
eigenvalues of A on or inside the unit circle, we construct the following two families

of output feedback laws,

{ ik+1) = A

=

(60) (k) + Bu(k —r) — L(y(k) — Ci(k)),

and



248 ZONGLI LIN

where F(¢) is as given by (27), and L € R"*? is such that all eigenvalues of A+ LC
are strictly inside the unit circle. We note that such a matrix L exists as the pair
(A, C) is detectable.

The theorem below establishes that the output feedback law (60) asymptotically
stabilizes the system (1) as long as all eigenvalues of A are on or inside the unit circle.

THEOREM 3. Consider the closed-loop system comprising of the system (1) and
the linear output feedback law (60). Let all eigenvalues of A be on or inside the unit
circle. Then, for any given arbitrarily large r > 0, there exists an €* > 0, such that,
for each e € (0,&*], the closed-loop system is asymptotically stable.

Proof. Under the linear output feedback law (60), the closed-loop system is given
by,

(62) { wk+1) = jx(k) + BF()AT2(k — 1),

which, in the new state (z,e) = (z,z — &), can be written as,

(63) { w(k+1) = Ax(k) + BF(e)ATx(k — 1) — BF(e)ATe(k — 1),

e(k+1) = (A+ LO)e(k),

which in turn implies that

(64)
r—1 r—1

ATz(k—r) = x(k)—z ATﬁS*lBF(E)AT:U(k—i—s—%)—i—Z A" BF(e)A"e(k+s5—2r)
s=0 s=0

and

(65) e(k—r)=(A+LC) "e(k).

Substitution of (64) and (65) into (63) results in

z(k+1) = (A+ BF)x(k) — BF(E)Ti AT TIBF(e) A" (k + s — 2)
s=0
(66) +BF() >  A"*'BF(c)A"e(k + 5 — 2r)
—BF(E)/S;(EA + LO)~"e(k),
e(k+1) = (A+ LO)e(k).

Without loss of generality, assume that the pair (A, B) are already in the form of
(22)-(23). Partitioning the state = according to the structure of (22)-(23),

T
v=|af 2 - o 2f |, meRYic[Ll]
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we rewrite the state equation (66) as follows

l
v1(k+1) = (A + BiFi(e)a1(k) + Y BijFj(e)a; (k)

r—1
—BRlF(E)Z AT BF(e)A"x(k + s — 2r)

s=0
r—1

+BunF(e)Y  A"BF(e)A"e(k + s — 2r)
—BRlF(a)ilz’”O(A + LC)"e(k),

l
2a(k+1) = (A2 + BaFy(e))aa(k) + > BajFy(e)a;(k)
=3

r—1
—BuoF(e)Y A" *'BF(e)A"x(k + 5 — 2r)

s=0
r—1

+BR2F(5)Z A"STIBF(e)Ae(k + s — 2r)
s=0
—ByoF(e)A"(A+ LC) "e(k),

r—1
2i(k+1) = (A + BiFi(e))zi(k) — BuF (€)Y A"BF(e)A™2(k + s — 2r)

s=0
r—1

+BuF(e)) | A"BF(e)A"e(k + s — 2r)
—BRZF(s)Z:’“O(A + LC)"e(k),

l
xo(k + 1) = Aol'o(k) + ZBOJ‘F]‘(E),TJ‘(]C)
j=1

r—1
—BuoF(e)Y  A"BF(e)Ax(k + s — 2r)

s=0
r—1

-i-BRoF(E)Z A"BF(e)A"e(k + s — 2r)
s=0
—BroF(e)A"(A+ LC) "e(k),

e(k+1) = (A+ LO)e(k),

where, for each ¢ = 1 to I, By; is the ith row of the right hand side of (23) and Byg
is the last row.

Now, for each i = 1 to [, let Q;(¢), Si(¢), Ji(e), Pi, v, s, Bi, and ¥; be the
matrices Q(g), S(¢), J(¢) and P and the constants v, a, § and ¥ as defined in

Lemmas 1-3, but for the triple (A;, B;, F;(¢)). Define a state transformation as,
T
(68) i=|arag,aa | i

where Zg = zg, and, for each i = 1 to {, Z; = S’i(s)Qfl(s)xi.
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It follows from Lemmas 1 and 2 that, under this state transformation, the state
equation (67) can be written as
(69)

l
i1 (k+1) = Ji(e)a (k) + Z S1(£)Q7 () B1; Fj(e)Q;(2)S; * (e)F; (k)

—51(e)Q1 " (e)Br1 F(¢) Z A" T BF(e)ATQ(e)S T (e)E(k + 5 — 2r)

s=0
r—1

+51(e)Q1 ' (e)BriF(e) Y A" T'BF(e)A"Q(e)S ™ (e)é(k + 5 — 2r)
=0
—51(e)Q7 () BraF(e) A" (A + LC) "é(k),

B2k +1) = Jo(e)Fa(k) + D Sa(€)Qa(e) Ba; Fy(€)Q;(€) S (e), (k)
=3

S5 (5)Q;1(6)BR2F(6)§ A" BF(e)A"Q(e)S T (e)d(k 4 s — 2r)
—S2 (e)Q;l(e)BR,zF(e)Zf:“ge*(A“C 7&(k),
+52 (e)Q;l(e)BR,zF(e)Ti:1 A" BF(e)A"Q(e)S T (e)é(k + s — 2r)
~82(0)Q5™ () BuaF(&) A" (A4 + LO)"e(k),

fi(k+1) = Ji(e)@i(k)

r—1

—Si(e)Q; ' (e)BuF (€)Y A" *T'BF(e)A"Q(e)S(e)@(k + 5 — 2r)
=0
+51(e)Q; M (e)BrF (€)Y | A" ' BF(e)A"Q(e)S ™ (e)é(k + s — 2r)

—Si1(6)Q; ' () Bra F () A™(A + LC) " "é(k),
1

Zo(k+1) = Aofo(k)+ Y BojFj(£)Q;(e)S; ' (e)&;(k)

r—1

—BroF(e)Y A" " 'BF()A"Q(e)S '(e)i(k + s — 2r),
+BroF(g) i A" T'BF(e)A"Q(e)S T (e)é(k 4+ s — 2r)
s=0

—BroF(e)A"(A + LC) " é(k),
ék+1) = (A+ LC)&(k),

where

Q(e) = blkdiag {Q1(¢), Q2(¢), -+ , Qu(e), I},

and

S(e) = blkdiag {S1(¢), Sa(g),- -+, Si(e), I} .
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Let us choose the Lyapunov function
l . ~ ~ ~ ~ ~
(70)  V(&,8) =Y _K'E] Bidly + iy PoFo + k' E7Qé := " Pi + k' €7Qe,
i=1

where Py > 0 and Q > 0 are the solutions to the Lyapunov equations
AFPyAg — Py = —1,
and
(A+ LC)"QA+LC) - Q = —1,
respectively, £ > 0 is a constant whose value is to be determined later, and
P= blkdiag {nﬁl, f<a2pg, e ,Iilpl, Po} .

The existence of such Py and Q is due to the fact that both Ay and A + LC are
asymptotically stable.
The difference of V' along the trajectories of the closed-loop system (69) can be

evaluated as follows

- qT
l

—26" | Y Si(e)Q; (e)BiFi(e)Q;(2)S; M (e)i;(k) | Pie)

|i=i+1
xSi(8)Q; ' (e)BriF () A"(A + LC)"é(k)

1T

[
—26' | Y Si()Q; H(e)Bii Fy()Q;(e)S; M (&) (k) | Pile)

j=it1 |
xS;(€)Q; () BriF () i AT BF(e)ATQ(e) S (e)E(k 4 5 — 2r)
s=0

T
l

—26' | Y Si()Q; N(e)Bii Fy()Q;()S; M) (k) | Pile)
j=it1
r—1
xS;(£)Q; (€)BriF (¢) Z ATSTIBF(e)ATQ(e) ST (e)é(k + s — 2r)
s=0
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+2K1E7 () (Si(2) Q5 (&) Bai F() AT(A + LC) ™)™ Pi(2)Si(e)Q; () Bus

x F(¢) Ti: A" IBE(e)ATQ(e) S He)@(k + 5 — 21)
s=0
—2K%€" (k) (Si(2)Q; " (€) BriF () A" (A + LC)™") " Pi(2)Si(e)Q; ' (€) B
r—1
x F(e) Z A" IBF(e)A"Q(e) S He)é(k 4 5 — 2r)
s=0
Z Si(e)Q; (e)Bij Fj(2)Q;(2)S; H(€)&; (k) | Pi(e)
Jj=1+1
[ Y Si(e)Qi H(e)BijF;(€)Q; (E)Sjl(é)ij(k)]
J=i+1

+x" (Si(5)Q7 H(e) Bri F(€) A" (A + LO)"é(k))  Pie)

xSi(5)Q; *(¢)BriF(e) A" (A + LC)Té(k)]

e

~a5 (k) (A5 Podo — Po) @olk) +2 Y & (k) A PoBos F5(£)Q; ()57 ()2, (k)
—2i8 (k) A3 PyBroF(e) A" (A + LC)"¢&(k)

T

—2 PyBroF(e)A™(A + LC)"é(k)

l
> BojFj(e)Q4(2)S; ! (e);(k)
j=1

l l
+ | D BoiFi(e)Qi(e)S; (), (k)| Po ZBOJFJ(E)QJ(E)Sjl(g)i.j(k)jl
— j=1

+ (BaoF(e)AT(A + LC)"é(k)) " PyBroF(e)A™(A + LC)"é(k)

!
—2 Z“ifg(k)jf(5)151'(5)51'(5)Qi_1(5)3m + & A§ PoBro

r—1

F(e) Z AT IBF(e)ATQ() S (e)#(k 4 5 — 2r)

s=0

!
2 Z“ifiT(k)jiT(5)151'(5)51'(5)Q;1(5)Bm + & A§ PoBro

r—1

F(e) Z A" TIBF(e)ATQ(e)S™He)é(k + s — 2r)
s=0
r—1 T
F(e) Z A" STIBF(e)A"Q(e)S ™ (€)@ (k 4 5 — 2r)
s=0

~

lz K Bi(Q7 (€))7 ST () Pile)Si(€)Q; ! (€) Bri + BroPoBro
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r—1
F(e) Z A" TIBF(e)A"Q(e) S He)E(k 4 5 — 27‘)]

=0
F(e) f A" TIBF(e)ATQ()S ™ (e)é(k + s — 2r) :
=0
lZ“ By £))" ST () Pi(e)Si(e) Qi (€) Bri + Big Fo Bro
S A" BF(e)ATQ(e)S™ (e)é(k + s — 2r)
=0
—2 | F(¢) f A" STIBF(e)ATQ(e)S ™ (€)@ (k + s — 2r) :
5=0
X i K'By; )"ST () Pi(e)Si(2)Q; ! (€) Bri + Brio Py Bro
x | F(e) TZEAT_S_lBF(s)ATQ(s)S_l(s)é(k +5—2r)
=0

(71)  +r"H1ET (k) ((A +LOY QA + LC) — Q) &(k)

In view of Lemmas 3, the matrices defining the (Z;,%;) and (Z;,€) cross terms,
other than the terms 7§ (k) (ATPOAO - PO) Fo(k) and & (k) ((A +LOYQ(A + LC)

—Q) é(k), are all in the order of . It is then straightforward to verify that, there

exists a constant x > 0 and an e € (0, 1] such that,

AV(#(k), é(k)) < —gfww — 5 ()

(k)M (e TZlAT STIBF(e)A™Q(e)S  (e)i(k 4+ 5 — 2r)

=0
(k) M;(e) TZlAT STIBF(e)A™Q(e)S ™ (e)é(k 4 5 — 2r)

=0
e (k) Ms(e TZIAT STIBF(e)A™Q(e)S ()@ (k + s — 2r)

=0
eT (k) My(e) TZEAT STIBF(e)A™Q(e)S ™ (e)é(k + s — 2r)

=0
+ TZ_;AT—S—lBF(g)ATQ(g)S—l(g)gz(k+s —2r) TFT(E)Mg,(E)

r—1

X F(g) Z AT TIBF(e)A™Q()S ()i (k + s — 2r)

s=0
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T

r—1
+ D ATTIBE()ATQ(e)S T e)élk + s — 2r) | FT(e)Ms(e)
s=0
r—1
e)Y AT T'BF(e)ATQ(e)S H(e)é(k + 5 — 2r)
s=0
r—1 T
+|Y AT TIBF(e)ATQ(e)S M )ik + s — 2r) | FT(£)Mgl(e)
s=0
r—1
(72) xF(e) Y A" *"'BF(e)A"Q(e)S ™ (e)é(k + s — 2r),
s=0
where matrices M;(¢), i = 1,2,---,6, are defined in an obvious way and are all of

order 0.

By using Lemma 3 again and (40), we can easily see that,
~ ~ _E 1 (P 1 I+1A ~ ~
AV (@(k), (k) < — = min { Ak (P ) Mok (1 ( Q) } v (@), e(k)

+&2w (r)V 2 (@ (k Z|A|T STUa (E(k+s—2r),6(k + s — 2r))

2
(73) ety (r Z|A|T 5= 1V (k+5—2r),é(k+s—2r))] , €€ (0,¢e7],

for some w; (1), w2 (r) > 0, both independent of ¢.
Now, let n > 1 be any constant. If V(Z(k + s),é(k + s) < nV(Z(k),é(k)),Vs €
[_Tv 0]7

AV (#(k),2(k)) < — min { ALk (P) Anke (R41Q) }V (@(k). (k)

2 () | SO V@), 68)
Sil 2
(74) retma(ri | STIA L V() ER), < € (0,7
s=0

It is now clear that, for any given r, there exists an £* € (0,1] such that, for all
e € (0,e*],

(75) AV (z(k),e(k)) < —VeV(z(k),é(k)).
It then follows from Lemma 4 that the closed-loop system (62) is asymptotically
stable. This completes the proof. O

Theorem 3 involves the linear output feedback law (60), which depends explicitly
on the value of . The theorem below shows that if all eigenvalues of A are at z =1

or strictly inside the unit circle, then the system (1) can be asymptotically stabilized
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by a linear output feedback law (61), which does not require the explicit knowledge
of .

THEOREM 4. Consider the closed-loop system comprising of the system (1) and
the linear output feedback law (61). Let all eigenvalues of A be at z = 1 or strictly
inside the unit circle. Then, for any given arbitrarily large r > 0, there exists an
e* > 0, such that, for each € € (0,e*], the closed-loop system is asymptotically stable.

Proof. The proof follows the procedure of that of Theorem 3. But, instead of
using (64) to create the stabilizing feedback action F(¢)z(k) from the delayed feedback
FA"&(k —r), it uses a formula similar to (50) in the proof of Theorem 2 to create the
stabilizing control action F'(¢)x(k) directly from the delayed feedback F'(e)&(k — 7).
As in the proof of Theorem 2, this is possible because, under the new state (z, €), the
matrices J;(¢) — I,,’s, where J;() is the matrix J(¢)’s for the triples (A;, By, Fi(e))

as defined in Lemma 2, are of the order of €. O

5. Semi-Global Stabilization by Saturated Linear Feedback. We next

consider the system (1) subject to actuator saturation,

(76) { z(k+1) = Ax(k) + Bsat(u(k — 1)), =z(s) = ¢(s),s € [-r,0],
y(k) = Cx(k),

where sat : R™ — R™ is the standard vector valued saturation function, i.e.,
T
sat(u) = [ sat(u1) sat(uz) -+ sat(um) } , sat(u;) = sgn(u;) minf{u,, 1}.

Here, we have slightly abused the notation by using “sat” to denote both the scalar
valued and vector valued saturation functions. We also note that it is without loss of
generality to assume that the saturation level is unity. Non-unity saturation level can
be absorbed into the matrix B and the control u.

Our next theorem establishes semi-global stabilizability of the system (76) by
linear state or output feedback.

THEOREM 5. Consider the system (76) for a given arbitrarily large r.

a) If all eigenvalues of A are on or strictly inside the unit circle, then, either
the family of linear state feedback laws (25) or the family of linear output
feedback laws (60) semi-globally stabilizes the system at the origin, i.e., for
any a priori given bounded set ® C C,, , (for state feedback) or ® C Cap , (for
output feedback), there exists an €* > 0, such that, for each ¢ € (0,e*], the
closed-loop system is asymptotically stable at the origin with ® contained in
the domain of attraction.

b) If eigenvalues of A are either at z =1 or strictly inside the unit circle, then,
either the family of linear state feedback laws (26) or the family of linear
output feedback laws (61) semi-globally stabilizes the system at the origin.
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Proof. We first prove Item a) of the theorem. Under the linear state feedback law

(25), the closed-loop system can be written as
(77) x(k+1) = Az(k) + Bsat(F(e)A"z(k — ).

As in the proof of Theorem 1, we consider a state transformation & = S(e)Q~!(e)z

and Lyapunov function V(i) = &™ P#. Let

pt > sup i (s)Pi(s).

ze®,se[—r,0],e€(0,1]

Such a p* exists since @ is bounded and |Q~1(g)] < 1 —|—Zé:1 ¥; by Lemma 3. Clearly,

z € U implies that
T € My(p*):={0€Cnyr: V((s)) <p, Vs€[-r0]}.

Let €} € (0,1] be such that

(78) My (p*) C L(F(e)A") :={& € Cpr : |[F(e)A"Q(e)S™ M (e)Z| _ <1},

where | - |o denotes the infinity norm of a vector. The existence of such an 7 is due
to (40) and the fact that My (p*) is independent of .

It is clear that, within My (p*), the closed-loop system (77) reduces to a linear
system, which in the transformed state Z is given as (33). Thus, as established in the
proof of Theorem 1, for any given 1 > 1, there exist an n > 1 and an ¢* € (0,¢}] such
that, within My (p*),

(79) V(@) < )V (@(K)), i V(E(k+s)) <nV(E(k)),Vs € [-r,0],

for some positive scalar pu(e). It then follows from Lemma 4 that the closed-loop
system (77) is asymptotically stable at © = 0 with My (p*) D ® contained in the
domain of attraction.

The output feedback result can be established in a similar way. Under the linear
output feedback law (60), the closed-loop system can be written in the state (z,e) =

(x,x —é) as

(80) xz(k+1) = Ax(k) + Bsat (F(e)A"x(k —r) — F(e)A"e(k — 1)),
e(k) = (A+ LC)e(k),

As in the proof of Theorem 3, we will work with the transformed state (Z,é) and

define the Lyapunov function as
V(i &) = " Pz + w!T1éTQe.
Let

pr > sup {jT(s)Pfc(s) + /il“éT(s)Qé(s)} .
(z,2)€®,s€[—r,0],e€(0,1]
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Such a p* exists since ® is bounded and |Q71(g)] < 1 —|—Zé:1 ¥; by Lemma 3. Clearly,
(z,2) € ® implies that

(%,6) € My (p*) :={¢p € Conr: V(6(s)) <p, Vse[-r0]}.
Let €} € (0, 1] be such that

My (p*) C L([F(e)A" — F(e)AT])
(81) = {(%,6) € Con : |[F(e)A"Q(e)S™ ()T — F(e)AT¢| _ < 1}.

The existence of such an €7 is due to (40) and the fact that My (p*) is independent
of e.

It is clear that, within My (p*), the closed-loop system (80) reduces to a linear
system, which in the transformed state (Z, €) is given as (69). Thus, as shown in the
proof of Theorem 3, there exist, for any given n > 1, an n > 1, and an * € (0,¢7]
such that, within My (p*),

(82) AV(z(k),e(k)) < —VeV(i(k),e(k)),
if V(z(k+s),é(k+s)) <nV(z(k),e(k)),Vs € [-r,0].

It then follows from Lemma 4 that the closed-loop system (80) is asymptotically
stable at the origin with My (p*) D U contained in the domain of attraction.

The proof of Item b) follows the same procedure as in the proof of Item a), but
uses the Lyapunov analysis in the proof of Theorems 2 and 4 instead of the analysis
in the proof of Theorems 1 and 3. For the validity of these Lyapunov analysis, we
establish (78) and (81) without the factor A", which can be easily done by using the
fact that |F(e)Q(e)S(e)| < e X', aui. 0

6. Examples. Example 1. Consider the system (1) with

0 1 0 0 0
0 0 1 0 0
(83) A= , B= , C=|10 0 0].
0 0 0 1 0
-1 22 -4 22 1

The open loop system has two pair of repeated poles on the unit circle at z = ++/2 /2+
jV/2/2. Following the proposed design method, we choose

F(e) = [ —et 4+ 463 — 662 + 4 —2v2e3 +6v/2e2 — 612 —4e2 +8 —2v2¢
Then, the family of linear state feedback laws (25) is given by

(84) u(k) = F(e)A (k).
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T
To design an output feedback law, we choose L = | —2v/2 —4 —2v2 3/4 } ,
which places the eigenvalues of A+ LC at z = +1/2 £ j/2, and obtain the family of
linear output feedback laws (60) as follows,

(85)
-2v/2 1 0 0 0 —2v/2
. . -4 0 1 0 s 0 "k — ) — —4
Lk+1) = V3 0 0 ) (t) + 0 A (k =) _2v3 y(k),
—1/4 0 -2 2V2 1 3/4

u(k) = F(e)A i (k).

Some simulation results of the resulting closed-loop systems are shown in Figs. 2 and

xK)

FiGc. 2. Ezample 1. State responses under state feedback law: r = 1 and € = 0.2 (left plot);
r=4 and e = 0.1 (right plot).

x(K)

Fic. 3. Ezample 1. State responses under output feedback law: v = 1 and € = 0.2 (left plot);
r=4 and e = 0.1 (right plot).

To verify that these two families of linear feedback laws semi-globally stabilize the

given system subject to actuator saturation, we simulate closed-loop systems under
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a given non-zero initial condition for various values of €. Simulation results (Figs. 4
and 5) indicate that the magnitude of the control input indeed decreases as the value

of ¢ decreases.

sor o (M f\‘m “\‘w\u “\‘w‘u (\‘m M m
(0ot )  A
< mRE R

i
Y AL AR AR AR AEEE A R “”‘H I
2o P P
b /’ I A It “\ e (AT
A
et T T
o A At ?\‘w““*

—

x(K)
°

i I L w \‘\‘“““/ ‘V

SO T il
—40} AR RO A A
A R
~60 W ‘\“v “w (| “MH | LU
12 ‘ ‘ ‘ ‘ ‘ e0 ‘ ‘ ‘ ‘
0 10 20 30 40 50 60 0 20 40 60 80 100
K K

u(k)

Fic. 4. Ezxzample 1. State responses and control input under state feedback law: r = 1 and
e = 0.2 (left plots); r =1 and e = 0.02 (right plots).

Example 2. Consider the system (1) with

1100 0 0 2
01100 0 —1 Lo o oo
(86) A=|l00 10 0|, B=1|1 , C= .
00010

00011 0 0

00001 0

This system contains two subsystems, each with poles at z = 1. The two subsystems
are coupled through inputs. Then, the family of linear state feedback laws (26) is
given by

(87) u(k) = X ] (k).
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Fia. 5. Ezample 1. State responses and control input under output feedback law: r = 1 and
e =0.2 (left plots); r =1 and € = 0.02 (right plots).

To design an output feedback law, we choose

-3
-3
L=| -1 :
0 -1
0 —1/4 |

which places the eigenvalues of (A + LC) at {0,0,0,1/2,1/2}. The output feedback
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law (61) can then be computed as

(88)
-2 1 0 0 0]
-3 1 1 0 0
#k+1) = | -1 0 1 0 0 [2(k)

00 0 1
0 0 —-1/4 1
0 0 0 —2? —4¢ -3
0 0 0 2 2 -3

+ | —e® =32 -3¢ —22 —4e |2(k—1)—| -1 0 | y(k),
0 0 0 0 0 0 -1
0 0 0 —&* —2 0 —1/4

- —3¢? —3¢ 0 01|

ulk) = 0 0 0 —€& —2 k).

Shown in Figs. 6 and 7 are some simulation results of the resulting closed-loop
systems.

To verify that these two families of linear feedback laws semi-globally stabilize the
given system subject to actuator saturation, we simulate closed-loop systems under
a given non-zero initial condition for various values of €. Simulation results (Figs. 8
and 9) indicate that the magnitude of the control input indeed decreases as the value

of ¢ decreases.

50 T T T T T T T 200

-200

x(K)

—-400 -

-600

-150

-200 -800

—250 Lt L L L L L L L ~1000

FiGc. 6. Ezample 2. State responses under state feedback law: r = 1 and € = 0.2 (left plot);
r=4 and e = 0.1 (right plot).

7. Conclusions. In this paper, we have examined the problem of stabilizing a

discrete-time linear system with a delayed linear feedback. We established that a
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FiGc. 7. Ezample 2. State responses under output feedback law: r =1 and € = 0.2 (left plot);
r =4 and € = 0.05 (right plot).

discrete-time linear system with an arbitrarily large delay in the input can be asymp-

totically stabilized by either linear state or output feedback as long as the open loop

system is not exponentially unstable (i.e., all the open loop poles are on or inside the

unit circle). It is further shown that such systems, when subject to actuator satura-

tion, are semi-globally asymptotically stabilizable by linear state or output feedback.

Simple examples are constructed to show that these results are not conservative.
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