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FAST AND NUMERICALLY STABLE ALGORITHMS FOR
DISCRETE HARTLEY TRANSFORMS AND APPLICATIONS TO
PRECONDITIONING

ANTONIO ARICO*, STEFANO SERRA-CAPIZZANOT, AND MANFRED TASCHE?

Abstract. The discrete Hartley transforms (DHT) of types I — IV and the related matrix alge-
bras are discussed. We prove that any of these DHTs of length N = 2! can be factorized by means
of a divide-and—conquer strategy into a product of sparse, orthogonal matrices where in this context
sparse means at most two nonzero entries per row and column. The sparsity joint with orthogonality
of the matrix factors is the key for proving that these new algorithms have low arithmetic costs equal
to %N log, (N)+O(N) arithmetic operations and an excellent normwise numerical stability. Further,
we consider the optimal Frobenius approximation of a given symmetric Toeplitz matrix generated
by an integrable symbol in a Hartley matrix algebra. We give explicit formulas for computing these
optimal approximations and discuss the related preconditioned conjugate gradient (PCG) iterations.
By using the matrix approximation theory, we prove the strong clustering at unity of the precon-
ditioned matrix sequences under the sole assumption of continuity and positivity of the generating
function. The multilevel case is also briefly treated. Some numerical experiments concerning DHT

preconditioning are included.
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1. Introduction. Discrete trigonometric transforms are widely used in signal
processing, image compression, and numerical linear algebra. Examples of such trans-
forms are discrete Fourier transforms (DFT), discrete cosine transforms, discrete sine
transforms, and discrete Hartley transforms (DHT). These transforms are represented
by unitary and orthogonal matrices, respectively. The historical roots of the DHT,
which is intertwined closely with the DFT, go back to the introduction of the con-
tinuous Hartley transform by R. Hartley in 1942. The need to sample signals and
approximate the continuous transform on computers led to the DHT. Like the DFT,

the DHT is a matrix—vector product, and it requires laborious calculations. The
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key step was performed in 1984 by R.N. Bracewell [6] and the result was the first fast
DHT algorithm. This algorithm achieves its speed in the same way as the fast Fourier
transform does and computes the DHT of length N = 2% in O(N log,(NN)) operations.
Note that every application of the DFT can be realized also by an application of the
DHT.

In this paper, we shall concentrate on the construction of real, fast, and recursive
DHT algorithms having an excellent numerical stability in floating point arithmetic
(see e.g [17, 21]). Further, we will present an application of matrix algebras related
to DHT in numerical linear algebra. We will explicitly compute optimal approxima-
tions of a symmetric (one-level and multilevel) Toeplitz matrix and we will discuss
the related preconditioned conjugate gradient (PCG) iterations. Note that a uni-
fied approach to discrete cosine/sine transforms with applications to preconditioning
was given by T. Kailath and V. Olshevsky [24, 25] and more general preconditioning
results were obtained by Di Benedetto and the second author in [13, 14, 34].

There is a close connection between fast DHT algorithms and factorizations of
the corresponding orthogonal Hartley matrix Hy € RM*Y with N = 2! (t € N).

Assume that we know a factorization of Hpy into a product of sparse matrices
(1.1) Hy=M{""" ... M? — (1<m<N).

Then the transformed vector Hyx with arbitrary x € RY can be computed iteratively
by

xGH) = MJ(\,S)X(S)7 x(0 = x

for s = 0, ..., m — 1 such that x(™) = Hyx. Since all matrix factors in (1.1) are
sparse, the arithmetic cost of this method will be low such that the factorization (1.1)
of Hy generates a fast DHT algorithm.

An interesting result in [31] (see also [37]) says that a fast DHT algorithm pos-
sesses an excellent numerical stability, if the algorithm is based on a factorization of
Hy into sparse, (almost) orthogonal matrices. Here a matrix is called almost ortho-
gonal, if it is orthogonal up to a positive factor. Therefore, in order to get a real,
fast, and numerically stable DHT algorithm, one should be especially interested in a
factorization (1.1) with (almost) orthogonal matrix factors of simple structure. Note
that various factorizations of Hy use also non-orthogonal matrix factors.

In this paper, we shall derive fast, completely recursive DHT algorithms of radix—
2 length. As usual, all fast DHT algorithms use divide-and—conquer techniques.
Further, we shall present complete real factorizations of Hartley matrices into sparse,
(almost) orthogonal matrices, where in this context sparse means at most two nonzero
entries per row and column. Our DHT algorithms require only permutations, scal-

ing operations, butterfly operations, and plane rotations with small rotation angles.
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These matrix factorizations can be also used for a direct (instead of recursive) imple-
mentation of the algorithms. The sparsity and orthogonality of the matrix factors in
(1.1) are the key for proving that these DHT algorithms have low arithmetic costs
and an excellent normwise numerical stability. Using the Wilkinson model for binary
floating point arithmetic which is implemented in the IEEE standard, we shall give
new, explicit worst case estimates for the errors caused by the applications of our fast
DHT algorithms in floating point arithmetic. Further, we consider Hartley matrix
algebras which consist of special symmetric Toeplitz—plus—Hankel matrices. Using
new representation formulas of these Hartley matrix algebras, we define the best ap-
proximation in Frobenius norm of a given symmetric Toeplitz matrix generated by
an integrable symbol in the four Hartley matrix algebras. We give explicit formulas
for computing these optimal approximations and discuss the related PCG iterations.
By using the matrix approximation theory developed in [33, 34], we prove the strong
clustering at unity of the preconditioned matrix sequences under the sole assumption
of continuity and positivity of the generating function. Concerning the multilevel
Toeplitz setting, we carry out the analysis along the same lines as in the one—level
case and we show how the new results fit the negative results by the second author
and E. Tyrtyshnikov [35, 36].

The paper is organized as follows. In Section 2 we introduce Fourier and Hartley
matrices of types I — IV. We sketch the close connection between Fourier and Hartley
matrices and discuss the symmetry properties of the Hartley matrices. In this paper,
we often use the close relations between Hartley and Fourier matrices. For brevity,
we do not discuss the connections between Hartley and cosine/sine matrices. For
such a discussion see e.g. [30], pp. 63-66, and for a numerical stability comparison
refer to [1]. In Section 3 we recall the main features of circulant and skew—circulant
matrices and of their diagonalizations by Fourier matrices of types I — IV. Section
4 is devoted to Hartley matrix algebras. If RV*¥ is equipped with the Frobenius
inner product, then these matrix algebras can be represented as orthogonal sums and
corresponding splitting formulas of matrices can be given. In Section 5 we introduce
fast recursive DHT algorithms which are based on a recursive factorization of the
Hartley matrix of type I of order N = 2t. The proof of the factorization is mainly
based on divide-and—conquer technique applied directly to a matrix such that the
Hartley matrix can be represented as a direct sum of Hartley matrices of half order
(and possibly of different type). We also compute the arithmetic costs of these fast
DHT algorithms. Corresponding factorizations of Hartley matrices of type I — IV into
sparse, (almost) orthogonal matrix factors of simple structure are given. Using these
matrix factorizations, we present a comprehensive analysis of the numerical stability
of these fast DHT algorithms in Section 6. In Sections 7 and 8, we consider the
optimal Frobenius approximation of a given symmetric Toeplitz matrix in a Hartley

matrix algebra. With these results, we construct optimal preconditioners for the PCG
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method. More precisely, an explicit computation of optimal preconditioners is pre-
sented in Subsections 7.1 (for the one-level Toepliz case) and 8.1 (for the multilevel
Toeplitz case), while an approximation analysis for optimal preconditioners is given
in Subsections 7.2 (for the one—level case) and 8.2 (for the multilevel case). Subsec-

tion 8.3 and Section 9 finish the paper with numerical experiments and conclusions,

respectively.
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2. Fourier and Hartley matrices. Let N > 2 be a given integer. In what
follows, we consider Fourier and Hartley matrices of type X € {I, IL, 111, IV} which

are defined as

N-1 . N-1
. ik L (2k+1)
Fy = ﬁ (wgv)g k=0 Y = \/Lﬁ (wéN )j k=0’
FHOI._ 1 ( (2j+1)k)N71 FIV . L (w(2j+1)(2k+1))N71
N 2N k=0 ’ N N 4N k=0
and
N-1 N-1
H] ::L( ( )) U - 1 ( (w))
N = 5 (cas g,k7v N =T (cas SN i’ 1
I . 1 27 (2J+1 v . 1 27 ( 2J+1)(2k+1
HN ._\/N(C&s( ))Jk O H '_m(cas( ))Jk 0

respectively, with wy := exp(—27i/N) and i> = —1. Furthermore, cas(x) := cos(z) +

sin(z), where the word “cas” represents a contraction of the expression “cosine and
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sine”. For the subsequent analysis it is useful to adopt a more compact notation

X1 (it ek o))V
(21) FN = ﬁ (’IU4N )j,k:07
X._ 1 2 2+t 1) @kt o) ) )V !
(22) Hy = 7% (Cas( IN ))j,k:o’

with ¢! := 0, 1 := 1, #!11 := 2 #IV := 3, and where t*[;j] denotes the j-th bit of the
binary representation of +*. We observe that Fi' = (FA)T and HY' = (HN)T for

every N > 2, while for N = 2 we have

1 1 1 0
H%ZH?:H%H:\/%(l _1>=F§, H§V=(O 1).

The 27—periodic cas—function is bounded by V2 and fulfills the identities

cas(z + y) = cos(y) cas(z) + sin(y) cas(—x),
(2.3) cas(x + y) + cas(z — y) = 2 cos(y) cas(z),

cas(x + ) = —cas(x).

In our notation, a subscript of a matrix denotes the corresponding order, while a
superscript means the “type” of the matrix. The Hartley matrix of type I coincides
with the classical one introduced by R.N. Bracewell [6]. Modified Hartley matrices of
type IT — IV are studied in [22, 19, 7, 15]. Note that Fourier matrices of type I — IV are
unitary (it is a trivial check) and that Hartley matrices of type I — IV are orthogonal.
This is a consequence of the unitarity of the Fourier matrices (see Lemma 2.1). A
discrete Fourier transform of type X € {I, IL, III, IV} with length N (DFT—X(N))
is the linear mapping which maps any vector x € C¥ into Fyx. Analogously, a
discrete Hartley transform of type X € {I, II, 111, IV} with length N (DHT—X(N))
is the linear mapping which maps any vector x € R into H ])§ X.

First let us agree on some notations and concepts that will be used throughout
the paper. By Iy we denote the identity matrix of order N and by Jy the counter—

identity matrix which is defined by Jyx = (rn_1,ZN8_2,...,20)] = (xN_l_j)j-V;Ol

_ N-1
for every vector x = (;),= -

By On we denote the zero matrix of order N, and by
o the zero vector. The direct sum of two square matrices A, B is defined to be the
block diagonal matrix A @ B := diag(A, B), the Kronecker product of two matrices
A, B is defined to be the block matrix A®@ B := (aj)kB)éYk;lo with A = (aj)k)N’l

§,k=0"
Then
Jy =18 JIn_1, JN = (1)@ In-a

are (modified) flip matrices with the obvious property that

T 11

JNx = (o, TN-1,--.,21)", NX = (—xo,xN,l,...,:El)T
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TABLE 2.1

Symmetries, dimensions, and structures of the linear subspaces of even/odd vectors x € RN .

symm. dim. N even with d = N/2 N odd withd = (N —1)/2
Jy-even [Lilij R e R R SR PR ol Sl L R o T T e .
Ja-odd [‘\'51 (Z0s v Edt —Tdty covvnnen —20)T | (Zos oo Ta—1, 0, —Tgetn..o—zg )%
Jy-even [‘—i‘i'l (zq. C o1, Tds Td 1, ..., | (zo, ceeeen T Tdy e...x1 )T
s E N-1 : " T | of . o i R E
Jy-odd | | = (0,21, .. wg1, 0, —zg_q1,...,—x1) (0, x1, .. o4, —Tdy ..., —%1)
J;:.f,-—e\reu |—"\f:.!_‘1 [ 0. Ty dBgoty iy A I | J'IT I:O. Ty, s B srergadit JT
Jy-odd [%J (xn, Ld-1y 0, —ma-1, ...—.I'l)r (g, covmen Dds —Tdy s :—;1‘1]T

for any vector x = (xj)jy:_ol. Note that Ju, Jy, Jx are symmetric and orthogonal and
consequently involution matrices by [Jn]? = [J§]? = [JX]? = In. A vector x € CV

is called Jy—even, Jy—even, and Jy—even, respectively, if
Inx =%, Jyx=%, Jyx=x,

respectively. Analogously, a vector x € CV is called Jy—odd, Jiy—odd, and J¥—odd,

respectively, if
Inx = —x, Jyx=-%x, Jyx=-X,

respectively. We use the same definitions of even and odd vectors also for vectors
with real entries. The various linear subspaces of even and odd vectors are formed
by vectors x of the form indicated in Table 2 and, as a consequence, they possess the
dimensions displayed in the same table (with respect to the real field R).

The modified Fourier matrices of type X € {I, II, III, IV} are connected each

other via FJIV and more precisely we have

(2.4) FN =WnFy, FN'=F\Wy, FN =winWy Fyx Wy
with
.\ V-1
Wy := diag (exp(—%‘)) .
Jj=0

By the definition of Fourier and Hartley matrices given in (2.1) — (2.2), for X €
(L, I, IIL, IV}, we infer that

HY =Re(Fy ) — Im(Fy)

with Re(FY) = 3(Fx + Fx ) and Im(F) = % (FF — FY). Note that

Fy = UyFy = Fyly,
. FYY = —J4FY = FlJ,
(22 P = JyFE = —FIL,

FY = —JyFY = —FYJy.
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Then we obtain:

LEMMA 2.1. Let N > 2 be an integer. For X € {I, II, III, IV}, it holds
(2.6) Hx = FyUxn

with the unitary matrices

T+ Iy + 31 —i)Jy for X =1,
U %(1+T)IN+%(1—T)JN for X =11,
$(1+i) Iy — (1 —i)J for X =1II,
11 +i) Iy — (1 —i)Jy for X =1V.

Further HY is orthogonal.

Proof. For simplicity, we consider only the case of X = I. By the symmetry of

Ji we have

UNIONT =[5+ ) Iy + (1= i) 3] [3(1 = i) Iy + 3(1 +1i)Jy]
=1Iy+ Z(1 +1)2Jy + (1 —1)2JN + 3Inv = Iy,
and therefore U} is unitary. Furthermore, by (2.5), H) can be represented in the
form
Hy = Re(Fy) — Im(Fy)
= 3(Fy + FxJy) — (Fy — FyJy)
=Fy [3(L+1)Iy + 51 —i)J}y] = Fy Uy.

Hence the real matrix H} is the product of unitary matrices and therefore H}; is

orthogonal. 0

As a consequence of (2.5) — (2.6), we deduce the following relationships:

e HyJy = JyHy, HyJy = —JyHY,
2.7
HPJG = —JvHY, HYJv = JyHY.

From (2.7) we can easily deduce several symmetry properties of DHTs. Note that

Lemma 2.2 improves a corresponding result of [19, 20].

LEMMA 2.2. Let N > 2 be an integer. Then we have the following properties:
1. DHT-I(N) maps any Jj —even vector x € RY into a J\ —even vector Hyx =
FYx and any J\ —odd vector'y € RY into a J\—odd vector Hyy = iFyy.
2. DHT-II(N) maps any Jn -even vector x € RY into a J{~odd vector Hyx =
F]IVIX and any Jn —odd vector y € RN into a J§ —even vector H}\}y = iFJI\}y.
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3. DHT-IIL(N) maps any J¥ —even vector x € R into a Jy -odd vector Hy\'x =
iF\x and any J¥ —odd vector y € RY into a Jy—even vector H\'y = Filly.
4. DHT-IV(N) maps any Jn —even vector x € RN into a Jy—even vector HY x

= iFJIVVx and any Jy —odd vectory € RY into a Jn—odd vector H}\}/y = FJIVVy.

Proof.  The results follow immediately from (2.5) — (2.7). For simplicity, we
sketch the proof only in the case of X = II. Let x € RY be Jy—even. Then Hix is
J¥—odd, since a direct computation, based on (2.7), shows that Hyx = HNJyx =
—JY%(HEx). If y € RN is Jy—odd, then HYly is J¥—even because (again by (2.7))
Hly = HIY(—Jny) = J(HYy). Moreover, by (2.5) — (2.6), for Jy—even x € RV,

we obtain that
HYx = F U x = FY (S Iy + S50 )x = F (4 + 5 )x = P x.

In a similar manner, we can prove the relation Hi\y = iFiy for any Jy—odd vector
y < RV, n

3. Circulant and skew-circulant matrices. The circulant matriz of x =
(2;)N-" € CN is defined by

. N-1
cire(x) = (x(j*k)mOdN)j,k:O

(see [11], p. 66). Here (j — k) modN denotes the nonnegative residue of j — k modulo

N for j,k=0,...,N —1, ie.

i—k if j— k>0,

(j — k) modN = , o
j—k+N if j—k<O.

Note that for ey = (1,0,...,0)7 € C¥, we have circ(eg) = I. The circulant matrices
are related to the cyclic convolution. More precisely for x,y € C¥, their cyclic

convolution is defined as

zZ = (zj)év:_ol =xxy:=circ(x)y
ie.
N-1
Rj = Z T(j—k)modN Yk-
k=0
The cyclic convolution is an associative, commutative and distributive multiplication
with the unit element eg. By the cyclic convolution property of DFT-I(N), for all

x,y € CV we have

[FN]*(xxy) = VN ([FN]*x) o ([Fy]%y) - (ae {=1,1})
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where o denotes the componentwise product of vectors: x oy := diag(x)y. From the

above relation with o = —1 we deduce that

[Fh] circ(x)y = diag (VN [Fy]7'x) [Fh] "y
and hence
(3.1) cire(x) = FY, diag(\/N [F]I\,]’lx) [FL]L.

As a consequence, any circulant matrix of order N is diagonalized by FJIV

Let Circ(N) be the set of all circulant matrices of order N. By (3.1), it follows that
Circ(N) is a commutative algebra. Let Diag(Fx) with X € {I, II, III, IV} denote
the set of matrices Ay such that [FX] !AnFR is a diagonal matrix. It is clear that

Diag(F5 ) is a commutative algebra as well.

LEMMA 3.1. Let N > 2 be an integer. Then we have
Diag(F)) = Diag(Fn!') = Circ(N).

Moreover, for every x € CN

(3.2) [FL]~tcire(x) F, = diag(VN [F&]7'x),
(3.3) [FA =1 cire(x) FA' = diag(V/N [F]~'%).

Proof. Formula (3.2) follows directly from (3.1). By (2.4) we know that Fil =
FL,Wyx with unitary diagonal matrix Wy. Therefore the columns of Fil are just
multiple (via coefficients of modulus 1) of the columns of F} and consequently (3.3)
is valid, since both the set of columns of F&,, FAI! are systems of eigenvectors of circ(x)

related to the same ordering of the eigenvalues. O

The skew—circulant matriz of x = (xj)j-v:_ol € C¥ is defined by

. . N-1
scire (x) == ((sign(j — k)) x(j*k)mOdN)j,k:O ,

with sign(j — k) := 1if j —k > 0 and sign(j — k) := —1 otherwise (see [11], p.

83). Note that scirc(eg) = Iy. The skew—circulant matrices are closely related to the

skew—cyclic convolution. More in detail, for x,y € C¥, the skew-cyclic convolution

is defined as

7z = (zj)jy:_ol =x0oy :=scir¢(x) y
i.e.
N7
Zj = (sign(j — k)) T(j—k)modN Yk-
k=0

—
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The skew-cyclic convolution is also an associative, commutative and distributive mul-
tiplication with the unit element e;. By DFT-III(N), the skew—cyclic convolution
can be transferred into a componentwise product. This corresponds to the so—called

skew—cyclic convolution property of DFT-III(N):

LEMMA 3.2. For all x,y € CV, we have
Fy'(xoy) = VN (Fy'x) o (F\'y).

Proof. Letz = (zj)j-\[:_ol = xoy and let us compute the s-th component of Fil'z:

N—-1
1

(FN'2)s = 2% > win™™ 2 (s=0,...,N=1)
7=0
with
N—-1
(sign(j — k ij—kﬁnodw'yk-
k=0

Thus by a change in the summation order, we get

N—-1 N—-1
(Fllly g ws Tk > wi Y (sign(j — k) 2(-kymoan
k=0 3=0

Now we substitute ¢ := (j — k) modN in the second sum. For arbitrary fixed k €
{0,..., N — 1}, the new index t runs over the whole set {0,..., N — 1} as j moves

over it and moreover

. . s j—k s
(sign(j — k) win 0T = wlTVY

since wdy = —1. Hence we obtain

(F]IVII )s = % <Z Un w22s+1)k> (Z - w22s+1)t>
= VN (F{'y)s (FN'x)s  (s=0,...,N—1)
and the proof is complete. n

Since Jy Fi' = [Fi]71, and Jy diag(v) = diag(Jyv) Jn, by Lemma 3.2 it follows
that

[FN] " scire(x) y = diag (VN [FN] ™ x) [FH] "y
and consequently

(3.4) scire(x) = F1I diag(\/ﬁ [FH-1 x) (FH-L,
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Thus any skew—circulant matrix of order N is diagonalized by Fil. Let Scirc(NN) be
the set of all skew—circulant matrices of order N. By (3.4), we infer that Scirc(N) is

a commutative algebra.

LEMMA 3.3. Let N > 2 be an integer. Then we have
Diag(Fy) = Diag(Fy’) = Scirc(N).

Moreover, for every x € CN

(3.5) [FN] ™! scire(x) Fay = diag(\/ﬁ [Fy]~* x),
(3.6) [FY] 7 scire(x) FryY = diag(x/ﬁ [FN]H x) :

Proof. Formula (3.5) is a plain consequence of (3.4). By (2.4) we know that
F]I\,v =wuyn F JI\,I Wy with diagonal unitary matrix W . Therefore the columns of F]I\,v
are just multiples (with factors of modulus 1) of the columns of Fi and consequently
(3.6) is valid, since both the sets of columns are systems of eigenvectors of scirc(x)

related to the same ordering of the eigenvalues. O

By dimp(-) we denote the dimension of a linear space with respect to the field
F € {R, C}. Note that dimc(Circ(NV)) =dime(Scirc(N)) = N and dimg (Circ(N)) =
dimg (Scirc(N)) = 2N. By Circo(N) and Circy (N), we denote the set of all circulant
matrices circ(x) with Jj—even and Jj—odd vectors x € RY, respectively. Analo-
gously, by Scirco(N) and Scircy (V), we denote the set of all skew—circulant matri-
ces scirc(x) with J¥—even and J¥—odd vectors x € RY, respectively. Obviously,
Circo(N), Circy(N), Scirco(N) and Scirc; (V) are linear subspaces of RV* and, in

view of Table 2, we have

dimg (Circo(N)) = [(N +1)/2]
dimg (Scircg(N)) = [(N —1)/2]

) dimg (Cirey (N)) = [(N —1)/2],
, dimg (Scirc; (N)) = [ (N +1)/2].

The sum dimg (Circo(N)) 4+ dimg (Cirey (N)) is N, as the dimension of the real sub-
space of Circ(N) of real circulant matrices. The same is true for Scirco(N) and
Scirey (N) of course. Later we will see that Circo(N) and Scirc; (N) are commutative

matrix algebras, while Circy (N) and Scirco(N) do not possess such a structure.

4. Hartley matrix algebras. By Diag(Hx ) with X € {I, I, III, IV} we de-
note the set of real matrices Ay such that [Hx|™! Ay Hx is a diagonal matrix. It
is clear that Diag(HZy) is the (real) commutative matrix algebra related to DHT—
X(N) which is called Hartley matriz algebra of type X. We will see that for every
X € {I, II, I1I, IV}, the sets Diag(Hx ) consist of special symmetric Toeplitz—plus—
Hankel matrices. More specifically, in this section we improve previous results by Bini
and Favati [4] and by Bortoletti and Di Fiore [5]. Bini and Favati [4] have considered
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the Hartley matrix algebra of type I and, recently, Bortoletti and Di Fiore [5] have
analyzed the Hartley matrix algebras of types X € {II, III, IV}.

In the space RV*N_ we introduce the Frobenius inner product
(41) <AN,BN> = tl”(A%BN), (AN, By € RNXN)

with tr(A) denoting the trace of a square matrix A. Then RV *¥ with the latter inner
product is a Hilbert space. By @ we denote the orthogonal sum of linear subspaces
of RV*N | The following theorem improves a corresponding result of Bini and Favati
[4], more specifically, the orthogonal sum representation (4.2) and formula (4.3) are
new.

THEOREM 4.1. Let N > 2 be an integer. Then the following orthogonal sum

representation is valid
(4.2) Diag(Hjy) = Circo(N) @ Jjy Circy (N).
Moreover, for arbitrary x € RN
(43) HY, ding(VNx) HYy = cire(Hlyx) — Jy circ(Hix_)
with Jy—even and Jy—odd parts of x defined by

x4 = 2(x+ Jyx), x_ = 5(x — Jyx).

Proof. 1. For arbitrary x € RN, let X} := Hy diag(v/Nx) HY. Since Hy
is symmetric and orthogonal, we have X} = H} diag(v/Nx) [Hy]™'. By (2.6) we
know that

Hy = Fy(GQ+iiv+50-1)Jy),
[N = (GO =Dy + 31 +D)J3) [FR]
Hence we obtain
X% = FY VN (3diag (x) — LT} diag (x) + idiag (x) Jy + 2 Jhdiag (x) Jy) [FA]
By
(4.4) Jy diag(x) Jy = diag (Jyx), diag(x) Jy = Jy diag(Jyx)
it follows that X} = FL VN (diag(x4) — iJydiag(x-)) [F§] 7L By (3.2), we get
Xy = cire (Fyxy) — iJjycire (Fyx-) .
Since x € R, we deduce by Lemma 2.2 that

FJIVer = H]IVX+, F]IVX, = —i H]IVX,,
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where HYx, is Jy—even and Hy\x_ is Jjy—odd. Thus (4.3) is proven.
2. By (4.3) it follows that

Diag(H) C Circo(N) + Jp Circy (N),

since Hyx; € R is Jy—even and Hyx_ € RY is Jj—odd by Lemma 2.2.

Conversely, if circ(a) — Jycirc (b) is an arbitrary matrix belonging to Circo(N) +
Jj Circ1(N) (so that a € RY is Jy—even and b € RY is Jy—odd), then we form
x = H\(a+b) € RY. By Lemma 2.2, the Jj—even and Jj—odd parts of x read as

follows
xi = Lxt Jhx) = Hia,  x_ = (x— Jyx) = Hyb.
Since [HY]™! = H};, we get a = Hyx, and b = Hix_. Using (4.3), we see that
circ(a) — Jjy cire(b) = circ(Hyx) — Jicirc(Hy\x_)
= H}, diag(v'Nx) HY € Diag(HY).
Thus we also have
Circo(N) + JyCircy (N) C Diag(Hy).

3. Finally we show that (4.2) is an orthogonal sum representation of Diag(HY;).
For arbitrary Jy—even a € RY and Jj—odd b € RY, we have to prove that the inner

product
(circ(a), Jy cire(b)) = tr [(circ(a))” Jy cire(b)]
vanishes. By (4.3), we have
circ(a) = HY, diag(vV'Na) HY, Jiy circ(b) = —Hy diag(VNb) HY

with & = (dJ)J o = Hla and b= (b; )] "' = H\b. By the trace theorem, it follows
that

N—
(circ(a), Jyy circ(b)) = —N tr | H), diag(a) diag(b) H } Z ajb;.
=0

But by Lemma 2.2, & is Jy—even and b is Jy—odd and therefore

i;=an_j, bj=—by_j, bo=0 (j=1,...,N—1).
Then we conclude that

N-1
(circ(a), Jy cire (b)) = —N (aobo + 3 Y _ (a;b; + an—jby—;)) = 0.

j=1
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This completes the proof. n

EXAMPLE 4.2. Let x € R be an arbitrary vector with Jj—even and Jj—odd
parts indicated by x; and x_, respectively. For the sake of notational simplicity, we
introduce the vectors a = Hyx; and b = Hix_ which, by Lemma 2.2, are Jj—
even and Jy—odd, respectively. For N = 4 the latter means a = (ao, a1, ag, al)T and
b = (0,b1,0,—b1)T with arbitrary ag, a1, az, b1 € R and

ap a1 a2 ai 0 bl 0 —bl

a; ay a1 a b 0 -b 0
Xi _ 1 0 1 2 + 1 1

as a1 ag aj 0 _bl 0 bl

ayp a2 ap ag —b 0 b1 0

with X} = 2 H}diag(x) H. For N = 5, following the same lines we have a =
(ag, a1,az,az,a1)” and b = (0, by, bz, —ba, —b1)T with arbitrary ag, a1, az, b1, b € R

and
ap ai as as ap 0 b1 by —by —by
a1 ay a1 as as by by —by —by 0
X'=1 a a1 a a1 ax [+| bs —bo by 0 b
as az ai ag a1 —by —by 0 by bo
ai az as ai ao —by 0 b1 by —by

with X} = /5 H} diag(x) H:. We just observe that Diag(HY ) consists of special

symmetric Toeplitz—plus—Hankel matrices.

Now we improve some results concerning Diag(Hz) with X € {IL, III, IV}, re-
cently obtained by Bortoletti and Di Fiore [5]. More in detail, the orthogonal sum
representations of Diag(Hy ), X € {II, III, IV}, and formulae (4.6), (4.9), and (4.11)

are new.

THEOREM 4.3. Let N > 2 be an integer. Then the following orthogonal sum

representation is valid
(4.5) Diag(Hy) = Scirc; (N) @ Jy Scirco(N).
Moreover, for arbitrary x € RN
(4.6) HY diag(vV'N x) HY! = scirc(HY¥x ) + J4 scirc(Hyx )
with Jy—even and Jy—odd parts of x defined by

xp = bx 4 Jnx), xo = A(x— Jyx).

Proof. 1. For arbitrary x € RV, let X1 := HY diag(v/Nx) HY!. Since HY is

orthogonal and its transpose coincides with HY' | it holds

XN = 7Y diag(VNx) [HY]
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By (2.6) we know that

Hy = Fy(z+)Iv+5(1-1)Jn),
HY™ = (30 -9y + 51 +1)Jy) [FA

Hence we obtain

XN = FNYEY [diag(x) — i Jy diag(x) + idiag(x).Jy + Jy diag(x) Jx] [FA] ™!
By
(4.7) Jn diag (x) Jy = diag(Jnx), diag(x) Jy = Jy diag(Jyx)

it follows that XN = FNV/N [diag(xy) — iJx diag(x_)] [FA]™'. We have by (2.5)
that

FN Iy = —JX FN.
Thus we get by (3.5) that
Xy = scire (Fyx4) + iJ} scire (Fyx_) .
For arbitrary x € RY, we get by Lemma 2.2 that
FNx,=HyNx,, Fyx_ =—iHyx_,

where Hix is J¥—odd and Hix_ is J¥—even. Thus (4.6) is proven.
2. By (4.6) it follows that

Diag(HN) C Scirci (N) + J5 Scirco(N)

since Hix; € RV is J{—odd and Hix_ € R" is J}—even by Lemma 2.2.

Conversely, if scirc (a) 4+ Jyscirc (b) is an arbitrary matrix belonging to Scircy (V) +
J% Scircg(N) (so that a € RY is Jj—odd and b € RY is J{—even), then we form
x 1= H{'(a+b) € RY. By Lemma 2.2, the Jy—even and Jy-odd parts of x read as

follows
X4 = %(x + Jyx) = Ha, X_ = %(x — Jnx) = HU'b.
Since [HI]~1 = HE, we get a = Hix, and b = H\x_. Using (4.6), we see that

scire (a) + JJ scire (b) = scirc (Hyx4 ) + J§ scire (Hyx_)
= HY diag(VN x) HY' € Diag(HY).

Thus we also have

Scircy (N) 4 J& Scirco(N) C Diag(HL).
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3. Finally we show that (4.5) is an orthogonal sum representation of Diag(HL}).
For arbitrary Ji—odd a € RY and J};—even b € RY, we have to prove that the inner

product
(scirc (a), Jy cire (b)) = tr [(scirc(a))” J§ scire(b)]
vanishes. By (4.6), we have
scirc (a) = HN diag(vVN a) HLY, J scire (b) = HY diag(VNb) HW!

with & = (dj)jy:_ol = HMa and b= (Ej)jvzgl = H'b. By the trace theorem, it follows

that

N-1
(scire (b) , J7 scire (a)) = N tr | HY diag(a) diag(b) HJI\}I] =N azb;.
j=0
But by Lemma 2.2, a is Jy—odd and bis J ~v—even and therefore
djz—dN_l_j, i)j ZI;N_l_j, (jZO,...,N—l).
Then we conclude that
N-1 R
(scirc (b) , Jy scirc (a)) = & (ajbj + an—1-jbn—1-j) =0
j=0
and this completes the proof. n

EXAMPLE 4.4. Let x € RN be an arbitrary vector with Jy—even and Jy—odd
parts denoted by x; and x_, respectively. We define the vectors a = H]I\}X+ and
b = Hix_ which, by Lemma 2.2, are J¥—odd and J¥—even, respectively. For N = 4
the latter means a = (ag,a1,0,—a;)? and b = (0,by,bs,b1)T with arbitrary real

numbers ag, a1, b1, ba and

an al 0 —aq 0 b1 bQ b1

XU = ap ap a0 n b1 by by 0
0 a; Qo al b2 bl 0 _bl
—a1 0 aq ap bl 0 —bl —bg

with X! = 2 H}'diag (x) Hj'.
For N = 5, following the same lines we have a = (ag, a1, az, —az,—a;)? and b =

(0,b1, ba, ba, b1)T with arbitrary real numbers ag, a1, as, by, by and

ap ar ay —as —ai 0 by be bo by

ai ap ai as —as b1 by bs by 0
XL..—I,I = as a1 ag a1 as + 1 by by by 0 —b
—as az a1 Qg aq by by 0 —b1 —by

—aq —az ag aq ap b1 0 —bl —bQ —bQ
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with X = /5 Hl! diag (x) H}'". We notice that Diag(HX) consists of special sym-

metric Toeplitz—plus—Hankel matrices.

THEOREM 4.5. Let N > 2 be an integer. Then the following orthogonal sum

representation is valid

(4.8) Diag(Hy') = Circo(N) @ Jy Circy (N).
Moreover, for arbitrary x € RN

(4.9) HY diag(VNx) HY = circ(Hyx, ) — Jy circ(Hyx_)

with X4, X_ being the Jy—even and Jy—odd parts of x, respectively.
The proof is totally similar to the one of Theorem 4.3 and is omitted here.

EXAMPLE 4.6. We use the same notations as in Example 4.2. For N = 4, we get

ap a1 a2 ai b1 0 —by 0
ar ag a1 a 0 -—b 0 b
XiH — 1 0 1 2 + 1 1
az ap ao ap -b1 0 b1 0
ap a2 a1 Qo 0 bl 0 —bl

with X1 = 2 A diag(x) Hi'. In the case N = 5, we obtain

apg a1 as as ai b1 by —by —by 0
ar ag a1 as a9 by —by —by 0 by
XM= 4 a a a1 ax [+| b2 =01 0 b by
as az ai ag ai —by 0 by by —by
a1 az as ai Qo 0 b1 by —by —by

with X = /5 HI! diag(x) HL'. Also for type III we find that Diag(HL!) consists of
special symmetric Toeplitz—plus—Hankel matrices. Moreover note that Diag(HL') #
Diag(HY).

THEOREM 4.7. Let N > 2 be an integer. Then the following orthogonal sum

representation is valid

(4.10) Diag(HY ) = Scirc; (N) @ Jy Scirco(N).
Moreover, for arbitrary x € RN

(4.11) HY diag(vVNx) HY = scirc(HNxy) + Jy scirc(Hix_)

with x4, x_ being the Jy—even and Jy—odd parts of x, respectively.

The proof follows similar lines as the proof of Theorem 4.3 and is omitted here.
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ExXAMPLE 4.8. We use the same notations as in Example 4.4. For N = 4 we get

ap aq 0 —ai bl bg bl 0

0 b b 0 -b
Xiv _ air  ap a1 n 2 1 1
0 alp Qo aq b1 0 —bl —b2
—ai 0 aq an 0 —bl —b2 —bl

with X}V = 2 H[Vdiag (x) H}", while for N = 5, we obtain

ag air ay —as —ai br by bo by 0
al ap a1 as —as by by by 0 —b
XV=| a a1 a a a |+]| by b 0 —b —by
—as az a; Qg ai b1 0 —by —by —by
—a1 —ay as a1 ap 0 —-by —-by —by —b

with X1V = /5 HLV diag (x) HEV. We observe that Diag(HY ) consists of special
symmetric Toeplitz—plus—Hankel matrices. Finally notice that all the Hartley matrix
algebras Diag(HZ) of types X € {I, II, III, IV} are pairwise distinct.

REMARK 4.9. The sets Circo(N), Cirey (IV), Scirco(N), and Scirey (N) are linear
spaces. Furthermore Circo(N) and Scirci(N) are commutative matrix algebras, but
Circy (V) and Scirco(IV) do not possess such a structure.

If circ(a), circ(b) € Circo(N) with Ji—even vectors a, b € R, then by Theorem 4.1
and Lemma 2.2 we get
circ (a) = HY, diag(VN &) Hy,, circ (b) = HY, diag(vV/'N b) HY
with Jj—even vectors & = Hja and b = Hi'b and hence
circ(a) cire(b) = HY, diag(vVNa) diag(vV'Nb) HY
= H}, diag(Naob) HY € Circy(N),
since the componentwise product a o b € RV remains J y—even. Analogously, by
Theorem 4.7 and Lemma 2.2 it can be seen that Scircy (V) is a matrix algebra.
On the other hand, if circ(a), circ(b) € Cirei(N) with Jj—odd vectors a, b € R,
then again by Theorem 4.1 and Lemma 2.2 we obtain
circ (a) = —Jy Hy diag(vV/Na) Hy, circ(b) = —JjH) diag(v'Nb) Hy
with Jj—odd vectors & = HYa and b= HYb. Therefore by (2.7) we deduce
circ (a) circ (b) = —J HY diag(vV/Na) Hy(—Jy)HY diag(vV'Nb) HY
= HY Jy diag(vV'Na) HYHY Jy diag(vV/Nb) HY
= H\ Jy diag(vV/Na) Jjy diag(VNb) HY
= H}, diag(vV'NJya) diag(vVNb) H
= —HY diag(V'Na) diag(vV'Nb) HY,
= —HY} diag(Naob) HY € Circo(N),
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since 4o b is now Jy—even. Thus Circy (N) is not a matrix algebra. In a similar way,

by Theorem 4.7 and Lemma 2.2 we can prove that Scirco(N) is not a matrix algebra.

REMARK 4.10. We observe that the proofs in parts 3 of Theorems 4.1, 4.3,
4.5, and 4.7 regarding the orthogonality of the decompositions (4.2), (4.5), (4.8), and
(4.10), and the proofs of the statements reported in Remark 4.9 only concern Circg(NV),
Circy (IV), Scirco(N), and Scircy (IN), i.e. real linear subspaces of the circulant and
skew—circulant matrices. However the employed tools include formulae (4.3), (4.6),
(4.9), and (4.11), and Lemma 2.2 which basically concerns links between Hartley
matrices (and Hartley matrix algebras) and Fourier matrices (and circulant, skew—
circulant matrices). Of course, we can also prove the above statements only referring
to circulant, skew—circulant, and Fourier matrices. The (modest) price to pay is that
we have to work in the complex field.

As an example, let us prove the orthogonality of the decompositions (4.2) reported
in part 3 of the proof of Theorem 4.1 by using purely “circulant tools”. For arbitrary

Jy—even a € RV and Jy—odd b € RY, we have to prove that the inner product
(circ (a) , Jy cire(b)) = tr [(cire(a))” Jy cire (b)]
vanishes. Setting & = (dj)é\’:gl = [FL] 'aand b = (Bj)?’:gl = [FX]7'b, by (3.2), we
have
circ (a) = Fi diag(VNa) [Fy]™',  circ(b) = Fy diag(VNb) [Fy] ™"
By the trace theorem and by (2.5), it follows that
(circ (a) , J)y circ (b)) = N tr [FJI\, diag(a) [F] ' JyFY diag(b) [F]I\,]_l]
= Ntr [F}v diag(a) JYy diag(b) [F}V]—l}

N« aobo if N is odd,
B (dolA)o + dN/Ql;N/Q) otherwise.

By direct check, beCVNis Jy—odd and therefore bo = 0 and l;N/g =0, if N is even.
Then we conclude that (circ (a) , Jy circ (b)) = 0.

REMARK 4.11. The results contained in Theorems 4.1, 4.3, 4.5, and 4.7 are
(partially) summarized in Table 4.11. More precisely, x+ indicates the even vector
and x_ the odd vector obtained from x with respect to the matrix J); for the Hartley
matrix algebras of types I and III and with respect to Jy for the Hartley matrix
algebras of types IT and IV.

5. Fast DHT algorithms. The aim of the present section is to introduce and

discuss fast DHT algorithms (cf. [2, 7, 5]). We start with some preliminaries. For
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TABLE 4.1

Symmetries of vectors and structures of Hartley matriz algebras.

X | X¥ = HY diag (VN x)[HF]! € Diag(HF) | =& structure

I \I = <:11LI'H‘.\x+ i r'nc[HI,\:s. e | cire(J-even )—J); cire(Jy-odd)
II | X} = scire[Hixy)+ \scnc[HE{}. ] Jn | scire(Jj-odd) +Jascive( Jig-even)
oI | XJH = eire(Hixy )—Jn cire(HEx_) Jhe | eire(Jy-even)—Jy ecire(Ji-odd)
IV | X = scire(Hxy )+ Jyscire(H ¥ x_) Ty | seire(J-odd) +Jyscire( J}-even)

N > 4, Py denotes the even—odd permutation matriz (or 2—stride permutation matriz)
defined by

P (w0, T2, ..., TN_2,21,23,...,on_1)] foreven N,
NX =
(w0, T2,...,TN_1,T1,23,...,oN_2)] for odd N
with x = (azj)N ' € RN. Note that Py' = PL is the [N/2]-stride permutation

matrix (or perfect shuffle matrix). First we recall intertwining relations of Hartley

matrices. The following lemma improves a corresponding result of [19].

LEMMA 5.1. Let N > 2 be an integer. The Hartley matrices (2.2) satisfy the

following intertwining relations

o) HY = T HY, = HY Ty, HY' = H\T} = TnHY
5.1
HY =T H\Ty = TNHNTYy = HRTy = Ty HY!

with the symmetric orthogonal twiddle matrices
sy N—1 sy N—1
T} = diag (cos (& ))j:O [dlag (sin ( J\;))j:o ] I
, N-1 , N-1
Tn = diag (cos (%)) + [diag (sin (%)) ] JN.
=0 =0
Proof. Obviously, we have T}, = (T’ )T and Ty = (Tn)T, since (sin(wj/N))jv_Ol

is Jjy—even and (sin((25 + 1)7T/(2N))) Lis Jy—even. Finally by direct computation

we see that

Ty (Ty)" = diag (cos? (%))jv; + diag (sin® (Wj))j\;l =1y,

since
[dlag (cos (WJ/N))N 1] I [dlag (sin (Wj))jzo
[dlag (sm( ))J o } I [dlag (COS (ﬂ))j\:ol}

N
oG (52 (5o
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and by well-known trigonometric formulae,

In a similar way, we have Ty (Tw)? = In. Using (2.2) and the basic properties
of the cas—function (2.3), we obtain HY = TG HY and HY = TyHL. Hence by

transposing, we have Hy' = H\ T}, HY = HyTy and this completes the proof.

REMARK 5.2. The matrices Ty and Ty are cross—shaped, since their non—
vanishing entries lie on a cross. The central entry of the cross of T}, with even N and
of Ty with odd N is equal to 1. In the other cases, this central element simply does not
exist. After suitable permutations, the matrices T and T are direct sums of 1 and
of rotation-reflection matrices of order 2 (with angles 7j/N (j =1,..., (N —1)/2])
and (25 + 1)w/(2N) (j =0,..., | (N —2)/2]), respectively). Therefore, the matrices

Ty and T}, are called twiddle matrices.

In the following we use Lemma 5.1 for the construction of fast and numerically
stable algorithms for DHT-X (N) with X € {II, III, IV}. Fast algorithms which use
pre- and postprocessing (with multiplication of T, and T, respectively) are designed
only for DHT-I(N). Let us recall an orthogonal factorization of H} which holds for

even N > 4 and is similar to the one presented in [5].

LEMMA 5.3. Let N > 4 be an even integer. The Hartley matriz HY can be

factored in the form

(5.2) Hy = Py (I @ Hyo) (Inj2 @ Ty o) (Hz © Ingo).-

Proof. We show (5.2) by using a divide-and—conquer technique. First we permute
the rows of H} according to the permutation matrix Py and we write the result as

a block matrix

(o (52)),,,  (eon () 0

Py HL — L k=0 k=0
N VN (cas (2w(2j+1)k))N -1 (cas (271-(2j+1)(N/2+k)))N/2_1
N §,k=0 N §,k=0



42 ANTONIO ARICO, STEFANO SERRA-CAPIZZANO, AND MANFRED TASCHE

By using (2.2), (2.3), and (5.1) we write the latter in a more informative way:

A\, -y,
_L( H]IV/Q HJIV/2 )
vz H]IV/2T]/V/2 _HJIV/2T]/V/2
I I
_L(11®H]IV2)< Nz N )
VAN T T,
(5.3) =L oHL,,) Inpe®Ty,,) Inyz Ing
: - e\l Ny/2/) \AN/2 N/2 Ing —Ing

= (I @ Hyo) (Iny2 ® Thyjo) (Hy ® Inya).
The latter concludes the proof. O

By transposing (5.2), we obtain an alternative orthogonal factorization
(5.4) Hy = (Hy ® Inya) (Injz © Ty j9) (In @ Hy ) Py

EXAMPLE 5.4. For N = 4 we observe that P{ = P, and therefore, by Lemma

5.3, we have

2H) =

— = =
| =
—
—_
—
[
_ =
Il
S
—~
epl
®
VR
—
(-
—_
~—
N~—
—
N
—
| =
—
~—
®
oy
S—

For N =8, Lemma 5.3 implies that

VaHY = PT (I & HY) (I, @T4'><( o ) 1)

with
1 0 0 0
|0 V2/2 0 V2/2
o 0o 1 o0
0 v2/2 0 —v?2/2

By means of the above factorization of 2 H}, we get the explicit factorization of v/8 H}

11 11 (11
BS(I4®<1 . ))(12®<1 _1>®12)(I4@T4)(<1 _1>®I4)-

as
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ALGORITHM 5.5. (cas—I(x,N))

Input : N =2t(t>1), x € RV.

0. If t > 3, then precompute the nontrivial
entries of T}, n=2° (s =2,...,t — 1), i.e,
cos(mj/N), (j=1,...,N/2—1).

1. If t =1, then

1 1
= X
Y 1 -1

2. If t =2, then
3 1 1
(uj)j:() = (( 1 1 ®12)X5

v/ 1= cas — I((uj)}zo, 2),

v :=cas — I((u_j)?:Qu 2),

v
y="n v

3. If ¢t > 3,then
N-1 11
(U’j)j:O = ( 1 _1 ®IN/2)X7
N-1 N—-1
(u;')j:]v/z = T]/V/Q (uj)j:]v/g s
v/ = cas — 1((u) Mo N/2),
v := cas — I((u;-);v:_A}/Q, N/2),

V/

. pT
y'_PN<V//>

Output : y = \/NHJIVX

Note that Bg = P{(I; ® P;) coincides with the classical bit reversal matriz of
order 8 (see [39], pp. 36-43). If we compute v/8 Hix for an arbitrary x € R®, then the
algorithm based on the above factorization requires only 26 additions and 4 multiplica-
tions. Further we observe that only 12 butterfly operations and one rotation-reflection
are used.

Let N = 2%, (t > 1) be a power of 2. Based on Lemma 5.3, we introduce a recursive
procedure which is named cas-I(x, N). The other algorithms called cas-1I(x, N), cas—
III(x, N), and cas-IV(x, N) are variations of cas—I(x, N) via Lemma 5.1. In order to
reduce the number of multiplications, we move the factor 1/ /2, which appears in each
application of Lemma 5.3 in the term H} (see (5.3)), to the end of the calculation: in
such a way, with given x € RY, we compute y := \/NHJ)V(X for X € {1, I1, III, IV}.

By a final scaling defined as z := \/—%y, we obtain the transformed vector z = H fv( X.
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Applying Lemma 5.1, we devise the following algorithms for computing y :=
VN H¥x (X € {II, 111, TV}) with arbitrary x € RY.

ALGORITHM 5.6. (cas-1I(x, N))

Input: N =2!(t>1), xRV,

0. If ¢t > 2, then precompute the nontrivial
entries of T, n=2°% (s =2,...,t),1.e.,
cos(mj/N), (j=1,...,N/2—1).

1. If t =1, then

1 1
= X
Y 1 -1
2. If t > 2, then

u := cas — I(x, N),

y = Tyu.

Output : y = \/NH]I\}X.

ALGORITHM 5.7. (cas-III(x, N))

Input: N =2!(t>1), xRV,

0. If ¢t > 2, then precompute the nontrivial
entries of T/, n=2°% (s =2,...,t), i.e,
cos(mj/N), (j=1,...,N/2—1).

1. If t =1, then

1 1
= x
Y 1 -1
2. If t > 2, then

. /
u:=Tyx,

y :=cas — I(u, N).

Output : y = \/NHJI\}IX.
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ALGORITHM 5.8. (cas-IV(x, N))

Input: N =2'(t>1),x € RV.

0. If ¢t > 2, then precompute the nontrivial
entries of T/, n =2% (s =2,...,t), and
Ty, ie., cos(mj/N), (j=1,...,N/2—1) and
cos((2j + )m/N), (j=1,...,N/2-1).
1. If t =1, then

yi=V2x.
2. If t > 2, then

u:=Tyx,
v :=cas — I(u, N),
y :=TnV.

Output : y = \/NHJI\}/X

Algorithms 5.5 — 5.8 are written in a short recursive form: this means that step
0 will be performed only once, at first (i.e. non recursive) call of cas-X. In such
algorithms we only use butterfly operations, rotation—reflections, and permutations.
The number of arithmetic operations required for carrying out a computation is called
arithmetic cost. Note that multiplications by 2* for some integer ¥ and permutations
are not counted. The aim of the rest of the section is the determination of the
arithmetic costs of these fast DHT-X (N) with X € {I, II, III, IV}. For an arbitrary
real matrix Ay of order N, let a(An) and u(An) denote the number of additions and
multiplications for computing Ayxx with any x € RV, respectively. Analogously, the
number of additions and multiplications for computing of a fast DHT-X () algorithm
is denoted by a(DHT — X, N) and u(DHT — X, N), respectively.

Here we determine the arithmetic cost for computing y = v/ N H fv(x with an

arbitrary input vector x € RV,

THEOREM 5.9. Let N = 2t (t > 2) be given. The arithmetic cost of the fast
DHT-I(N) implemented by Algorithm 5.5 is described as follows

a(DHT —I,N) = 2 N logy(N) — 3 N + 2,
u(DHT — I, N) = N log,(N) — 3N + 4.
Proof. For N = 2t (t > 3), by Algorithm 5.5 (or equivalently, by Lemma 5.3),
we obtain the recursive relation
a(DHT 1, N) = 2a(DHT — I, N/2) + a(T} ») + N,
u(DHT — I, N) = u(DHT — I, N/2) + (T} ),
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where, by definition of the twiddle matrix 7} in Lemma 5.1, we have o(TY}/,) =
N/2 — 2 and /L(T]/V/Q) = 2(N/2—2) = N — 4. Thus we get the non-homogeneous
linear (in the variable t) difference equations of order 1

a(DHT —1,2") = 2a(DHT —1,2°71) 43 x 2071 — 2,

w(DHT —1,2%) = u(DHT — 1,271 + 2 — 4.

Solving the former difference equations under the initial conditions (see Example 5.4)
a(DHT —1,4) = 8, pw(DHT —1,4) =0,
we deduce that

a(DHT —1,2") =3¢2"71 —3 x 2071 4- 2,
p(DHT —1,2%) =t2! —3 x 2! +4

and this completes the proof. n

COROLLARY 5.10. Let N =2t (t > 2) be given. The arithmetic costs of the fast
DHT-X(N), X € {II,LIII,IV}, implemented by Algorithms 5.6, 5.7, and 5.8 respec-

tively, are described as follows

o(DHT —1II, N) = o(DHT — III, N) = 3 N logy(N) — 2 N
pw(DHT — 11, N) = u(DHT — III, N) = N log,(N) — N,

a(DHT — IV, N) = 3 N logy(N) + 1 N, u(DHT — IV, N) = N log,(N) + N.

3

Proof. We apply Theorem 5.9 and we use the arithmetic costs of products with
the twiddle matrices T and T which, by their definition in Lemma 5.1, are given
by

a(Ty)=N—2, u(Tk)=2N—-4, oTy)=N, u(Ty)=2N.

This completes the proof. O

REMARK 5.11. In [5], the authors provide further (substantially equivalent)
factorizations of H]I\}, H]I\}I, and H]I\Y for N > 4. For example

Hy = Py (I @ Hyys) (Inj2 ® Tivy2) (Hy' © Inyo).

By making recourse to the factorizations in the case of N = 2¢ (¢t > 2), we can obtain
corresponding fast DHT-X (N) algorithms with X € {II, III, IV} whose arithmetic

costs are similar to those reported in Corollary 5.10.

A fast DHT algorithm is understood in the best way by interpreting it as the

application of an explicit factorization of the corresponding Hartley matrix. We now
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present a factorization of Hy with N = 2! (¢ > 3) into a product of sparse, orthogonal
matrices. The considered factorization of of Hj; and Lemma 5.1 directly lead to direct
DHT-X(N) algorithms with X € {I, II, III, IV}, which may be preferred on special
platforms. Note that these direct formulations coincide with the recursive ones since
they just arise from the explicit resolution of the recursions.

Let us consider HY, for N = 2! (¢t > 3). Further let Ny := 2% (s =0,...,t —1).
In the first factorization step, by Lemma 5.3, the matrix /2 HJIV is split in Io ® HJI\,1
by

V2HY = Pf (I ® HY,) (T A§))

with

11
AY = < L >®IN1, T = I, ® T},

In the second step we apply Lemma 5.3 to /2 HJI\,1 and consequently we have
2HY = PE (L ® PY) (1 & HY,) (T AD) (TP AR)
with
AP =LoAy, 19 =LeoTy).

In the case N3 > 2 we continue the procedure. Finally, after ¢ — 1 steps, we obtain

the factorization
(5.5) 22 i\ = By AY AGY (1704 - (10 A,
where

By =Py (L®Py) - (In,_,®Py) - (In, ® P[")
is the bit reversal matriz of order N (see [39], pp. 36-43),

AV =Lo A =1y, Ay | (s=2,...,1)
are modified addition matrices, and

T =LoTy =In,, 0T (s=2...t-2)

are modified twiddle matrices. Note that (1/v/2) AE\S,) (s =1,...,t) and TJ(VS) (s =
1,...,t — 2) are orthogonal. AE\S,) is called almost orthogonal, since it is a scaled
orthogonal matrix. Furthermore, these matrices are sparse in the special sense that
every row and column contains at most 2 nonzero entries. We summarize the previous
analysis in the following theorem, whose proof follows directly from (5.5) and Lemma

5.1.
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THEOREM 5.12. Let N = 2! (t > 3) be given. Then the matrices Hx with X €

{L, 11, II1, IV} can be factorized into products of sparse, almost orthogonal matrices
VN Hy = By Ay AV (1770 457Y) - (10 AR),

(5.6)  VNHY =Ty By AY AV (T3 A (10 AR,
VR H = By AQ AL (T4 AL D) 1A T
VN HY = Tn By AY AV (T2 4570) - (T3 AY) T

6. Numerical stability of fast DHT algorithms. In the following we use
Wilkinson’s standard model for the binary floating point arithmetic for real numbers
(see [21], p. 44). If z € R is represented by the floating point number & = fl(x), then
fi(z) = (1 + §) with |§| < u, where u denotes the unit roundoff or machine precision
as long as we disregard underflow and overflow. For arbitrary floating point numbers
Zo, 1 and any arithmetical operation ® € {+, —, x, /}, the exact value y = xo ® 21

and the computed value § = fl(xg ® 21) are related by
(6.1) (g © 21) = (o @ 21)(1 +6%)  (|6%] < w).

In the IEEE single precision arithmetic (24 bits for the mantissa including 1 sign bit,
8 bits for the exponent), we have u = 2724 ~ 5.96 - 10~8. Concerning the double
precision arithmetic (53 bits for the mantissa including 1 sign bit, 11 bits for the
exponent), we find u = 2753 ~ 1.11- 10716 (see [21], p. 45).

The total roundoff error in the result of an algorithm is composed of a number
of such errors when the input data are represented exactly. Otherwise we have also
to add the inherent error: in our case, the orthogonality of the Hartley transforms
guarantees that the inherent error is modest even for large length N (well conditioned
problem) and then we can restrict our attention to the errors described in (6.1). To
make clear the origin of the relative errors 5,?, we use a superscript for specifying
the operation ® and a subscript for denoting the operation step k. In this section we
show that under very mild assumptions, our fast DHT algorithms possess a remarkable
numerical stability and this is of interest since the problem is well conditioned.

First we consider Algorithm 5.5 for DHT-I(N) with N = 2! (¢ > 3) which is
equivalent to the factorization formula (5.6) of /N HL. Our considerations are now
based on the DHT-I(/V) procedure in its direct form outlined below:

For s =1 to t — 2 compute

(6.2) x(2s=1) . Agf,)x(QS*Q), x(28) .— T](V'S)X(2s—1) (X(o) = x)
and
(6.3) x(2t=3) . A%_l)x@t"l), x(2t=2) ._ Ag\t])x(m—s),

x(2=1) . px(2t-2)
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Then y = \/NHJI\,X = x(*=1 is the result of our fast DHT-I(N) Algorithm 5.5. By

final scaling we obtain the wanted vector
ol 1 _(2t—1)
z=Hyx = 75 X .

The roundoff errors of the considered Algorithm 5.5 are caused by the modified addi-
tion matrices Ag\i) (s=1,...,t), the modified twiddle matrices T](VS) (s=1,...,t—2),

) possess a simple structure. After

and the final scaling. The matrices Ag\s,) and TJ(\,S
suitable permutations, every of such matrices is block diagonal with block order at
most 2. All blocks of order 1 coincide with 1, which correspond to identities and
therefore do not produce roundoff errors. Every block of order 2 is either a butterfly

matrix

or a rotation-reflection matrix

with ag = cos(27%7j), a1 = sin(27%7j), (s =2,...,t —1; 5 =1,...,2°"1 —1). The

following result [28] is of interest for our analysis.

LEMMA 6.1. Let zg, x1 be arbitrary real floating point numbers.
1. For the butterfly operation, yo := xo+x1, Y1 := To — x1 with go := A(xg+x1),

i1 = fl(xg — x1), the roundoff error can be estimated as
(flo — y0)* + (I1 — y1)* < 2u® (x5 + 7).

2. Let s > 2 be a giwen integer. If ag = cos(27°mj) and a3 = sin(27°7j),
(j=1,...,2°71 —1) are precomputed by a). = ay + Aay with |Aag| < cu (k =
0, 1), then for the rotation—reflection yo := apxo + a1x1, Y1 ‘= a1T0 — AT1
with go := fl(apxo + a121), §1 = (a120 — apx1), the roundoff error can be

estimated as
. . 2
(0 — y0)* + (1 — y1)* < (3 V3 +cvV2+0(u)) u? (2} + 23).

We consider arbitrary input vectors x € R”, where all components of x are
floating point numbers. In this way we neglect the inherent error and we essentially
consider only the algorithmic one. Let y = \/NHJ)V(X € RN with X € {I, II, IIL, IV}
such that z = \/Lﬁy is the exact transformed vector. Further let y the output vector
computed by using Algorithms 5.5, 5.6, 5.7, and 5.8, respectively, using a binary
floating point arithmetic with unit roundoff u. Finally, let z := fl (\/—%y) Since Hx
is invertible, z can be represented in the form 2z = Hy (x + Ax) with Ax € RY. An
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algorithm for computing Hax is called normwise backward stable (see [21], p. 142),

if there exists a positive constant ky with kyu < 1 such that
(6.4) 1A%z < (b u+O@w?)) [Ix]2

for all input vectors x. Thus the constant ky measures the numerical stability of the
algorithm. Since Hx is orthogonal, we conclude that || Ax||2 = ||[Hx (A%)|2 = ||2—2]|2
and [|x||s = ||[HZx|2 = ||z]|2. Hence, if (6.4) is satisfied, then we have normwise

forward stability as well, i.e.
|12 — z]l2 < (kxu+ O(?)) ||z

Let N = 2t (¢t > 3) be given. We now look closer at the computational steps in our
recursive DHT-I(N) Algorithm 5.5 which is equivalent to its direct version (6.2) —
(6.3). For every s = 2,...,t — 1, all values

(6.5) cos(27%1j) (j=1,...,2°71 —1)
needed in the twiddle matrix T4, are precomputed. Note that
sin(27°77) = cos(2 757 (25° —5)) (G =1,...,25t —1).

If cosine is internally computed with high precision and all values (6.5) afterwards are
rounded to the next machine precision, then we obtain a very accurate approximation
of the quantities (6.5) with an error constant ¢ = 1/2 (see Lemma 6.1, item 2). In the
following, we use the matrix T(S) (s=1,...,t— 2) with the precomputed entries (6.5)
instead of the exact modified twiddle matrices T . Set %0 = x( = x. Then the
vectors computed in the direct DHT-I(N) algorithm (6.2) — (6.3), denoted by %(")
(r=1,...,2t — 1), satisfy the following relationships:

&(2571) ::ﬂ(A(S))A(@S*Q)) (5: 1,...,t—2),
229) . g () 525 1)) (s=1,...,t—2),

«(2t=3) . EA(t 1) (26— 4))
( %(2t— 3)

%21 .= pux(2t-2)

)A((Qt 2 —

Further we introduce (implicitly) the error vectors e™ € RN (r =1,...,2t — 1) by

)2(2571) — A‘([\?)i\((2572) —+ e(?sfl) (5 = 17 ceey t— 2),

%(29) = P()%(2571) 4 o(29) (s=1,...,t—2),
(6.6) «(2t-3) — A%fl)x(2t—4) 423,

%(2t=2) _ Ag\t[)f{(mfs) _i_e(ztfz),
221 = Bux®-2) 4 ¢2t-1),
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Note that e(™ (r = 1,...,2t—1) describes the precomputation error and the roundoff
error at the r-th step in DHT-I(N) procedure. Since By is the bit reversal matrix,

we have e(?=1) = 0. The matrix vector products Ag\s,)x(zs’z) (s=1,...,t —1), and

Ag\t,)fc(zt’g) involve only butterfly operations and consequently by Lemma 6.1, item 1,

we have
(6.7) [e®* Dl <V2ullg® 2y (s=1,...,t=1),
ey < V2u B,
Every matrix vector product T](Vs)fc(%_l) (s =1,...,t —2) consists of identities and

rotation-reflections and then by Lemma 6.1, item 2, we deduce the estimate
(6.8) [e@)]s < (VB +2vV2+0)) ulx® Vs, (s=1,...,t—2).

Finally, we scale the result of our fast DHT-I(N) algorithm by the relation z =
2712x=1 Let 2z =1l (27/2%2~1)). For even t > 3, the latter scaling by a power

of 2 does not lead to any additional roundoff error and hence

||i _ ZH2 _ 27t/2 ”5((21571) _ X(21571)H2 — 271&/2 ”5((21572) _ X(2t72)”2'

For odd t > 3, we precompute fl(27t/2) as 2-(+1/2 4 (\/5) with |fl (\/5) —2| < .
Then by (6.1), for every j =0,..., N — 1, we obtain

":'j — 27(t+1)/2 ﬂ(\/§) :i(Qtfl)(l + 5]><)
with 6| < u and the latter implies that

7= 2712x Dy < 272 xC Dy u (1432 + O(w)

Hence by triangle inequality it follows that

IN

\/—lﬁ|\X(2t*1)l|2 U (1 + @ + O(U)) + % ||§((2t71) . X(2t71)||2

2 _

(6.9)

\/—% |\X(2t*1)l|2 u (1 + @ + O(U)) + \/_1N ||§((2t71) . X(2t71)||2

which is true for even ¢ > 3 too.
Now we are ready for estimating the total roundoff error ||z —z||2 of the presented
fast DHT-I(N) algorithm under the assumption that v/2 and the cosine values (6.5)

are precomputed in the best possible way.

THEOREM 6.2. Let N = 2! (t > 3) be given. Assume that /2 and the values (6.5)
are precomputed with an absolute error bound of uw and w/2, respectively. Then the
fast DHT-I(N) Algorithm 5.5 (with final scaling) is normwise backward stable with

the constant

kn = (5 V3+2V2) (logy(N) — 1) ~ 4.430721 (log,(N) — 1).
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Proof. 1. First we estimate the roundoff error ||%x(2*~1) —xZt=1||,. Applying (6.6)
and (6.2) — (6.3) repeatedly, we find that
£(2t=1) _ (20-1) 4 BNA%)A%_”TJ(\;_m . ,TJ(V2)A§\2])T](V1)e(1)
(6.10) { B AD AU @ 4@
+BNAY AT Ve 4 By AP AL Ve
=+ BNAS\?G(Z&*B) + BNe(2t72).
The matrices %AS\?), (s=1,...,t) and TJ(VS), (s =1,...,t —2) are orthogonal and
as a consequence all matrices have the spectral norm equal to 1, i.e., ||A§\S,)||2 =2,
(s =1,...,t) and | Tl = 1, (s = 1,...,¢t — 2). Then by (6.6) we deduce the
estimates
%2 Vlle < V2[R Do + e V]ls (s=1,...,t-1),
1% [l < 1%V |2 + (e (s=1,...,t=2),
[ZED g = 152l < V2RIl + P72 o,
Thus by (6.7) — (6.8) we infer that
%2 Vlle < (V2+ 0@ KDl (s =1,...,6 = 1),
%392 < (14 O(u) K>V, (s=1,...,t=2),
1%V ls = 1K) ]2 < (V2 + O(w)) |3 2.

Since %(©) = x, we have

(6.11) 1K) < @2 O [Ixll2 (s =1,...,2t - 3),
IR g = K225 < (2% + O(u)) ||x2-
From (6.7) — (6.8) and (6.11), it follows that
le@ Dy < 2C+V2 L O@))ux]ls (s=1,....t 1),
(6.12)  [|e®V] <222 (V3 +LV2+0W)ux]z  (s=1,...,t—2),
e < (272 4+ O(w)) w ||
2. By (6.10) we directly find
N _ _ —1 2
520 — Dy = AR 2 [|AR V2 - 1A 12 e
—1 2
F1AD N 1AE ™ - AP 2 €@ + -
—1 _ —1 —
F1AD N 1A 2 [1e@D 1y + |AR |2 1A% V2 632
AV €335 + (e,

Hence (6.12) implies the conclusion

(6.13) [%Z=D —xG=D |, <212 (334 3V2) (t —2) + V2 + 14+ O(uw)] u|[x|2.
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3. For the final scaling described by z = 27#/2x(2=1 we set 2 = fl (27*/2%(2!~-1).
By using (6.9) we obtain the final result

2= zll2 < [(5v3+3v2) (t = 1)+ O(w)] u x|

and the theorem is proven. n

COROLLARY 6.3. Let N = 2! (t > 3) be given. Assume that V2 and the values
(6.5) are precomputed with an absolute error bound of u and w/2, respectively. Then
the fast DHT-II(N) Algorithm 5.6 and the fast DHT-III(N) Algorithm 5.7 (with final

scaling) are normuwise backward stable with the constant
kn = (234 2v2) log,y(N) — 2 ~ 4.430721 log, (N) — 1.414214.

Proof. We apply mainly the new result (6.13) from the proof of Theorem 6.2.
Taking into account the notations of Algorithm 5.6, we consider the exact vectors
u= \/NHJTVX, y=T{u,z= \/—% y = HJI\}X, and the corresponding computed vectors
a, y:=4(Th0a), z := ﬁ(ﬁy) We introduce the error vectors e), e through the

relations

a=u+el y=Tpia+e?
such that

y=Thu+TheV +e® =y 4+ The® + e,
Since T is orthogonal, we get | Ty ]l2 = 1 and hence by triangle inequality
(6.14) Iy = yllo < lleM 2+ €]
By (6.13) we see that
(6.15) leWlla < VA [(3v3+8v3) (t - 2) +VE+ 1+ Ow)] x|l
By virtue of Lemma 6.1, item 2, it follows that
le®]l2 < (5v3+ 5v2+ O(w)) ullal-2,

since, after suitable permutations, T is the direct sum of one identity matrix and
N/2 — 1 rotation—reflection matrices of order 2. Note that by (6.15)

all2 < [lull2 + lle®Ml2 = VN Hyxll2 + [e]l2 < (VN + O(w)) [|x]|2
and consequently

(6.16) le@]ls < VA (33 + LVZ + O(u)) u x]|2.
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Then (6.14) — (6.16) imply that

17—yl < VN [(3V3+2V2) (t —1) + 1+ O(w)] u x|z
Note that by (6.16) we have

19112 = I T3 ll2 a2 + le®]2
< [z + P2

< (VN + O(w)) [x]|2-

By recalling (6.9), for the final scaling we infer that

=2l < S Ill2w (1+ 2 +0@w) + 2 5 — vl
< [(3V3+2V2)t — V2 + O(u)] ullx]2.

A

The proof for Algorithm 5.7 is totally similar and is omitted here. 0

COROLLARY 6.4. Let N = 2' (t > 3) be given. Assume that \/2 is precom-
puted with an absolute error bound of u and the values cos(27°wj) (s =1,...,t;j =
1,...,2571 — 1) and cos(27"17w(2j + 1)) (j = 0,...,271 — 1) are precomputed with
an absolute error bound of u/2. Then the fast DHT-IV(N) Algorithm 5.8 (with final

scaling) s normwise backward stable with the constant
kn = (33 + 2v2) logy(N) + 1 ~ 4.430721 log,(N) + 1.

Proof. By using the notations of Algorithm 5.8, we consider the exact vectors
u="T\x,v=+VNH\uy=Tyv, z = \/Lﬁy = HY'x, and the corresponding

computed vectors @ := A(Ty%), v, ¥ := A(TnV), 2 1= fi(—5¥)- We introduce the
error vectors e, e(?) e®) via the identities

a=Tyx+eV, v=vNHya+e?, y=Tyv+e®
and hence by Lemma 5.1

¥ = VNTNHNTyx + VN TyHy e + Tye® + e
=Yy + \/NTNH]IVG(D + TNe(Q) + 8(3).

Then, by triangle inequality and by orthogonality of H}; and Ty, we find

Iy = yll2 < VN Ty HyeW||s + | Tve@ |2 + 6@
(6.17) < VN leW]ly + [[e@ |2 + [|[e®]|2.

By (6.13) we see that

le®l2 < VN [(3V3+2v2) (t—2) + V2+ 1+ O(w)] ulld].
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From Lemma 6.1, item 2, we deduce the following relations

(6.15) ePll2 < (3v3+ 3v2+0w) uxlz,
[e® |2 < (3V3+ 2vV2+ Ow)) u V2.

Since
a2 < [[x[l2 + [eM |2 < (1+ O(u)) [|x]]2
we infer
(6.19) le® 2 < VN [(AV3 + 8V3) (t — 2) + V2 + 1+ O(w)] u x|l

and then we have the estimate

[¥ll2 < VN Hytlls + €@ ]2 = VN [z + [[e®)]2
< (VN + O(w)]|x]|2-

The latter implies that

(6.20) 162 < VR (V3 + 13+ O(w) u [x]2,
912 < [Tl + e = 9]z + [
(621 < (VN +0@) [l

Then (6.17) — (6.20) imply that
Iy =yl < VN [(5V3+3v2)t = vV2+ 1+ O(w)] u x|z
By recalling (6.9) and using (6.21), for the final scaling we obtain the estimate

=2l < S Ill2w (142 +0@w) + - 5 = vl
<[EVB+3V2)t+1+0w)] ulx|2.

This completes the proof. O

7. Optimal Frobenius approximation of Toeplitz matrices. In this section
we consider the approximation of Toeplitz structures by matrices in the four Hartley
matrix algebras described in Section 4. Since all the matrices of a Hartley matrix
algebra are inherently real symmetric, we restrict our attention to real symmetric
Toeplitz matrices. More precisely, we consider symmetric Toeplitz matrices Ty (f)
generated by a Lebesgue integrable even function f : (—m, 7] — R in the sense that
the entries of T (f) along the k-th diagonal are given by the k-th Fourier coefficient
ty of f:

(7.1) (TN (ey = tisgs te = 5= J7, fl@)e™# do = L [T f(z) cos(ka) da (k € Z).
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Then the function f is called symbol or generating function of T (f).

Let Un be given unitary matrices for all orders N € N and Uy, := U% their com-
plex conjugates, where the case Uy = Hx with X € {I, II, III, IV} is of special
interest. By Diag(Uy) := {A € CVN*N : U AUy diagonal} we denote the matrix
algebra related to Uy. Now we introduce the operator Py, : CN*¥ — Diag (Uy)
by Puy(A) = A for any A € CV*N | where A € Diag(Uy) minimizes the quadratic

functional
FaX):=(A-X,A-X)=|A- X[z (X € Diag(Un))

in the Frobenius norm (associated to the Frobenius inner product (4.1)). In this way,
Puy(Tn(f)) is that matrix where the functional Fr, sy attains its minimum value.
Then Py, (Tn(f)) is called the optimal preconditioner of the Toeplitz matrix T (f)
in Diag(Un) (see e.g. [9] or [27], pp. 80-88). In the following we will consider two
directions. The first is algebraic and concerns the explicit construction of Py, (Tn(f))
in the four Hartley matrix algebras (see Subsection 7.1). The second direction is more
analytic and concerns the approximation properties of {Py, (Tn(f))}~ with respect
to {Tn(f)}~ and its consequences in terms of the PCG method (see Subsection 7.2).

7.1. Explicit formulas for optimal preconditioners. The procedure for
computing the Frobenius optimal approximation of a given symmetric Toeplitz matrix
with real Fourier coefficients ¢; = ¢|; (j € Z) can be obtained by a simple minimiza-
tion of the quadratic functional Fry (s)(X) = ||Tn(f) — X||% over all the matrices X
belonging to the algebra under consideration. In the case of the algebra of symmetric
circulants, this leads to average formula for the T. Chan optimal preconditioner (see
[10] or [27], pp. 56-61) described by Pp1 (Tn(f)) = circ(a) where a = (an) Nt is

Jy—even and
ai =% (N —it; +ity—;)  (i=0,...,|N/2)).

Therefore the arithmetic cost for determining the optimal preconditioner is propor-
tional to the size V.

The same idea and the same kind of results hold for the case of Hartley matrix al-
gebras for which the expression of the vectors a = (a;)Y ;! and b = (b;)N ' can be

resumed as follows:

(7.2)
ap = to,
a = FN—it+i(-)" Oy ) =1, [(N = X[0])/2]),
by = 0,
b= (= (DT ) -t (=L (V- 14+ 65(0])/2]).

Here, with reference to Table 2 and Table 4.11 (where more information on the four

Hartley matrix algebras are compactly reported), we have the Jj—even vector a =
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HLx, and the Jj—odd vector b = Hi x_ in the case of the Hartley matrix algebras
of type I and III, while we have the J3—odd vector a = Hyxy and J{—even vector
b = HYx_ in the case of the Hartley matrix algebras of type II and IV. Then the

optimal preconditioner of the symmetric Toeplitz matrix T (f) reads as follows

circ(a) — Jycire(b)  for X =1,

scirc(a) + Jyscire(b)  for X =11,
circ(a) — Jycire(b)  for X =1III,
scirc(a) + Jyscire(b) for X =1IV.

Py (Tw(f)) =

Note that Py (Tn(f)) can be found in [4] and [27], p. 87.

7.2. Approximation results for optimal preconditioners. We start by re-

calling some useful facts on Py, .

LEMMA 7.1. [14, 34] Let Uy € CN*N be an unitary matriz. Then for arbitrary

A, B € CN*N " the operator Py, has the following properties:
1. Puy(A) = Uno(UJZAUN)UR, where o(X) is the diagonal matriz having

(X)i,i as diagonal elements.
Puy (@A + B) = aPyy (A) + BPuy (B) for all a, 3 € C.
Puy (A7) = (Puy (4))"
tr(Puy (A)) =tr(A).
[Pyl =1 with the operator 2—norm || - ||.
|Puy |l = 1 with the operator Frobenius norm || - ||.
A = Puy (ANIF = [|AIF = Puy (A7 (law of Pythagoras).
If Uy = Un, @ -+ @ Uy, with unitary matrices Uy, (h = 1,...,m) and
An = AN, @+ ® Ap,,, then Puy(AN) = Puy, (An,) ® -+ @ Puy,, (An,,)-

SN I N R R

In order to properly state the “matrix approximation results”, we introduce the
following concepts of “matrix convergence”. We consider the sequence of matrix
algebras {Diag(Un)}n of increasing N with the associated operators Py, . We say
that {Puy (Tn(f))}n converges strongly to {Tn(f)}n for N — oo, if for any € > 0,
there exists an index N such that for all N > N, T (f) —Puy (T (f)) has eigenvalues
in (—e¢,€) except for a constant number M, of outliers (proper clustering at zero).
Further we say that {Pu, (Tn(f))}n converges weakly to {Tn(f)}n for N — oo, if
for any € > 0, there exists an index N such that for all N > N, T (f) — Puy (Tn(f))
has eigenvalues in (—e, €) except for M, = o(NN) outliers (general clustering at zero).
Furthermore, the convergence of {Py, (Tn(f))}n to {ITn(f)}n for N — oo is called
kn—weak, if M. = O(kn) and ky = o(N) for N — oo. For brevity, we will omit to
write “for N — 00” when referring to matrix convergence.

In the case where we observe strong convergence, we say that the convergence

is also uniform, if the number M, does not depend on €. In the case where there is
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strong convergence (strong or proper clustering in an alternative very popular ter-
minology) and the function f is strictly positive, we have a superlinear convergence
of the related PCG methods having {Py, (Tn(f))}n as preconditioner, but we may
have a sublinear behaviour, if the weak (or general) convergence case occurs. More-
over, if the convergence is also uniform, that is M. does not depend on ¢, the number
of iterations initially decreases as the order N increases and then it stabilizes to a
constant value. Therefore the associated PCG method is comparable with the one
devised in [32].

The following Lemma 7.2 due to E. Tyrtyshnikov provides a criterion to establish
if convergence occurs, while Theorems 7.3, 7.4, and 7.5 reduce the analysis concerning
the matrix approximation of Toeplitz matrices T (f) from the case of continuous 27—

periodic symbols to the case of three trigonometric polynomials.

LEMMA 7.2. [38] For all N € N, let hermitian matrices Ay, By € CN*N be
given. If ||Axn — By||% = O(1) for N — oo, then the sequence {An}n converges
strongly to {Bn}n. If |An — By||% = o(N) for N — oo, then the convergence is

weak.

THEOREM 7.3. [34] Let p be a trigonometric polynomial of fixed degree (indepen-
dent of N). If there exists an ordering of the eigenvalues A; (j = 0,...,N — 1) of
Puy (ITn(g)) such that

7.3 li N -
(7.3) msup N max |

A — g(2mj/N)] < o0

for g € {1,sin(x),cos(x)} (trigonometric Korovkin test), then {Pu,(Tn([D))}n con-
verges strongly to {Tn(p)}n -

Moreover, if p is also even and if there exists an ordering of the eigenvalues A;
(j=0,...,N—=1) of Puy (Tn(g)) such that (7.3) is fulfilled for g € {1, cos(z), cos(2z)}
(even trigonometric Korovkin test), then {Puy(Tn(p))}n converges strongly to
{In(p )}n-

THEOREM 7.4. Let f : R — R be a 2m—periodic continuous function. If
{Pun(Tn(p))}N converges strongly to {Tn(p)}n for all the trigonometric polynomi-
als p of fized degree (independent of N), then {Puy(Tn(f))}n converges strongly to
{Tn(f)}N-

Moreover, if f is also even and if {Puy(In(p))}n converges strongly to {Tn(p)}n
for all the even trigonometric polynomials p of fized degree (independent of N), then

the sequence {Puy (Tn(f))}n converges strongly to {Tn(f)}n-

Proof. The proof of the first part can be found in Theorem 3.1 of [34]. The
proof of the second part is a simple variation of the first one. The key is that the
trigonometric polynomial of best L™ approximation of a 2r—periodic continuous real—
valued even function is a cosine polynomial, i.e. an even trigonometric polynomial

(for this result see the elegant argument used in [23], p. 13). 0
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THEOREM 7.5. Let f : R — R be a 2n—periodic continuous function and let
kn = o(N) for N — oo. If {Puy (Tn(p))}n converges kn-weakly to {Tn(p)}n for all
the trigonometric polynomials p of fized degree (independent of N), then the sequence
{Pun(Tn(f))}n converges kn-weakly to {Tn(f)}n-

Moreover, if f is also even and if {Puy(Tn(p))}n converges kn—-weakly to {Tn(p)}n
for all the even trigonometric polynomials p of fized degree (independent of N), then

{Pux(Tn(f)}N converges kn-weakly to {Tn(f)}n-

Proof. This is a variation of Theorem 3.2 in [34]. For the sake of completeness we
report the whole proof. Let pi be the trigonometric polynomial having degree k of best
approximation of f in supremum norm [23]. For any € > 0, fix the integer M such that
If —pamlloo < €/3. Then, by using a theorem of G. Szeg6 (see [18], p. 64) and Lemma
7.1, item 5, we have | Tn (f)—Tn(pm)ll2 < €/3 and ||Puy (Tn(f))—Pux (Tn(par)) |2 <
€/3. Therefore, from the identity

Tn(f) = Pux(In(f)) = Tn(f) — Tn(par) — (Puy (Tn(f)) — Puy (Tn(par)))
+ Tn(par) — Pun (T (par))

we have that, except for a term of norm bounded by 2¢/3, the difference Tn(f) —
Pun(Tn(f)) coincides with Tn(par) — Puy (Tn(par)). From the hypothesis of k-
weak convergence, we may split the hermitian matrix T (par) — Puy (T (par)) into
two parts. The first part has a norm bounded by ¢/3 and the second part has rank
bounded by a universal constant times ky. Therefore the claimed result is obtained,
by invoking Cauchy’s interlace theorem [40]. In the case, where f is also even, it is
enough to observe that the trigonometric polynomial py; in the latter argument can

be chosen even too (see again [23], p. 13). 0

Corollaries 7.6 and 7.7, trivial consequences of Theorems 7.4 and 7.5 respectively,
are particularly useful for deriving and analyzing good preconditioners for the PCG
method.

COROLLARY 7.6. If the assumptions of Theorem 7.4 are fulfilled and if f is also
positive, then for every € > 0 and for all sufficiently large N, the matriz

(Puy (In ()TN ()
has eigenvalues in (1 —€,1 + €) except M. = O(1) outliers, at most.

COROLLARY 7.7. If the assumptions of Theorem 7.5 are fulfilled and if f is also
positive, then for every € > 0 and for all sufficiently large N, the matriz

(Pun (Tn ()TN ()

has eigenvalues in (1 —€,1+ €) except M. = O(kn) = o(N) outliers, at most.
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We are now ready for analyzing the approximation properties of the Hartley

matrix algebras with respect to Toeplitz structures.

THEOREM 7.8. Let f : R — R be an even 2m—periodic continuous function.
Then for every X € {I, II, II1, IV} the following facts hold:

1. {Pux(In(f))}n converges strongly to {Tn(f)}n.
2. If f is also positive, then for every e > 0, the matrices

(Pary (T (F)) T ()
have eigenvalues in (1 —€,1 + €) except M. = O(1) outliers, at most.

Proof. By Theorem 7.4 we can reduce the proof of the first item to the con-
vergence of the sequence {Ppx (I'n(p))}n to {Tn(p)}n for every even trigonometric
polynomial p. Moreover, by invoking Theorem 7.3, the latter is true, if we prove that
(7.3) is fulfilled for g € {1,cos(z), cos(2x)}, where the A; (j =0,...,N — 1), are the
suitably ordered eigenvalues of Py, (Tn(g)). For g(x) = 1 the desired result is trivial,
since Ty (g) = Iy and therefore Py, (T'n(g)) = In. The only nontrivial calculation is
the explicit computation of the eigenvalues of Py, (ITn(g)) with g € {cos(z), cos(2x)}.
Indeed, looking at (7.3), we are interested in the eigenvalues A; (PHZ)Vc (T(S))) of T®) :=

Tn(cos(szx)) (s =1,2;j =0,...N —1). The entries {tés)}k% of T) are given by

t,(f) = 305, and therefore the entries al?, bgs) of Ppx (T(®)), for i as in (7.2), are

identically zero except for al®) = <2 and b = 7 (1—tX[1]). For instance, for ()
we have Pyx (TW) = HY diag(v/Nx) [Hx]~! with x = x4 +x_ and

0 0
1 1
(1) _ N-1 X 1+ (0] (1) _ 1=t*[1] ’ L+ [0]
all =Sy : =Hy  Txq, bV =g : =Hy Tx-,
0 0
(=1t~ 0] (—1)1+t¥ 0l

while for T® we find

oo
oRoOo

X X X
a® — 1\27;[1 : — H]I\;Lt [0] x+,b(2) -1 ;N[l] : — HJI\;rt oy
0 0
(—1)t~ 0] (—1)1+t¥ 0l
0 0

In general, for j =0,..., N — 1, we find
X (Pag (1)) = (VA); = (VRHY* el + b)),

= (VNHE D2y (1 ¥ [1)) O()

J
since b®) is infinitesimal and indeed, for j = 0,..., N — 1, we have

vz

(VNHR D), | = feas()() & cas( )b | < (1= #¥[1]) 5=,
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Since #1727 101[0] = 0 and #1+2¢710[1] = ¢X[0], the Hartley matrix HJI\?_%X 1 (from the
representation in a® to the representation in A) is
+2tX[0] _ 1 w(2i+t%[0])5 N1
Hy =75 (cas(iN im0’
For j =0,...,N — 1, we deduce

(VRHE Oa(0)) |~ s [cas(( @RI ) 4 (21)¢ Wleas( 220 N=0))]

J

— Moa cog (52470

and as a consequence
A (Pigy (T)) = X cos (sZEED) 4 (1 —1¥[1]) O ()
where, more precisely, the term O(N 1) has the form
+ sin (smj%tx[ol)).
In conclusion, for 7 =0,...,N —1

X _ X - . b'e
Aj (P (T®)) = %5 cos (s”@]‘}‘\; [01>)+(1 ]i][l])sin (S (23 }Lvt [0]))'

what we wanted

Hence, setting

gb;x (x) = \/Lﬁcas(imﬂ;(m a:), :1:5( = 7(2j+t§ [0])”7

N-1
Therefore we

we find that H is a Gram matrix of the form Hpy = (¢; (xX))ijZO.

J
have compactly proved

Aj (PHZ)Vc (T(S))) = =2 cos (s xj() + (1 =t*[1) O(%)

which clearly implies (7.3) with g € {1, cos(z), cos(2x)}. Furthermore the proof of the

second item is a direct consequence of the first part and of Corollary 7.6. O

Finally mention has to be made to the case of complex—valued even symbols. In
this setting it is easy to prove that T (f) has complex entries: however it is easy to
see that the sequence {Tn(|f|*)}n converges strongly to {T3(f)Tn(f)}n for N — oo
and, by the previous results, { Py (Tn(|f]?))}n converges strongly to {Tn(|fI?)}n for
N — oo since | f|? is continuous real-valued and even. Therefore with an additional
little effort it can be proven that both {Py, (Tn(|f|?))}~ and {Puy (Tx ()TN (f))}n
converges strongly to {Tx(f)Tn(f)}n for N — oo for f simply continuous. We notice
that the latter claim extends a result by Potts and Steidl where the assumption was
stronger and concerned the Wiener class (see [29]). However we should also notice
that, in this context, unless one has the normal equation system to solve, a better
idea is to use first a preconditioner (for instance in the circulant algebra) and then to

pass to the normal equations for the preconditioned system.
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8. Multilevel Toeplitz matrices. By following the notations of E. Tyrtysh-
nikov, a multilevel Toeplitz matriz of level m and dimension Ny X --- X N, is defined
as the matrix generated by the Fourier coefficients of a m-—variate Lebesgue inte-
grable function f : (—m, 7™ — R according to the law given in equations (6.1) at
p. 23 of [38]. In our context, according to the one—level case, we are interested in
multilevel Toeplitz matrices which are symmetric at every level. Therefore we have
flxe, ... ;xm) = f(|lz1],- .-, |2m|) on (=7, 7)™ and then the Fourier coefficients form-

ing the symmetric m—level Toeplitz matrix T (f) fulfil
tJ:t|J| (.] = (jlaa]m)e{l_NlaaNl_l}XX{l_vavN’m_l})

with [7] := (|j1l,- -+, |dm]|). Similarly, for given unitary matrices Uy, (h = 1,...,m)
related to transforms of one—level algebras, the corresponding m—level matriz algebra
is defined as the set of all matrices simultaneously diagonalized by means of the

following Kronecker product
(81) UN:UN1®"'®UNm (NZ: (Nl,...,Nm)).

For instance the m-level Hartley matrix algebra of type I is defined as in (8.1) with
Un, = H]I\,h (h =1,...,m). As in the one-level case, the analysis is done in two
directions, first the study of the algebraic and computational features of optimal

preconditioners and then approximation properties.

8.1. Explicit formulas for optimal preconditioners in the multilevel
case. Concerning the multilevel case we have a canonical way for giving an explicit
formula for the optimal preconditioner. The idea is purely algebraic and is based on
the multi-index notation (while does not refer explicitly to the symbol). Indeed if
m > 2 and N = (Ny,...,N,,) is a multi-index, then a corresponding real m-level

Toeplitz matrix T (with m levels of symmetry) can be described recursively as

to i R PRI SN

t lefz
T =

EN1—2 t

tn,—1 N2 o T to

where every #; is a real (m — 1)-level Toeplitz matrix (with m — 1 levels of symmetry)
and a real one-level matrix with one level of symmetry is a standard real symmetric
matrix. Correspondingly, let ¢; := t}X be the optimal preconditioner of level m — 1 of
the single block Z; (with respect to the (m—1)-level Hartley matrix algebra of type X),

then the optimal preconditioner of T (with respect to the m-level Hartley matrix
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algebra of type X) is obtained by applying formally the rule (7.2) to the matrix

to t1 o tny—2 TNy

t1 tNy—2
Iy =

tN1—2 t

tny-1 tny—2 o to

8.2. Approximation results for optimal preconditioners in the multi-
level case. We are interested in extending the results proven in the Section 7.2 to m
dimensions. In fact, we analyze what is necessary to have and, especially, what is kept
when we switch from one dimension to m dimensions. Surprisingly enough, we find
that all the used tools hold or have a version in m dimensions: for instance Lemma
7.2, Theorems 7.4, 7.5, and Corollaries 7.6, 7.7 contain statements not depending on
the structure of the matrices and item 7 of Lemma 7.1 is valid for any matrix algebra
and so for multilevel matrix algebras as well (recall that Uy in (8.1) is unitary).
The only inherently one-level result is Theorem 7.3 for which we state the following

m-dimensional version.

THEOREM 8.1. [34] Let p be an m-variate trigonometric polynomial of fixed
degree (independent of the multi—index N = (N1,...,Ny,)). Further let

(8.2) kv = (T2 V) (20 NY).

and j/N = (j1/N1,...,dm/Nm) for j = (J1,...,Jm). If there exists an ordering of
the eigenvalues Aj (with j = (j1,...,4m) and jr =0,...,Nxy —1 for k=1,...,m) of
Puy (ITn(g)) such that for every k =1,...,m it holds

(8.3) limsup Ny, - max [A; —g(27mj/N)| < o0,
Nyp—o0 j:(jly"'y.jm)y
ja=0,...,N,— 1,
1<g<m

for g € {1,sin(z1),cos(x1),...,sin(zm), cos(xm)}, then {Puy(Tn(p))}n converges
kn-—weakly to {Tn(p)}n (m—level trigonometric Korovkin test).

Moreover, if p is also even with respect to every variable, i.e. p(x1,...,Tm) =
p(|z1], ..., |zm|), and if there exists an ordering of the eigenvalues A; (j = (j1,...,Jm)
(k=1,...,Ni; 1 < k <m)) of Puy(Tn(g)) such that for every k = 1,...,m the
condition (8.3) is fulfilled for

g € {1,cos(x1), cos(2z1), . .., cos8(xm,), cos(2zm)},

then {Puy (Tn(p))}n converges ky—weakly to {Tn(p)}n (m—level even trigonometric
Korovkin test).
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Therefore, we instantly deduce the validity in m dimensions of a generalization
of Theorem 7.8.

THEOREM 8.2. Let f: R™ — R be an m-variate even 2mw—periodic continuous
function. Let N = (Ny,...,Ny,) with m > 2 be a multi-index and let kn be defined
by (8.2). Then for every X € {1, II, 111, IV} the following facts hold:

1 APux (Tn(f)}n and {Ppx (Tn(f))}n converges ky-weakly to {Tn(f)}n-
2. If f is also positive, then for every e > 0, the matrices

(Pux (Tn(f))) ' Tn(f)

have eigenvalues in (1 —€,1 + €) except M. = O(kn) outliers, at most.

Proof. By Theorem 7.5 we can reduce the proof of the first item to the ky-weak
convergence of the sequence {Ppx (T (p))}n to {Tn(p)}n for every even trigonomet-
ric polynomial p. Furthermore, by Theorem 8.1, the latter is true if we prove that the
conditions (8.3) are fulfilled for every k = 1,...,m and for g € {1, cos(x1), cos(2z1),
ooy 008(2m ), cos(2zy,)}, where A; (7 =0,...,NyNa... N, — 1) are suitably ordered
eigenvalues of Py, (Tn(g)). For g(x) = 1, the desired result is trivial, since Tn(g) =
Iy and therefore Py, (Tn(g)) = In. Now it is enough to observe that T (cos(jxr)) =
Iy, ® - ®@1In,_, @ T, (cos(jay)) @ Ing,, ® - @ 1IN, (j=1,2; k=1,...,m), and
therefore by (8.1) and Lemma 7.1, item 8, we have

Puy (Tn(cos(jak))) = Iny @ -+ @ In,_, @ Puy, (TN, (cos(jak))) @ Iny,y ® - @ N,

The above identities imply that (7.3) in the one-dimensional case are sufficient to
conclude that the conditions (8.3) are fulfilled (and the first item is proven). Finally
the proof of the second item is a direct consequence of the first part and of Corollary
7.7. 0

We observe that the above results agree with a known fact in the two—level cir-
culant and 7 cases (for the 7 matrix algebras see [3]). Indeed only the weak con-
vergence has been proved because the number of the outliers is, in both cases, equal
to O(ny 4+ n2) [8, 12] even if the function f is a bivariate trigonometric polynomial.
More precisely, this means that the hypotheses of Theorem 7.4, regarding the strong
approximation in the polynomial case, are not fulfilled by the two-level circulant and
7 algebras and therefore strong convergence cannot be proved in the general case.
As a matter of fact, in [35] and [36] it has been proved that any sequence of pre-
conditioners belonging to “partially equimodular” algebras [36] cannot be superlinear
(i.e. the approximation cannot be strong) for sequence of multilevel Toeplitz matri-
ces generated by simple positive polynomials. Here, “partially equimodular” refers
to some very weak assumptions on Uy that are instantly fulfilled by all the known
multilevel trigonometric matrix algebras (circulants and Hartley matrix algebras in-

cluded). Therefore the results reported in Theorem 8.2 which are not very satisfactory
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for large m are however asymptotically the best that we can obtain when dealing with

multilevel Toeplitz structures.

8.3. Numerical experiments. Here we just give a numerical evidence of the
strong clustering properties of Toeplitz matrices preconditioned by Hartley matrices:
more precisely we check it through the PCG algorithm when applied to symmetric
Toeplitz systems with the optimal preconditioners described in Section 7.

As an example, we choose as generating function f(z) = 22 + 1. Its Fourier
coefficients are tg = 1+ 72/3 and t, = (—1)* - 2/k? for k # 0. We tried the PCG
method for the coefficient matrix T (f), N = 2P, p =4,...,9. The known data vector
is b chosen in such a way that the solution coincides with the vector (k=% + 1) 2.
Below is our notation:

o Ty indicates the matrix Ty = Tn(f) cut in such a way that ¢, = 0 if
k| > o3

e Chany indicates the optimal circulant preconditioner (the one introduced by
T. Chan) i.e. Pp1 (Tn(f));

e 7x denotes the optimal preconditioner in the 7 algebra.

logy (N) 405/6[7]8]9
Chany 8|8 |7(7|7]|6
™ 6(6|5[5|5|4
Pu (In(f)) |9 8]7|7|7]6
Pan(In(f)) | 9]8]7|7|7]6
P (In(f) || 88| 7|7|7]6
P (Tn(f) || 887|766
Tnjog,(n) || 6]6(6|5]5]5
Ty ) || 3]8]8]8 ]88

We stop the iterations, if [|r|l2 < 107%||b||; with the usual residual r := b —
Tn(f)x. Tt is interesting to observe that all the preconditioners are substantially
equivalent including the ones of band type with slowly increasing bandwidth: the 7
algebra optimal preconditioner and the band type preconditioner Ty jog,(n) behave
slightly better than the others and this agrees with the analysis given in [33]. We
remark that the study of these almost negligible differences between the algebras in the
positive case is the subject of the paper [16]. Indeed in [33] it was proven that we have
not to expect big differences among the performances of the different preconditioners
when the continuous generating function is strictly positive, while, according to the
analysis in [13], the difference could be remarkable in the nonnegative case (i.e. when

the symbol has zeros): however, in the nonnegative case, again in [13], it is proven
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that the main ingredient for a fast convergence is not the chosen algebra but the
functional approximation process which defines the eigenvalues of the preconditioner.
Since the Frobenius optimal approximations are related to linear positive operators
(see [26]) and essentially to the Cesaro sum we observe a very slow convergence speed:
this observation tells one that other kind of preconditioners (of Strang-type mainly,
see the work by T. Kailath and V. Olshevsky [24, 25]) have to be preferred in the
nonnegative case. Finally, we observe that the clustering analysis in [25] can be
improved in the following two directions: the assumption on the Wiener class is
not necessary for T. Chan—type preconditioners since only continuity is essential (see
Theorem 7.8 and [34, 14] where the analysis is reduced to the Weierstrass theorem
through the Korovkin theorem); the assumption on the Wiener class can be replaced
by the hypothesis that the symbol belongs to the union of the Wiener class and the
Dini-Lipschitz class (see [33] where the analysis is reduced to the convergence of the
underlying approximation process trough the notion of “good algebras”). For the
definition of function spaces such as the Wiener algebra and the Dini—Lipschitz class

see e.g. [41].

9. Conclusions and remarks. We have analyzed the DHTs of types I — IV
and the related Hartley matrix algebras by proving representation formulas and or-
thogonal decompositions which involve circulants, skew—circulants and special flip-like
matrices. We have proven that any of these DHTs of length N = 2! can be factor-
ized by means of a divide—and—conquer strategy into a product of sparse, orthogonal
matrices where in this context sparse means at most two nonzero entries per row and
column. The sparsity joint with orthogonality of the matrix factors is a key property
which has been exploited for proving that these new algorithms have low arithmetic
costs equal to %N logy(N) + O(N) arithmetic operations and an excellent normwise
numerical stability. Furthermore, we have considered the best Frobenius approxi-
mation of a given symmetric Toeplitz matrix generated by an Lebesgue integrable
symbol in the Hartley matrix algebra. We provided explicit formulas for computing
optimal preconditioners of symmetric Toeplitz matrices, where the arithmetic cost are
proportional to the size of the involved matrices. By using the matrix approximation
theory, in the one-level setting we proved the strong clustering at unity of the pre-
conditioned matrix sequences under the sole assumption of continuity and positivity
of the generating function. The multilevel case is inherently more difficult and this
agrees with the negative results obtained by the second author and E. Tyrtyshnikov.
Finally a future work (the preliminary results are very encouraging) should concern
a careful implementation of the fast DHT algorithms proposed in this paper in order
check how tight are the worst case bounds derived in Section 6 for the numerical
stability (see [1]).
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