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Let (X, .#", u) be a measure space, and let .Z(X, .%", u) denote the set of the u-almost surely strictly
positive probability densities. It was shown by Pistone and Sempi in 1995 that the global geometry on
(X, 2%, u) can be realized by an affine atlas whose charts are defined locally by the mappings
X, X, w) D%, q v loglq/p)+ K(p, q) € B,, where 77, is a suitable open set containing p,
K(p, q) is the Kullback—Leibler relative information and B, is the vector space of centred and
exponentially (p - u)-integrable random variables. In the present paper we study the transformation of
such an atlas and the related manifold structure under basic transformations, i.e. measurable
transformation of the sample space. A generalization of the mixed parametrization method for
exponential models is also presented.
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1. Introduction

The present paper is devoted to mathematical developments connected to the so-called theory
of statistical manifolds. As general references on the subject in book form we mention Amari
(1985), Amari et al. (1987), Murray and Rice (1993) and Barndorff-Nielsen and Cox (1994).
Other relevant references for the present paper are Rao (1945, 1949), Jeffreys (1946), Dawid
(1975, 1977), Efron (1975, 1978), Madsen (1979), Amari (1982), Barndorff-Nielsen and Jupp
(1989) and Kass (1989).

In the literature on statistical manifolds, the question of finding a suitable functional
setting to a nonparametric extension of the geometric construction has been mentioned by
many workers (see, for example, Dawid (1975, 1977), Amari (1982) and Murray and Rice
(1993)). In those papers and books some fundamental ideas of the nonparametric theory
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have been sketched but, as far as we know, no detailed formal construction has been
published before that of Pistone and Sempi (1995).

Starting with unpublished seminars held in Lecce University by Pistone and Sempi in
1989, the following idea has been developed. The statistical object that induces the
geometry is the exponential model with its particular form of the Fisher information (Efron
1975); so the starting point has to be a nonparametric definition of the exponential model.
This definition in turn is related to the class of exponentially integrable random variables
whose natural topology is given by the notion of Orlicz space for the exponential function.
The present paper is dedicated to further developments of these ideas. Some of the results
developed here in full detail were announced by Pistone and Rogantin (1994).

The content of the paper is as follows.

Sections 2 and 3 are mainly devoted to a new presentation of the previous results of
Pistone and Rogantin (1990), Pistone and Rogantin (1994) and Pistone and Sempi (1995),
where the proofs of the basic propositions have been given in detail. Some of those proofs
rely on quite straightforward arguments from functional analysis, but nevertheless the
programme sketched above is systematically developed in these references. A few new results
are added here and also the presentation has been improved; we give a definition of tangent
space, show the relevance of the Kullback information and recall the notion of submanifold.

The main results of the present paper are given in Sections 6 and 7, where we give a
nonparametric version of the concept of mixed parametrization in exponential models, and
finally the effect of space transformation on the exponential manifold. A paper by Rogantin
(1996) has given further developments in the case of finite sample spaces, discussing the
derivation of parameters’ orthogonality for various classes of finite-state-space stochastic
processes.

2. The exponential manifold

The definition of statistical manifold can be given in the framework of the theory of
manifolds modelled on Banach spaces, as introduced for example by Lang (1995).

We consider a measure space (X, .%", ), where u is a reference measure, and the set
(X, 2", u) of the u-almost surely strictly positive probability densities. We shall define
on the set .Z(X, .4, u) a topology such that .Z(X, .72, u) is an Hausdorff space (i.e.
points can be separated by open sets). Then we shall construct a covering of . Z(X, .%", u)
with open sets %,, p € %,, p € (X, %, u), and a corresponding family of Banach
spaces B,, with norms |-|,, p€.Z(X, %", u), such that each density g€ 7, is
represented with respect to p by a coordinate s,(q) € B,.

We shall use the notation

Spi %, — 7 C By, (1)
e 7y — W, C X, 2, 1, 2)

to denote respectively the charts, i.e. the mappings from points to coordinates, and the
patches, i.e. the mappings from coordinates to points (Figure 1).
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Figure 1. The charts and the patches of the atlas.

The idea of a chart on U, C .Z(X, %', u) is an abstraction of the parametrization for a
family of probability densities (“statistical model”). Below we shall see that the condition
of being a chart is actually more stringent than the condition of being a regular
parametrization. Our model is nonparametric; so the coordinate mapping s, cannot take
values in a finite-dimensional vector space unless the sample space has a finite number of
atoms.

As in differential geometry, we say that {(%,, s,): p € Z(X, 2", w)} is an atlas if all
the space is covered by its charts. If each of the change in coordinates (see Figure 1)

Sp 0 et Sp(Up NUp) — $p,(p NUp,)

is a diffeomorphism of some regularity, the atlas is said to have that regularity. In such a case
the atlas, possibly augmented by all the compatible charts, defines the manifold. Here a new
chart is said to be compatible if all the corresponding changes of coordinate are regular
(Lang 1995).

In our case we shall introduce a very special manifold, such that the change of
coordinates are actually affine functions (i.e. they differ from a linear function by a additive
constant), but we shall keep a weaker regularity, namely the C*™ regularity (differentiability
of any order) for compatible charts.

We shall denote by E,.,[] the expectation with respect to the probability measure p-u
(where (p-u)dx = p(x)udx); if there is no ambiguity we shall use the notation E ,[-].
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2.1. Functional framework

First we define the topology on .Z(X, . %", u) as follows. For simplicity we give only the
definition of convergence of sequences.

Definition 1 (Exponential convergence). The sequence (p,)pen n (X, %', u) is e
convergent (exponentially convergent) to p if (py)nen tends to p in u probability as
n — 0o and moreover the sequences (pn/P)nen and (p/pn)nen are eventually bounded in
each L*(p), a>1, i.e.

p a
Va>1 limsupE, [(—")
p

n—00

< +00.

p a
<+oo, limsupE, (—)
p

n—00 n

Some properties of the topology associated with this notion of convergence have been
given by Pistone and Sempi (1995).

Now we shall introduce the Banach spaces on which the statistical manifold is modelled.
We give a definition that shows how they are connected with well-known statistical objects
(Barndorff-Nielsen 1978a; Letac 1992).

Definition 2 (Cramér class). For each density p € .#(X, 2", u), the Cramér class at p is the
set of all random variables u on (X, 2", u) such that the moment generating function of u
with respect to the probability measure p - u given by

0= [ pdu=E ", 1R

is finite in a neighbourhood of the origin 0.
If moreoever the expectation of u is zero (the previous condition implies the existence of
a finite expectation), then we shall call the set the centred Cramér class at p.

Note that, if p € Z(X, . %", u) and p(0) is a one-dimensional exponential model,
p(0) =% VO p 9 eI open real interval, 0 € I,
then the sufficient statistic # belongs to the Cramér class at each density p(6) in the model.
In fact, for t € I,
E , [e(t0] )

N _ tuq tu Qu—yp(0)] _
upo) (1) = Epgle™] =E,[e™e I1=="06 = e

and E ,[e™] is finite for ¢ in a neighbourhood of 0.
The following construction was presented by Pistone and Sempi (1995); we repeat it here
for ease of presentation.

Proposition 3 (A norm on the Cramér class). The Cramér class at p of Definition 2 is a
vector space and a Banach space with the norm defined by

lul] , = inf{r>0: E,,[mh(%) - 1} < 1}. 3)
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The centred Cramér class, denoted by B, and given by
B,={uc L'(p-p:0 ¢ dom(ir,), E,[u] =0},
is a closed subspace.
Proof. 1t is clear that E ,[e™] <400 in a neighbourhood of 0 if and only if E p[e”/ "1<+o0
and E,,[e’”/’] <400, i.e. E,[cosh(u/r)] <+4oo. Moreover E ,[cosh(|u|/r)] — 1 if r — oc.
Consequently the Cramér class at p is defined by |u|, <+oc.
The Banach space property follows from general arguments on Orlicz spaces (Rao and
Ren 1991; Krasnosel’skii and Rutickii 1961). Il
Note that [u], <1 if and only if there exists a real @ >1 such that
E [cosh(au) — 1] = 1, i.e. E [cosh(au)] < 2.
Note also that, if u, is a sequence of random variables, then |ju, — u|, — u if and only if

Ve>0, E ,[cosh{(u, — u)/€e}] <2 eventually, n — oo.

Example 4. Figure 2 illustrates the construction of the norm |.||, when X = {x|, x,} and u is
the counting measure. In such a case the space of the random variables u is R2. We consider
the convex set 7, of all the vectors u = (u;, u;) € R? such that

7" = {(u1, up): {cosh(u) — 1}6 + {cosh(up) — 1}(1 — 6) < 1},

Figure 2. Construction of the norm ||.|| .
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where 8 = p(x;) and 1 — 8 = p(x,) (in Figure 2 we have assumed that 0 = %). For any vector
u € R? this norm is the unique positive value  such that

{cosh(?) — 1}9+ {cosh(?) - 1}(1 -0)=1,

that is (u/7, u/r) lies on the boundary of 77,.

This example shows the construction of the norm defined in (3) in a finite sample space,
where actually all norms define the same topology because the vector space of random
variables has finite dimension. The construction that we present is really needed only when
the underlying space of random variables is infinite dimensional.

In the previous proposition the function x — cosh(x) — 1 is a convex function that plays
in the theory of the spaces B, the same role as the function x — |x|*/a in the theory of
Lebesgue spaces L%, a>1. We cite Krasnosel’skii and Rutickii (1961) and Rao and Ren
(1991) as general references.

We shall use various types of such convex functions:

¢1:x — cosh(|x]) — 1, )
$2:x — exp(|x]) — [x] — 1, (%)
$3:x = (1+ [x])log(1 + [x]) — [x]. (6)

For each of these functions it is possible to define a norm as in (3); we shall denote, for
i=1, 2,3, the following.

(a) 7¢i,p the convex set {u € L'(p-u): E,[p(w)] < 1};
(®) |-ly..» the norm associated with ¢;:

g, = inf{r>0: E, {¢i<§>} - 1};

(c) L?(p-u) (or L?(p) if there is no ambiguity) the corresponding Banach spaces of
non-centred random variables:

L?(p) = {u: Ja >0 such that E ,[¢,(au)] <+oo} = {u: |ully, , <+o0};

(d) Lg’( p) the corresponding space of centred random variables.

The classes of centred random variables are closed subspaces. The function ¢; is the
most important for us; above, we have denoted ||.||s, , by ||, and LY by B,. We say that
two ¢ functions are equivalent if the corresponding norms are equivalent, i.e. there exist
two real constants a and b such that aljully, < [lulls, < bl|ul,

As the ¢ functions in (4)—(6) are strictly convex and differentiable, it is possible to
consider the inverse function [¢']7'(x) and to define the comjugate function of ¢ as the
function v, such that, for any y = ¢'(x), ¥'(y) = [¢']"!(x). This implies that xy < ¢(x) +
Y(y), x, y € Ry, with equality if and only if y = ¢'(x). If ¢ and v are conjugate, then
u — supy{E ,[uv]: E,[(v)] < 1} is a norm equivalent to |.||s, , (Rao and Ren 1991, p. 61).
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It can be shown that ¢»; and ¢, are equivalent (and the corresponding Banach spaces coincide
with the Cramer class at p) and that ¢, and ¢3 are conjugate.

Conjugacy implies that the Banach spaces are in a duality relation almost in the same
way the Lebesgue spaces L* and L are in duality if a~' + 8! = 1. Precisely the bilinear
form

L?(p) X LY(p) > (u, v) — E [uv] € R

is continuous, but in general L?(p) and L¥(p) are not dual.
The following proposition follows immediately from the main result of Pistone and
Sempi (1995). Because of its importance, we give here a new direct proof.

Proposition 5. Let p and q be two probability densities in .//(X, %", u) connected by a one-
dimensional exponential model. Then

L (p) = L (g).

Proof. Let r € .Z(X, 2", u) be given and let u € L? (r). Let p(t) = ™ ¥ r be the one-
dimensional exponential model associated with » and u, where ¢ belongs to the real interval /
with 0 € 1. Let p(f) = p and p(#;) = g be two densities in the given model. We can assume
that £y < t; because otherwise we change u with —u.

It is enough to show that L?'(p) C L? (g) because the relation that connects p and ¢ is
symmetric.

Let w € L?'(p) be given; we have to prove that there exists a f>0 such that

E,[cosh(Bw)] < +oo.
We have
E,[cosh(Bw)] = E,[cosh(Bw) 14~ ¥(1)]
E 1]
The previous equation involves the convex function
g: (0, t) — E,[cosh(Ow)e™].

We study the domain in which g is finite. If 6 =0 the value of the function is
g(0, ) = E,[e™] which is finite for # € I. If t = ¢, the value is

2(0, to) = E,[cosh(Bw) e"“] = E ,[cosh(Ow)]E,[¢""]

and is finite for 6 in some interval ]—6, [, because we have assumed that w € L?'(p). We
chose b > ¢, such that b € I and y € 10, 6[. The function ¢ — g(0, #) is finite in the interval
[?0, b] and the function 8 — g(6, ty) is finite in the interval [—y, y]. Then, because of the
convexity, (0, 1) — g(0, t) is finite in the triangle with vertices at the points (7o, y), (b, 0)
and (9, —7y).
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We consider the straight line between the points (#, ¥) and (b, 0) and we denote by 3
the value of O at the intersection point of the previous straight line and the straight line
0 = 11, namely 8/y = (b — t1)/(b — ty). It follows that

E, [cosh(Bw)] E,[e""] < P

EP[COSh('}/W)] Er[etou] + b — tl

Er etou ,
— 1t b—ty [ ]

Hh— 1 Er[etnu] b—1 Er[etnu]
Eq[COSh(ﬁW)] < b— 1t E p[cosh(yw)] E.[e"*]  b—ty [en¥] ’

so that E,[cosh(Bw)] < +o0. ]

Note that the equality between the spaces L?'(p) and L?'(q) holds true for each pair of
points p, g which are connected by a one-dimensional exponential model. This establishes
an equivalence relation, as we show below.

If p(t), t €1, is a one-dimensional exponential model connecting p and ¢, and (%),
t € J, is a one-dimensional exponential model connecting ¢ and r we can assume those
models to be of the form

p(n)y=e" g,
r(n)=e70g,
with u, v € L?'(¢q). Then by convexity all the densities in the two-dimensional model
g, 1) = eteem g g
are connected by a one-dimensional model; in particular p and r are connected.

Definition 6 (xlogx class). We shall denote by *B, the Banach space of centred random
variables in L?(p - ), i.e. the centred random variable of the so-called xlogx class.

Proposition 7. 4 (p - u) integrable random variable u belongs to the x logx class >kBp if and
only if it is centred and (1 + |u|)log(1 + |u|) is (p - u) integrable.

Proof. If u € L?3(p), there exists a constant a such that E pl@3(au)] < +oc. This implies that
E p[¢3(u)] <+oo; in fact there exists a constant k such that, for any n, ¢3(2" u) < k" ¢3(u)
(Rao and Ren 1991, p. 22). For any a there exists an n such that 1/a < 2" and, because ¢3
is even and increasing in the positive real values, ¢3(u) < ¢3(2"au) < k" ¢ps(au). So
E, [¢s(au)] <+oo implies that E,[¢3(u)] <-+oco. Finally both u € L?(p) and the
integrability of (1 + |u|)log(1 + |u|) imply that u € L'(p), and the conclusion follows from
E,[u] = 0. O

Now we give some details about the Banach spaces B, and * B, which will be useful in
the construction of the statistical manifold.
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Proposition 8.

(a) All the elements *u in * B, are identified with an element u* of the dual space B of
B, by the formula u*(u) = p[ uu), with u € B,. In general, *B, is identified wzth a
proper subset of B - The injection of *B, into B* , Is continuous; we write

% *
B, C B%.

(b) All the elements u in B, are identified with an element u of the dual space * Bp)* of
*B, by the formula u(*u) = E, [u *ul, with *u € *B,. This identification is onto, i.e. B, is
identified with (*Bp)*; we write

(*B)* ~ B,.
(c) The following continuous injections hold true:

Ly¥(p-w)E B, C () Li(p-w) C "B, C B},

a>1

Proof. We recall some results about the Orlicz spaces; for further details see, for instance,
Rao and Ren (1991).

Let ¢ and 3 be conjugate functions. If f € L?(p) and g € L¥(p), then there exists a
constant k such that j\fg|p du < k| fly. ol glly.» (Rao and Ren 1991 p. 58).

If uel”(p) and *u e L?(p), then E,[u *u] < k| Thus for all
*u € L (p) the mapping u — E,[u *u] is always deﬁned, linear and continuous; it is
an element of L?*(p)*. Similarly for all u € L?2(p) the mapping *u — E,[u *u] is an
element of L% (p)*.

¢1 and ¢, are equivalent. Then, for any *u € L?(p), (u — E,[u *u]) € L?*(p)* and for
any u € L?(p), (Fu — E,[u *u]) € L9 (p)*,

L%(p) C L (p)* and L”'(p) E L*(p)*.

Moreover, if ¢ is such that there exists & such that ¢(2x) < k¢(x), then L?(p)* is isometric
to L?(p) (Rao and Ren 1991, p. 111). We apply this to ¢3; then

L?(p) = L”(p) = L (p)".
Now we have to show that the same properties extend to the centred spaces, i.e.
*B,C By and B,~("B,)".

Let *u € *B,. Then *u € L?(p) and there exists u* € L?'(p)* such that u*(u) = E [ uul,
for all u e L?(p); if u™ is restricted to B,, then it is an element of B* such that
u*(u) = E,[*uu], u € B,. The mapping *u — u* is continuous from *B, to B’ because the
restriction is a contraction.

The same argument applies to show that B, C (*Bp)*.

Now let 7 € (¥ Bp)*. u extends to a continuous linear operator iz on L?(p) defined by
u(*u) = u("u — E,[*u]). Let u € L?'(p) be the representation of i; then #(*u) = E ,[u *u],
with *u € L?(p). In particular, for *u € *B,, u(*u) = a(*u) = E ,[u*u].
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Proposition 8(c) follows from the existence of constants k;, k, and k3 such that
Il = Kill-lg, = 2l = &3l [lg, -

Such inequalities depend on the different order of growth at oo of the ¢ functions involved
(Rao and Ren 1991, p. 155). L]

Proposition 9. The multilinear mappings (uy, ..., u,) — Epluy ... u,] with u; € B,, are
continuous, in particular the moments u — E p[u"] are continuous.

Proof. This follows from the inclusion B, T L"(p); see Proposition 8(c). O

The Banach space B, is an algebraic subspace of the Hilbert space L(z)(p), and its
topology is stronger than the induced topology; in particular the scalar product of L(Z)(p) is
defined on it and it is continuous.

Definition 10 (Orthogonality in B,). The covariance induces a continuous scalar product on
B, defined as

(u, v) , = Ep[uv] = cov,[u, v] for all u, v € B,.

We say that u and v in B, are orthogonal if (u, v), = 0.

The scalar product (-, -), extends to the usual scalar product in L3(p). A different
extension is possible, as is shown in the following definition.

Definition 11 (Orthogonality on B’; X B,). We shall denote by (., .). , the bilinear form
between the Banach space B, and its dual Banach space B;kj.'

* * * *
By X B, > (u”, u) > u(u) = (0, ). p.
We say that u™ € Bj; is orthogonal fo u € B, if (u*, u), , = 0.

As (-, )« p is not a scalar product, being defined on a product of different space, the previous
definition is not consistent with the usual mathematical terminology. Nevertheless we suggest
using the term “orthogonality” in this case because this notion is exactly what we need to
discuss the notion of “orthogonal parametrization” in our framework; see below in Section 6.2.

We have seen in Proposition 8 that the Banach space *B, can be identified with a
subspace of the dual space B’. Thus, if u* € B is identified with *u € *B,, one has

(u*, u), , = E,[*uu].

2.2. Analytical prerequisites for the construction of the atlas

The patches of the atlas will be defined on the open ball of radius 1:
7"y ={u € By: |lul| , <1},

where we have denoted |ul|g, , by [ul,.
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Proposition 12. If u € 77, and q = ¢" p/E ,[e"] then

(a) the random variable e is (p-u) integrable and q is a probability density in
(X, 2, ) and

(b) L2 (p-p) = L7 (q - ).

Proof.

(a) We remark that the condition ||u|, <1 is equivalent to the existence of an a > 1 such
that E [cosh(au) — 1] < 1, which in turn implies that E ,[e*] < 4.

(b) The hypothesis implies that p and ¢ are connected by a one-dimensional exponential
model and the conclusion follows from Proposition 5. Ol

Definition 13 (Moment generating functional). The moment generating functional
Gp: L (p+u) — Ry = [0, +00]
is defined by
Gp(u) =Ep[e"].

Proposition 14 (Properties of the moment generating functional). The moment generating
functional G,

(a) takes the value 1 at 0; otherwise is strictly greater than 1, is convex and its proper
domain dom(G ) = {u € L (p- u): G,(u)<oo} is a convex set which contains the open
unit ball of L?(p - u);

(b) is bounded and infinitely Fréchet differentiable on the open unit ball 7, with differential

D"G,(u)(©1, ..., v,) =E,[v) ... v,¢e"].
Proof. See Pistone and Sempi (1995, Proposition 2.4). O

The previous abstract definition includes the usual definition of a (multivariate) moment
generating function. In fact, let ¥ = (v, ..., u,) be an n-dimensional random variable of
the Cramer class under the density p. Then for each real vector t = (¢, ..., t,) the linear
combination !, #;u; belongs to the Cramer class and its multivariate moment generating
function G (t ... t,) is equal to G,(>_"t;u;). We remark that the multivariate moments

of order ry, ..., r, of the random variables uy, ..., u, are the value of the derivative at 0
of order ry, ..., r, of G, in the direction uy, ..., uy:
n n] — riteetry ory Orp
Eplu)' ... u]=D" G,0) (uy", ..., u)'™)
r times
where u°” means i, ..., u.

Definition 15 (Cumulant generating functional). The cumulant generating functional
K, B, — [0, +00] is defined by

K ,(u) = log G p(u).
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We remark that we restrict the cumulant generating functional to be defined on centred
random variables of the Cramér class at p.

Proposition 16 (Cumulant). The cumulant generating functional K, has proper domain
dom(G,) N B,. If 77, denotes the open ball of B, of radius 1 then 7", C dom(G,) N B,.
Moreover K, satisfies the following properties.

(@) K, is 0 at 0; otherwise is strictly positive, is convex and infinitely Fréchet
differentiable on 7).
(b) Yue 7, g=¢e""K " p is a probability density in .//(X,. %", w). The value of the
nth differential at u in the direction v (€ B,) of K,, that is the n-linear continuous form
n times

D"K ,(u) applied to (v, ..., v), is the nth cumulant of v under the probability density q:

n

d
D"K ,(u)o" = logE,[e™]] .
de” =0

(¢c) For v, vy and v, in B,, one has

DK ,(u)v = E4[v], -
7

DK p(u) (01, 02) = Eq[0102] = Eg[01] Eg[02] = covy[or, va].
(d) Yue 7', and q = e" Ko p the random variable q/p — 1 belongs to *Bp and

DKp(u)v:Ep[(%— 1)0], vE B,

In other words the differential of K, at u, DK ,(u), is in B>; but actually is identified with an
element of * B, denoted by VK ,(u):

1

VK (u) ="K — 1 =
P

— 1.

(e) The mapping B, > u — VK ,(u) € *B, is monotonic, and in particular one to one.
(f) The weak derivative of the map B, > u — VK ,(u) € *B, at u applied to w € B, is
given by

q
D(VK ,(u) w = ;(W — Eq4[w]),
and it is one to one at each point.

Proof.

(a) For the first point see Pistone and Sempi (1995, Proposition 2.5(a)).

(b) It is a consequence of the definition of K ,(u) and its properties, see Proposition 14.
(c) Same proof as (b).

(d) We note that the random variable ¢/p — 1 is centred: E,[¢/p] —1 =E,[1] -1 =0.
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To prove that ¢/p — 1 € *B, we show, using the Proposition 7, that g/p € L?*(p), i.e.

w5

E,,Kl +%> log(l +%ﬂ ~E, [log(l +%ﬂ +E, E log(l +%ﬂ
R0
=1+Ep[%log(l+%>]

E, [ﬁ log(l +z>} < +o0.
p p

By the inequality xlog(l+x)<(l+x)logt(x)+1, for x>0, where log"(x)=
max{log(x), 0}, we have

(i) o1+ ()]
o (]l (]

log (%) —u— K, e LP(p) C L'(p)

We have

So we have to show that

We know that

and also (see Proposition 12)
log (Z) € L(g) C L'(q).

Then all terms on the right-hand side of (8) are bounded. Since v € B, implies that
E,[v] = 0, the first equality in (7) may be written as

DK (1) v = Ep[(%— 1)0]

By definition the gradient VK ,(u) is an element of B;'j such that
DK ,(u)v = (VK ,(u), 0)+ p.
By comparing the two previous equations, we conclude that the gradient can be identified

with g/p — 1 € *B,. By a change in notation we write VK ,(u) = q/p — 1 € *B,.
(e) Note that, if u and % are in B, and 6 € [0, 1], the following relation holds:
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E (VK (@) — VK, ()@ — w)] = (VK ,(u) = VK ,(u), (@ — u)).p

< d6 VK,,((I — O)u + Om), (7 — u)>
* P

1 ©))
J dOD*K ,((1 — O)u + Ou)(@ — u, U — u)

(=]

—

J df varg(u — u)
0

where varg is the variance with respect to the density pg = e,((1 — O)u + 0u). As the
mapping 6 — D?K,((1 — O)u+ Ou) is continuous and positive definite, then 6 —
varg(# — u) is continuous and non-negative. If VK ,(u) = VK ,(u), then varg(# — u) = 0 for
any 6. This implies that % — u = constant and % = u, because they are p-centred random
variables.

(f) The map f: B, > u+— VK, (1) c* B, is weakly differentiable if, Vo € B,, u —
E,[f(u)0v] is differentiable. We have

E,[f(u)v] = E,[VK ,(1)v] = DK ,(u)v.
Now we consider the increment of VK ,(u) in the direction w € B,:
E [(f(u+w)— f(u)v] = DK ,(u+w)v — DK ,(u)v
= D’K ,(u)(w, 0) + Ry(u, 0, w),

where |R,(u, v, w)| = o(|w]| ,). We have shown that

DzKp(u)(w, v) = covylv, w] =E, [% (w—E4[w]) v} , (10)

so that E,[Df(u)wv] = E,[(¢q/p)(w—Eg[w])v]. To check that (q/p)(w—E,[w]) is an
element of *B, we use (10) and the properties of the norms with respect to two conjugate
functions. We want to prove that

sup E, E (w—E4[w]) v} < +o00.

lloll <1

Now covy[o, w] = D?K ,(u)(©, w) < kl[v||4,.p[W|l4,,, because K, is twice differentiable at w.
Finally supj,,, < <1]lv]| , < +oo because the norms |||y, , and |||, are equivalent. The weak
derivative is one to one; in fact, if there exists v; such that

Tw - Eq[0o]) = L0, - Ey[v1D),
p p
then v — v; = constant and v = v; because they are centred random variables. O

Using the previous definitions and properties, it is possible to give a definition of the
nonparametric exponential model as follows.
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Definition 17 (Maximal exponential model). For each p in (X, .2, u) the maximal
exponential model at p is the statistical model
&p= {e"KrW pry e dom(K ,)°, E ,[u] = 0}.
The function
B, D dom(K,) > u — e Ko e (X, 2, 1)

is the likelihood function of the maximal exponential model; u plays the role of the “model
parameter”.

Any parametric exponential model generated by p is embedded into the maximal
exponential model as follows. Let (u, ..., uy) be the sufficient statistic of the parametric
exponential model, with u; € B, and let

0= {0:(01,...,0d)€[Rd:Zﬁiuiedom(Kp)"}. (11)

Then the parametric exponential model is
po = o2 biui=y(0) » (12)

Note that the parametric exponential model is uniquely characterized by the linear
subspace spanned by (uy, ..., uy). Note also that

0
a—é,jU)(G) = DK, (Z 91‘“1‘) uj=Eplu] =E, [% u,} =E, K% - 1> “J} = E,[Fugujl,

where *ug = pg/p — 1 = VK ,(up); the second equality follows from Proposition 16 and the
last but one holds because the u; are p-centred random variables.
We denote

0
6—9]1#(0)

by ;. The parameters (171, ..., 174) are the mean parameters of Barndorff-Nielsen and Cox
(1994) or the mixture coordinates of Amari (1982).

2.3. The atlas

We now have all the elements for the definition of the atlas (see Figure 1). Let us consider
the following map defined on a subset 7, of the proper domain of X ,:

e Ty 3 U q=e""KW pe X, 2, ), (13)

where K ,(u) = logE ,[e“] = log G () is the cumulant generating functional computed at u.
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This mapping is one to one because u is centred; in fact, if u;, u, € 7, and
el Ko) = gn2=Kp(2) then u; — K ,(u1) = us — K ,(u2), and u; — uy is constant and this
constant has to be 0.

According to (1) and (2) we shall denote by 77, the image of 7, by the mapping e, and
by s, the inverse of e, on %/,. Such an inverse, s,: %/, — 7, is easily computed as

Spr Wp D q IOg(Z> —Ep {log (Z)} €7p. (14)

The functions s,, p € .Z(X, %", u), will be the coordinate mappings of our manifold in the
sense that, locally around each p € .Z(X, 2", u), each g € 7/, will be “parametrized” by
its centred log-likelihood.

Let us now compute the change-in-coordinates formula; if p; and p, are two points in
(X, 2, u) such that %, N7, # <, then for all ¢ in that intersection

log Ll = log L + log a4
p2 q D2
belongs to L?'(p;) = L?'(q) = L?'(p;). The composite transition mapping
SpOep: Sp(UWp NUUp) — 8p(p NUUy,)

simplifies to

spzoepl(u)qulog(%) —Em{qulOg(ﬂ)], (15)

P2

where the algebraic computations are done in the space of u classes of measurable functions
and the expectation is well defined as long as %, N % ,, # @.

Theorem 18. The collection of pairs {(7/p, sp): p € (X, 2, w)} is an affine C* atlas on
(X, 2, w). The induced topology on sequences is equivalent to e convergence and the
transition mappings are those defined in (15).

Proof. This is the main result of Pistone and Sempi (1995, Theorem 3.6). Ol
Note that the derivative of the transition mapping defined in (15) is
By 2ur— u—Ep,[u] € By,

and this is an isomorphism between B, and B,, as topological linear spaces (Lang 1995).
This extends Proposition 12 (b).

Definition 19 (Manifold). The exponential (statistical) manifold is the manifold defined by the
property in Theorem 18 on the set 7(X, 2, ).

The maximal exponential model defined in Definition 17 has a precise place in the
general framework, as the following theorem shows.
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Theorem 20. The maximal exponential model & , is the connected component containing p
of the exponential manifold .7/(X, 2", 1.

Proof. See Pistone and Sempi (1995, Theorem 4.1). O

The manifold structure that we have defined is special; many other types of atlas have
been suggested in the literature, in particular the coordinates based on the mean parameters
of Barndorff-Nielsen and Cox (1994) and the so-called Amari embeddings described by
Amari (1982). In the infinite-dimensional case those different geometric structures are not
equivalent to the exponential manifold, but in some restricted sense they are, because they
induce the same manifold structure on finite-dimensional submanifolds (i.e. parametric
statistical manifolds) (see again Amari (1982, 1985) and Murray and Rice (1993)).

3. Tangent space

A basic object of the theory of manifolds is the tangent bundle. In the case of the exponential
statistical manifold it has been remarked from the very beginning (Dawid 1975) that there is
a very natural identification between the tangent vectors and the exponential one-dimensional
models around a point p. In fact each differentiable curve in .Z(X, .%", u), i.e. each one-
dimensional statistical model p(?), ¢t € I C R, such that p(0) = p, has a tangent model of the
exponential form e X#(" p_This prompts the identification of the tangent space with the set
of one-dimensional exponential models.

Let pi(f) and p,(f) be two regular curves such that p;(z)) = p2(ty) = p and let u;(¢) and
uy(t) be the corresponding representations by a chart s, ie. ui(f) = s4(pi(?)) and
uy(t) = sq(p2(?)). Then the curves p; and p, are equivalent at p if () = ir(t9). We
denote by T,.7 the set of equivalence classes of regular curves through p. In local
coordinates determined by the chart s, the equivalence class corresponding to p(f) may be
represented by the tangent vector to u(?) at fy, that is by u(ty), if p(ty) = p and u(f) =
s¢(p(1)). This definition does not depend on the chart chosen (Lang 1995).

Proposition 21 (Tangent space). Let p(t) be a regular curve in Z(X,. %", u) with
p(to) = p, and let u(t)c B, be its representation by a chart s, where tc
{t: u(t) € dom(K,)°}. Then p(t) = e“(D=Ku(®) g,

(a) The relation between u(ty), the tangent to u(t) at ty, and the score function of p(f)
with respect to the density p is

d
i)~ o] = 5, tox( )

t=0

If q = p, i.e. if the chart is centred at the same point where the log-likelihood is calculated,
we have
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u(ty) = log (p(t)>
p

Then the space of the score function is a representation of the tangent space T ,.7/.
(b) The curve

t=0

p
is in *BP and its weak derivative at ty is u(ty).
(c) The score function of any one-dimensional exponential model through p, i.e.

etupr(tu) 12

at t=ty, is u and vice versa any u € B, has such a corresponding one-dimensional
exponential model. Then the space of the one-dimensional exponential models is another
representation of the tangent space T, 7.

Proof.

(a) We have
d
- 3 {0 = u(to) = Ky(u(t)) + Kq(u(10))} _

d p(t)
ar 1% (7)
= u(ty) — E p[it(t0)].

If p =g, then E,[i(t)] = E,[i(t)] = 0.
(b) From Proposition 16 (c) we have

LU VK ,(u(?)).
p

Its weak derivative (see Proposition 16 (f)) calculated at ¢ = £, is

(1) p( )
p

= DVK (1)) in(1) ——((t) = Eppliu(0)])| = ulto)

=ty =1
and it is in * B,
(c) It follows by direct computation that

d
a{tu—[(p(tu)}h:tu = Uu. D

The tangent space inherits the structure of vector space and the topology from B,.

As a scalar product is defined on B, (see Definition 10), a scalar product is defined on
T, together with the definition of orthogonality.

Let v € T),.7 and let p(¢) a regular curve whose tangent vector is v, i.e. a curve tangent
at p to p(t) =e@ Ko p TLet o: #(X, .2, u) — R. The differential of ¢ at p, denoted
by d,¢, is a linear form on the tangent space:
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d
d,0(0) = To(p(0)| -
t=0

If p(r) = e,(u(1)), then
dpq’(v) = D{@ © eq(u(to))} .

3.1. Regular parametrization

Now we give a definition of a parametrization and we shall show an example of a
parametrization that is not a chart in our sense.

Definition 22. Let A be an open set of the exponential statistical manifold 72(X, %", u), and
let B be a Banach space. We shall say that F: A — B is a C* parametrization of A,
k=1,2,...,00, if Fis a one-to-one, k-times continuously differentiable parameter and the
tangent mapping d,F is one to one at each p.

Note that the condition of being a C* parametrization is weaker than the condition of
being a chart (essentially because we do not require (d,F )~! to be continuous), unless the
manifold is finite dimensional. In fact the regularity of the inverse mapping is not ensured
by the conditions in Definition 22.

As an example, we consider the parameter shown in Proposition 16 based on the
likelihood: ¢ +— ¢/p—1. For any u € 7, there exists an *u € *B, such that *u =
VK ,(u)=¢q/p— 1. The map u — *u=¢q/p—1is one to one and *u belongs to x — logx
class (see Proposition 16); then this is a reasonable parametrization but it does not define a
chart.

To see this, we denote by Z , the image of 77, in * B, under the mapping ¢ — ¢/p — 1.
If u— *u=gq/p—1, a chart £, would be an open set of *B,. This is false; in fact a
base of the neighbourhood of *Bp is of the form {*u: Ep[¢3(*u)] <k} while *u € Z,
satisfies the condition *u = —1 and, if the space does not have a finite number of atoms,
f(*u + Dlog(*u + 1)pdu < +oo does not imply that *u# = —1. So in the nonparametric
theory the mean parameters do not define a system of charts.

Another example is the global parametrization p — p'/> € L*(u). This case has been
discussed in more detail by Brigo and Pistone (1996).

4. Information

We now describe briefly how the notion of information (or entropy) is connected to the
notion of the exponential statistical manifold.

Definition 23 (Kullback—Leibler information). Let the probability densities p and q in
(X, 2, w) be given. If (q/p)log(q/p) is (p-u) integrable, then the Kullback—Leibler
relative information of q with respect to p is the number
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- g2 o (] ()

Proposition 24. Let p € . #4(X, 2", ), let q € 72, and let u be the s, coordinate of q, i.e.
g=¢e""K p Let *u € *B, defined as *u=q/p — 1 and let

H,("u) =E,[(1 + *u)log(l + *u)].

Then
() K p(u) = K(p, q),
(b) H,(*u) = K(g, p),
(© E,[u] = K(p, 9) + K(q, p) = K p(u) + H,(*u).

Proof. We have

(@ K(p q) = —E, [log (Z)] — B fu] 4+ K () = K ),
(b) H () = E,[(1 + *u)log(1 + *u)] =, E log (%ﬂ — K(q. ).
© (g, p) = Eglu — K ()] = Eg[u] — K p(u) = E,[u] — K(p, ). 0

Note that the value s,(q) of the mapping s,(-) defined in (14) is the log-likelihood of ¢
with respect to p plus the Kullback—Leibler relative information K(p, ¢) whose value is

E,[log(p/q)]
sp(q) = log (%) + K(p, 9).

The mapping s, is connected to the maximum-likelihood estimator as follows.

Proposition 25 (Maximum expected log-likelihood). Let p € . ZZ(X, 2', u), uec 7, and
ep(u) =e" Ko p Let € 77, and q = e Kr p,
The maximum expected (at q) log-likelihood, i.e. the maximum of the function,

p
is obtained at the point u and

max {Eq [log (%fl)ﬂ } = K(q, p).
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Proof. We have
E, {log (@)} = EB,[u] — K ,(u).

The function u — E,[u] — K ,(u) is concave in u. Its derivative at u in the direction v € B, is
Ey[v] — DK (u)v = E4[v] — E¢ i[v]. Such a derivative is zero for all v if and only if
q = ep(u); then the maximum is obtained at it = s,(g) and consequently

max {Eq [log (epfg”)ﬂ } — B[] - K (@) = K(g, p). O

Proposition 26. Let u € B,. Let *u and Hp(>|< u) be as defined in Proposition 24.
The functions K,(u) and H p(*u) are conjugate convex functions. The relations of
conjugacy are

H (*u) = max {E,[*uu] — K ()},
K ,(u) = max {E ,[*uu] — H,(*u)}.
*u
Proof. The first relation follows from Proposition 24 (b) and from Proposition 25:

= max {E [u] — K ,(u)}

max {Ep E u} - Kp(u)}

max {E,, [(q — 1)4 — K,,(u)}.
u p

The last relation follows from the general theory of convex analysis (Ekeland and Temam
1974). O

The results of this section develop standard arguments on the entropy function (Kullback and
Leibler 1951; Donsker and Varadhan 1975; Amari 1985; Kullback 1997 (some 38 years ago)).

5. Submanifold

Definition 27 (Submanifold, submodel). Let ./ be a subset of the exponential manifold
(X, 2, u) and, for each density p € 1, let V}p and V% be closed subspaces of B, such
that there exist

(a) a homeomorphism (i.e. a linear invertible and bi-continuous mapping) between B,
and the direct product V}U X Vé (we say that le and Vi are split in B,) and
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(b) a chart on a neighbourhood 7", of p:
Op: Wy — By~ Vi X V2,

where ap maps 7/, onto the product of two open sets 7/1 X 7/2 (with 7/1 C Vl and
7/2 C Vp) andmaps/f N7, onto 7" » X {0}.

We shall say that /" is a submodel or a submanifold of the exponential statistical manifold
(X, 2, w).

A submanifold ./"is a manifold whose charts are the restriction of the charts o, to ./~
(Figure 3).

Frequently below we shall use this particular splitting; V1 and V2 are closed subspaces
of B, such that V1 N V2 ={0} and B, = V1 + V2 Then any element u € B, can be
written uniquely as u = u1 + uz, with u; € Vp, i= 1 2.

In this case ./ " = {g=e“ %) pruy € V1 N7} is a submanifold, which we call
“exponential submodel” of the maximal exponentlal model.

5.1. Some examples of submanifolds

We discuss two relevant examples of submanifolds.

5.1.1. (m, d)-curved exponential models

We consider the parametric exponential model defined above in (12). Let U, ..., Ug € B,
(as a subspace of L2 ( p)) onto the ﬁn1te dnﬁénsmnal Hilbert space V}D For each
ueB, u=~P, yu+U—P, . u The orthogonal projector P is characterized by

..........

A V3

®p

Y

Flgure 3. Submanifold: in this example the parallelepiped is 7/ X 7/2 and the emphasized rectangle
is 7/ (subset of horizontal plane).
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(u, uj)p = 30:(us, u), for j=1,...,d and 6 € ©, with © as in (11). V!, is closed
in B, because it is finite dimensional. P, _,, and / — P, _,, are continuous functions
in B,; then Vé = ker(Py,, ;) 13 a closed subset of B,. This implies the existence of a
splitting.

Then the d-dimensional parametric exponential model

N = {GZ Oiu; — y(0) P} with 9(0) = K, <Z 0’”’)

is a submanifold of the nonparametric model .Z(X, .%", u). The set ©, as in (11), is an open
set of RY and 0 — u = > 0;u; is a C™ chart of ./ into ®. If 4 is an m-dimensional
submanifold of ® the corresponding m-dimensional parametric submodel . is a submanifold
of /" and thus of . Z(X, . %", u). ./ is the (m, d)-curved exponential model of Barndorff-
Nielsen and Cox (1994, p. 65).

,,,,,

,,,,,

5.1.2. Conditional expectation

Let .Z# a sub-o-algebra of .2°. We consider le = L%"(X , .7, ) and the conditional
expectation

E,[|.72): B, — V),

This mapping is well defined; in fact any element u € B, maps to an element of
E,[¢1(aE p[u|2])] <E,,[Ep[¢1(au| )] = Epl¢i1(au)] (the Jensen inequality). It is
surjectlve (any element of V! maps to itself) and continuous (Neveu 1972). The subspace V1
is closed. We consider V2 = {u: E,[u|. 7] = 0}. This subspace is closed because it is the
kernel of a linear and contmuous map.
Vv, and V3 split in B, because u =E,[ul.Z]+ (u —E,[u|.7]) is a unique decompo-
sition. Then
AN A)={p € . HX, %, u): pis .7 measurable}

is a submanifold. In particular this apphes to invariance with respect to measurable
transformation of the sample space.

6. Splitting and orthogonality

What follows is a nonparametric version of results taken from Amari (1982); we extend to
the statistical exponential manifold the method of mixed parametrization for exponential
models (Barndorff-Nielsen 1978a,b).

6.1. Splitting

Let V) and V7 be two closed subspaces of B,, such that ¥, NV ={0} and B, =
V1 + V2 ie. any element u € B, can be umquely written as u = u; + Uy, with u; € V‘
i=1,2 We consider the linear projectors P;: B, — V’ defined by the splitting as P;(u) = u,
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with i =1, 2. The projectors are both continuous because of the Banach closed-graph
theorem (Lang 1995, p. 4).

The mixed parametrization in exponential models is based on analytical computations
that involve partial derivatives. Our next step is to describe how to compute the partial
derivatives when the two components are not Cartesian components, but the two projections
induced by a splitting. Such an extension is straightforward; nevertheless it is useful to have
precise notation for the nonparametric case.

We consider the annihilating subspaces (V1 )* and (V2 )° of B* and 0(Vl) and 0(Vz) of
*B, defined by

(V;)O ={u* ¢ B>;: (u*, uj)., =0, Vu; € Vf;,, J# i},

O(V;) = {*u = >ksz EP[*Muj] =0,Vu, € V’},, j# i},

with 7, j € {1, 2}. Such spaces can be considered the orthogonal” spaces to the spaces of
the splitting. This means, for example, that, if *u € 0(V2 YN L2 5(p), then *u belongs to (V )t
in the Hilbert sense. Note that the numbering is such that sup-1 is “orthogonal” to sup-2 and
vice versa for consistency with the natural L? notation.

The following poposition shows that the annihilating subspaces split the dual space and
gives a characterization of the dual projections.

Proposmon 28. (V1 Y and (V2)° split in B and any element of Bp can be written as
u =ul +uj, wzthu e(V’)g i=1,2. vaGB,valJrvz, U,EV then u}(v) =
u* o Pi(v); sou =yu* OPl,fort—IZ

Proof. This follows from the following properties of the subspaces.

(a) (V1 )° and (V2 )* are closed in B in fact, if u; is fixed in Vé, then the space
{u* € B* (u*, uj>*p =0} is closed because it is the kernel of a continuous map, and
(V’ ), z;«é J, is the intersection of such closed subsets.

(b) VN3’ = {0} in fact, if u* e (V)N (72)°, then, for any v = v +v; € B),
(u*, 1), =0 and (u*, v3)., =0; so u* =0 "because the bilinear form of the duality is
separating.

(c) B*—(V1)0+(V2)0 in fact, if u GBT; then u* =u*o P +u*oP,; then, if
ve Bp, v =1 + vy, we have u*(v) = u* o Pi(v) + u* o Py(v) = u™(v)) + u™(v;) and uf
(with u] = u*(P;) € (V),)°. The last assertion follows from the definition of (V)°; in fact
if v; € V’ and i # j, then

(U, v))p = U} () = U™ 0 Piv)) = u™(0) = 0. 0
Note that properties (a) and (b) hold also for °(¥'}) and °(V2).

6.1.1. Partial derivatives of K,

Given a splitting of B?, we now look for a characterization of u} and u; for those elements
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u* of B} (with u* = DK ,(«)) identified with an element *u of * B, such that *u = VK ,(u)
(see Proposition 8 (a) and Proposition 16 (c)).
If *u=VK,(u) € *B, is identified with u* = DK ,(u) € B;, v="0;+7v, € B, and

ut =uf +uf e Bﬁ, then

u (v) = u*(v;) = DK p(u)v; = E ,[VK ,(u) ], i=1,2. (16)

For i =1, 2 we define the two partial derivative of K ,(u) in the direction v as follows:
0
0:iK ,(u)v = EKP(H + Pi(tv))—0 = DK p(u) Pi(v) = DK ,(u)v; = E,[VK,(w)v;]. (17)

Note that 0,K,(u) is an extension to B, of the partial derivative of the function
(w1, uz) = K p(ur, uz) = K p(ur + p) defined on le X Vé; such a partial derivative takes
the value 0 on V9, with i # j and i, j € {1, 2}.

By (16) and (17), we have that 0,K ,(u) = u:k In general, this element of the dual space
will not be in *B,, even if the gradient *u = VK ,(u) of K, is; in the following we shall
study special cases where such inclusion takes place; see Propositions 35 and 37 below.

The problem of finding general conditions which ensure that u} € Bf) may be identified
with an element of * B, remains open.

6.2. Orthogonality and mean parameters

In this section we show how to extend the notion of the Fisher information matrix and the
corresponding notion of orthogonality (see, for example, Barndorff-Nielsen and Cox (1994))
to the exponential statistical manifold.

We assume that there exists a splitting V), V>, of B,. Let ¢ = e* %) p € 7, be given.
From the remark immediately after the proof of Theorem 18 it is seen that the derivative of
the transition mapping, i.e.

B,>v— v=0v—-Eyv] € B,

is a top-linear isomorphism (Lang 1995, Chapter 3). It follows also directly from Proposition
5. Here and in the following the ¥ and the v differ only by a constant. The subspaces V{li and
V2 defined as

V; = {77, =0 — Eq[?}i]l Ui € le}, = 1: 2a

split in B,. In such a case, for all wi, w, € B, and w; = w; — E,[w;], i = 1, 2, by Proposition
16 (b), we have

DK ,(u)(w1, wa) = covy[wi, ws]
= Ey[(w1 — Eg[wi1])(w2 — Ey[w2])] (18)
= (‘7"1’ V~V2>q~

As in the previous section the cumulant generating functional K, can be considered as a
function of two variables:
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KpCo ) VL X V23 (wiy wa) = K p(wi, wa) = K (w1 + ws).

We can take partial derivatives that we shall denote by 0), 9,, 011, 012, 021, 02 by
composing with the relevant projections; see (17).

Definition 29 (Fisher information operator). The value at q = e,(u) of the Hessian linear
operator from B, to Bf, of K, at u will be denoted by I(p, q):

I(p, Pw, V) p = DzKp(u)(w, v) Wwith w, v € B,.

and it is called the Fisher information operator.
Given a splitting of B, if v =0 +v, and w= wy + w,, we consider the partitioned
operators 1, with i,j € {1, 2}, restricted from va to (V’;)O, k # i, and such that

(Li(ps W), Vi)s.p = (I(Py W), Vi) p-

In matrix form,

In(p, @) 1a(p, 9) 1 2 1o 20 *
I(p, = B, ~V XV —=(V X (V ~ B”.
(p- 4) Li(p,q) In(p,q)] 7 p XV = ) X (7) ’

From (18) we get, for w = w — E [w], v = v — E4[7],
covg[w, v] = (W, 0)¢ = (I(p, QW, V)+.p-

We now consider the problem of finding an orthogonal projection of B, onto V}{.

The space B, is a pre-Hilbert space for the scalar product (., .), as in Definition 10, i.e.
the space is in general not complete under the norm induced by the scalar product. The
existence of the orthogonal projection of w € B, onto V}] is not ensured but, if the
projection wy; exists, then it is unique; moreover, given a splitting such that w = w; + wy,
then wy|; defined as

Woir = Wi — wi

is the orthogonal projection of w; onto V.
The following proposition shows how to characterize wj; with the partitioned Fisher
information operator.

Proposition 30. If w = w +w, and w; = w; — E,[w;], for i=1,2, then w=w; + wy. If
there exists wy|| € le such that the normal equation

In(p, @wan = Lia(p, w2 (19)

is satisfied, then Wwy; = wy; — Eg[wy] is the orthogonal projection of W, € Vfi onto V}i.

Proof. 1f (19) holds true, then for any w; € le we have, from (18) and using the Fisher
information operator,



The exponential statistical manifold 747

(Wa — W1, Wi)g = (W2, Wi)g — (Way1, W)y
= (T12(ps @w2, Wi)sp — (T11(Ps DWWyt W1)sp
=0.

This ends the proof. ]

Definition 31. Let By, B, be Banach spaces, and let F be a C* parametrization of A, an
open subset of (X, %", u), on By X By:

43 q— F(g) = (F1(q), F2(9)) € Bi X Bs.
We consider the pair of regular curves
la, b[ 3 t — qi(?) € 4, i=12,
such that 0 € la, b[ and
q1(0) = ¢2(0) =g and F(q;(#)) = constant, i#j, t €la, bl. (20)
We shall say that the two parameters F| and F, are orthogonal at g € A if each such pair of
curves is orthogonal at q, i.e. ¢1(0) is orthogonal to ¢>(0). If this is true for all q € A, then
we shall say that the two parameters are orthogonal.
Theorem 32 (Mixed parametrization). Given a splitting le, ny of B,, the mapping
F:%,>q— (1, u) € (Vip)O X Vi)
with g = et—Kpw D Uu=uj+up, u; € V;, i=1,2, and
n = 01K ,(u)

is an orthogonal C* parametrization of 7£,.
Note that, from (17) and (7),

N1(©) = (1, )+, p = DK ,(u) P1(v) = DK ,(u)v; = Ey[v1];

so the present parametrization will be called mixed parametrization, as in the parametric
case (Barndorff-Nielsen and Cox 1989; 1994, p. 62).

Proof. First we show that the mapping g = ¢ X" p — (8, K ,(u), up) is one to one. In (9),
if % =17, + W, and W, = uy, then @ — u equals %, — u; and, denoting e~ %X+ p by py, we
have
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1
J dO var (@t — u) = {DK ,(u) — DK ,(u) }(it; — u;)
0

= {01K p(u) — 01 K p(u) } (& — u)

= <ﬁl — N1, u— u>*,p-

If 01K ,(u) = 01K ,(u) and u, = up, then u — u = constant and %; = uy, because % and u
are centred random variables.

Let u'), i =1, 2, be the representation in the chart s, of the regular curves through ¢ in
Definition 31, corresponding to the mixed parameter (17;, u2):

gi(t) = KA =12,

Because of the second condition of (20) the first curve leaves the second parameter constant,
ug)(t) = u,, and the second curve leaves the first parameter constant, i.e., for any w € B,
01K ,(u(t))w = constant. If we take the derivative of the last equation with respect to 7 we
get

D’K ,(uP())(Pr(w), u®(1) = 0. 21)

The condition on the first curve can be written as P>(uV(f)) = u, and derivation gives
Py(ilV(#)) = 0. Consequently, iV(¢) = P,(i'V(#)) and substituting w in (21) with V(7)) we
get

D?K ,(u® (1))@ (8), (1)) = 0.
We denote by #)(f) the coordinate of g;(f) with respect to the chart Sq
a(i)(t) — u(i)(t) _ u(i)(O) _ Eq[u(i)(t) _ u(i)(O)];
then u(f) = i"(¢) — E,[i()]. If t = 0, it follows from (17) and Definition 29 that
(@ 0(0), #2(0))4 = (I(p. 9)i(0), i®(0))...,
= D*K,(u®(0)(@(0), #®(0))
=0.

So ¢i(f) and ¢,(f) are orthogonal at g. ]

7. Transformation of the sample space

The problem that we consider in this section is the action of a transformation of the sample
space on the manifold structure. Let us first introduce some notation. Let a measurable
mapping on the sample space be given:
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o (X, 2 0) — (Y, . v), (22)
ie.
o X—Y, o Y — 2, v=wuoqp L

If pe #(X,.#%,u), then the image under ¢ of the probability measure p-u is
characterized by

(p-wop (B =J pdu :J Euplo (]du, Be 7.
¢~ (B) ¢~ 1(B)
By the Doob lemma,
B plo (2] = boo, 23)

where p is defined up to sets of v-measure 0. We shall write p = E,[p|¢], so that

poodu=| Elplelar. Be .
B

(p-wop(B) = J

@ '(B)
and the sample space transformation ¢ induces a transformation ¢ on .Z(X, %", u) given by

¢: (X, 2 u) > pr— p=E[plel € Z(Y, V/,v).

7.1. Transformation

The basic result about the kind of smoothness of the mapping ¢: p — p that we are able to
prove is shown by the following Proposition 33. We refer to the book by Lang (1995) for an
introduction to the basic notions regarding the differentiability and regularity of mappings
between differentiable manifolds. In particular we shall mention the notion of submersion.
This notion is connected with the stability of the rank of a mapping. Note that there is misuse
of the language because the derivative mapping of the transformation is a linear continuous
mapping between the tangent spaces, but we are able to prove the continuous differentiability
in a weaker sense only.

The given regularity results are not connected in any way with the regularity of the
mapping ¢ itself, nor with any algebraic or topological property of the spaces X or Y. The
possible relations between the differentiable structure of the exponential statistical manifold
and the regularity of the densities themselves are not dealt with at all in the present paper
and suggest different research work. A special ad hoc condition is introduced in (27) to
prove the Gateaux regularity of the mapping between the exponential statistical manifolds.
We do not discuss examples of application here. We just mention the fact that this condition
is easily shown to be true in trivial cases, such as constant or injective transformation, or Y
with a finite number of atoms.

Differentiability of higher order could be proved under the analogous conditions. We
shall not discuss this topic further as we are not going to use it.
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Proposition 33 (Sample space transformation). Let us consider a space transformation ¢ as
in (22) and let

o X, L5 )3 p = @p)=p e, Y, v)
denote the action of ¢ on the exponential statistical manifolds. Then we have the following.

(a) @ is onto and it is injective if and only if the mapping ¢ is u-almost surely injective,
i.e. it generates the o-algebra %" up to u-null sets.
(b) The coordinate form

Pp=spopoey, p=0p(p),
of the mapping & around the point p is given by
¢ p(u) = Kp(u|p) — Ep[Kp(ul@)], (24)

where
Kp(ulp) = logEp[e"| o] (25)

in a neighbourhood of 0. Such a mapping is continuous from an open neighbourhood of 0
of B, to Bjy; so the mapping ¢ is of class C° from the manifold .7/(X, 2", u) to the
manifold .7Z(Y, 7/, v). Moreover for all o =1 the mapping ¢ , is continuously differentiable
as a mapping in L“(Y, 7/, p-v) and its derivative at u € 7", in the direction v € B, is
given by

D¢ p(uwjo = Eg[v|e] — E3[Egllvle]l, g = ep(u). (26)

(c) The derivative mapping in (26) is a linear continuous operator from B, to Bj. If
moreover u € By, is such that, for all a =1,

Eple" B9 |p] € LYY, 7/, p-v), (27)

then the mapping @, is Gateaux differentiable from B, to B} in the direction u.
(d) u — D@ p(u) is surjective and its kernel splits.

Proof.

(a) The surjectivity follows from the condition formula (23); in fact for each density
pe.#(Y, 7, v), the density po¢ in .Z(X, %, u) and it is such that ¢p(po @) = p. If
¢ (%) =.2" u-almost surely, then using (23)

po@=Eulple (V)] =p.

If @(p1) = ¢(p2) = p, then p; = py = p o ¢. On the other hand, if p~!(%/) C .2 is a proper
sub-o-algebra, then there exists a density p which is not ¢~!(%/) measurable, so that p and
p o ¢ are different and have the same image p.

(b) Let us compute the coordinate form of the mapping (. Consider a density p, the
chart domain 77,, and let g be a density representable in such a chart, ¢ = et K p,
where |[ul| , <1. Then ¢(q) = ¢ is given by
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go ¢ =E "5 plo~ ()]

Now we compute the likelihood with respect to p:
Py

pog
_ Bule®® plo~ ()]
E.[plo= ()]

p

=E,[e" o~ ()]

=e K ME [ ()]

The previous formula simplifies to
_ epr(u) Ej;[eu|90],

SEESE

and we can write
q=¢(q) = doeyu)=e “""E;[e"p] p.

We have to find the coordinates of g with respect to the chart on %/;. If g € 7/;, then

i = s5,(q) = 1og<§> —E, [log (%)} = logE[e"|@] — E,[logEs[e"|@]].  (28)

Using the notation in (25), we get (24).
We shall show that & in (28) actually belongs to %, if u belongs to a suitable
neighbourhood of zero. We start by showing that the mapping
753 u— Kp(ulp) € L?(p-v) (29)
is defined and norm decreasing. In fact, using the definition of norm in (3), we take a such

that allul|, <1 and @ = 1/r> 1. From the convexity of the function
S(x) = 5(x* +x7%)

for a > 1, and the Jensen inequality, it follows that the norm
1K p(ule)llp = [[log Eple| o]l

can be bounded above. In fact,
cosh(alog E[e|p]) — 1 = 5(Bj[e”|p]* + Ejple"|@]™*) — 1

< E;[cosh(au) — 1]|¢]
(30)

and, taking the expected values, as 1>1/a = r>||ul|,
E;[cosh(alogE;[e"|@]) — 1] < E ,[cosh(au) — 1] < 1.
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As |lu|, <1 and from (30), it follows that

1K) < llul -

As the expectation is a contraction operator on the space of L?'(p - v), then i in (28) belongs
to the domain 7/; of the chart at p for u in a suitable neighbourhood of p.

To prove the continuity of ¢,, consider the difference of the values of the function
K;(-|p) defined in (25) at two points u and v of the domain of ¢ :

K(©]@) — Kjp(u|p) = logE[e”|p] — logE ;[e"|¢]

B E;[e’] o]
_log<E§k”Mﬂ>

= logEy[e” "] o],

where g = e,(u). The norm-decreasing property shown above, together with the equivalence
of B; and Bj., (see Proposition 5), now implies the continuity of K;(:|¢) and in turn the
continuity of ¢ ,. Finally ¢ is continuous because its chart representation is continuous.
For the differentiability the same argument as above shows that it is enough to show the
differentiability of the mapping u — K;(u|¢p) defined in (25).
Let us check first the directional derivative. For u, v € B,, u€ 7, q=-e""5Wy,
g = ¢(q), and t — 0, we want R(u, v, t) to go to 0, where

R(u, v, 1) = 1~ (K(u + 10]9) — K (ul)) — Eg[v]9]
= 17 Ky(tu|g) — Egl0]o]
= 17 Ky(1(v — Eq[o]o])]p).
From the concavity of the log function we get
R(u, v, ) = 1 log E,[e" @ FalvloD| ]

> 1~1E,[log e'® FinleleD ]
= E4lo — Eglvlo]le]
=0.

We use now a classical argument from Hardy et al. (1952). When ¢ decreases to 0, the
function

f Eq[et(va;,[vkp])'(p]l/t

is decreasing and the same is true for ¢ — R(u, v, ). From the inequality logx < x — 1 we
get
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R(u, v, 1) < fl(E@[ef(vaq[vlcp])kp] —1)

! 0—Egulele) _ | €2y

The right-hand side of (31) goes to 0 as ¢ goes to 0, and it is eventually bounded in all L*.
The same is true for negative ¢, as can be shown by changing v to —v. This and the addition
of the expected value show directional (Gateaux) differentiability at any point of the domain
of @, and the form of the derivative.

Finally we consider the continuity of the derivative. We consider the difference

E;lvlp] - Ejlvlp] = Ej[o(e" Fr 7 — 1)g].
The L* norm of this difference is bounded by the L* norm of

o(e Knlule™ (7N _ 1y,

where K ,(u|o~' (%)) = logE ,[e“|¢p~(%)]. Now

||Ueu—l<p(u|</f1('//))||(za(p) = E,[[v]* ea(u—Kp(uw"(%))]
(32)

_ ~l(y
< E,[[0*]"/2 E ,[e2w Kotulo™ (ZM]1/2,

However, K,(.|¢p~'(#%)) is a contraction; then on the open set of 77, where
20//(u — K p(ulo™"(#))||, <1 the second factor of (32) is bounded by 2. The first factor
is bounded by a constant times |[v]]‘,.

(c) The linear mapping

v — Eg.[0|0]

is a contraction from L?'(g) to L?'(§), because it is a conditional expectation. Then it is
continuous from B, to B} because of the equivalence of the B spaces.
Assume now the condition (27). Then, for all a>1,

cosh(aR(u, v, f) — 1) = J(Eg [ Fl1oD o]/ 4 By[e" @ FalloD| o]~/ 1) — 1.

As t decreases to 0, this quantity has been shown to decrease to zero. If the expected value at
t =1 is finite, then the bounded convergence theorem implies the convergence to zero of
expected values. This is precisely what is implied by the condition (27).

(d) We have shown that the derivative of the local coordinate form of the transformation
¢p at u € 77, in the direction v € B, is given by (26). This linear mapping in surjective; in
fact, for each o € B;, we have v =00 ¢ € B, and
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D& ,(u)v = D@ p(u)v

= Egu[00 0lo] — Ep[Eq4[0 0 ¢[o]]

=0—E,[v]

= 0.

Let us now study the kernel of D@ ,(u). This linear mapping can be written as
D@ p(u) = C o E(u), where
E =Eyl|o): B, = L7 (p-v)
and
C: L (p+v) > W — w—Ey[W].

The kernel of C is the set of constant random variables in L?'(p - v). The constant elements
v € By, such that this constant is 0, and we have shown that

ker D ,(u) = {v € B,: E, [v|p ' (¥)] = 0}.
As we have shown in the previous paragraphs (see the second example of submanifold in
Section 5.1), the kernel of the conditional expectation splits. O

Remark 34. 1f the mapping ¢ is of class C" from . Z(X, .2, u) to .2Z(Y, %/, v), n = 1, then
the previous splitting property implies that this mapping is a submersion, and, for all
peMY, Y, v), p~ () is a submanifold of .Z(X, 2", u) (Lang 1995, p. 25). This general
result cannot be applied directly, because we have not proved in general the C! regularity.
Nevertheless it can be applied to special submanifolds. If we assume that ./ 'is a submanifold
of .Z(X, . %", u) such that the restriction of ¢ to ./ is C', and the splitting property holds on
the submanifold, then the splitting result implies that @~ '(§)N./" is a submanifold of
(X, 2, 0.

The following sections show a different direct approach to the differential structure of
®~'(g), based on the idea of regular parametrization.

7.2. Bivariate densities with one marginal given

Let us assume in the remaining part of this section that the sample space (X, %", u) is a
product space X =Y X Z, "=/ ® £, u = v ® m. Let us denote by ¢;: ¥ X Z — Y and
@21 Y X Z — Z the two marginal mappings.

Proposition 35 (One marginal given).

(a) Let p1 = @1(p) be given. For each q € 74), q = e Ko p et gi = &1(q). Then we
have the following.

(i) The mapping 7/,> q — qi/p1 — 1 € *B,, is C* from .Z/(X, %", u) to B;.
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(i1) The mapping
34— <% —Lu- Ep[ul(/)ll(%/)]> € * B, X kerE,[lo7 ()]

is an orthogonal parametrization of 7/, on Bj;l X kerE ,[|o7 ()]
(b) The set of all densities whose first marginal is pi, i.e.

‘/;Z/)]h = {p € "%6()(’ '/%/9 /’t) (7)1(17) = pl}a

has a C* parametrization on 74, given by
Ny D p e u—Ey[uler ()] € ket E Loy ()],
Proof.

(a) It is a particular case of Proposition 32 based on the splitting

B, 5 u < Eplulgy (2] + (u = Eplulor (A)D.
To identify the first component #7; of the orthogonal parametrization we compute, as in

Proposition 32, the partial derivative with respect to the first component of the splitting. We
have

(11, 0)sp = 01 K p(w)o
= DK ,(u) P(0)
= DK () E[v]7 ()]
= Ey[E, [v]o7 (]
= Ey[E, [olo; ()]0 01]

= qu [Epl [’U|§DI]]

q1
=E, LDIEpI M@l]}

(91 1,
=E, EO ¢1E ,[v]@; 1(;//)]}

=E, ﬂoq)l ZJ:|
| P1

[ /91
=E ——1)o0p;v].
G oo

We have characterized #7; as (q1/p1 — 1) o 1.
(b) g€y, N7, if and only if ¢;/p; —1 =0. O

Note that there is a one-to-one mapping between the bivariate densities with a given
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marginal and the set of conditional densities, i.e. the Bayes formula. This induces a
parametrization on the set of the corresponding conditional densities {p/pi: p € .47, }.

7.3. Bivariate densities with two given marginals

Definition 36 (Fréchet class). Using the previous notation, the set of all densities whose
marginals are given, i.e.

N o =P € AKX, 2 1y oi(p) = pini = 1,2} (33)

is called the Fréchet class with marginals py, ps.

The following proposition shows that each Fréchet class has a regular parametrization
and gives some details of its structure.

Proposition 37 (Fréchet manifold). Let two marginal densities p), p, be given: we consider
the Fréchet class /", p, as in (33).

(a) Let p = p1p> be the product density, and let u € B, be given. The formulae

u = Jupz drm,

uy = Jup1 dv,

Up =u—uy — u,
define a splitting of B, into the spaces (B, X B,) and B;Z, where
B;z = {w € B,: przdar = prl dv = 0}.
(b) The mapping

) q1 q2
“p3q ((E_I’E_l)’”ﬂ) 6(*31)1 X *sz)XB}vz (34)

is an orthogonal parametrization of 74, on (Bjj1 X B;) X B;Z.
©) A ppy N, has a C™ parametrization given by q — uj, € Bi,z.

Proof. 1t is an application of the Proposition 32 based on the following projections:

B,>uw— <Ju(~, z)pa(z)dm dz, Ju(y, Ipi(y)yvdy, u— Ju(-, Z)pa(z)mdz

4 Ju(y, Y dy). O

Note that the term u;, has the character of an interaction term.
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7.4. An example

Rogantin (1996) developed in detail the application of the previous result to the case of finite
spaces and to Markov chains. In the present paper we give a very simple example aimed at
showing how each of the abstract results in the previous propositions correspond to the usual
objects of the statistical analysis of statistical dependence (Cox and Reid 1987).

Let us consider the sample space {0, 1}%; let us take as a reference measure the uniform
distribution, that is u; :% for i, j € {0, 1}, and consider a neighbourhood of the unit
density, i.e. p; =1 for i, j € {0, 1}. The s, coordinate of the generic density g;, with
i, j € {0, 1}, is given in matrix form by

log 00 *izlog%‘j log g1 *}TZIquij
v i i
loggio — 4> loggy loggu —4> loggy
i i
_1[3bg%o—bg%1—bgmo—bgm1 —bg%o+3bg%1—bgmo—mgmq
4 [ —log goo — log go1 4+ 3log g0 —loggi1  —log goo — log go1r — log g10 + 3log g11 |

We show in this example Proposition 34; the first marginal is given, i.e. (i, j) = i. The
conditional mean value with respect to the first margin is

1 [log qo0 + log go1 — log q10 — logg11  log goo + log go1 — log gi9 — log g1
E,[ulpi]lo @)=~
log q10 +log g11 — log oo — log go1  log 10 + log g11 — log goo — log go1

4
1
= 2 jog (900901 { 1 l}
4 q10911 -1 -1
and
log ot
400 [1 1}
1 -1/
log<@)
q11
If we introduce the transition probabilities a = go1/(q00 + go1) and 5 = q10/(q10 + q11),

then we find that
a
1
eo(722)

1 _
u—E,luloilog) = ; [ | _”
ox(755)

Thus this two-dimensional parameter coincides with the log-odds of the transition
probabilities and it is orthogonal to mean parameter g; — 1, where

1
u—EAM¢ﬂ0¢1=§
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1 [4(6110 +6111)].

—FE -
4 uldlen] 2 g0+ q11

Now we show Proposition 36; the marginals are given, i.e. ¢1(i, j) =i and @;(i, j) =
and the splitting is u = u; + up + uj,, where

1 4004901 1 1
" pluleile g 4 Og<6]10q“> -1 =1/

1 qooqio |1 —1
uy = Eplulp2] 0 92 :Zlog(—q()]qn) Rk
S0 ujp is given by

ulgzu—ul—uzzllog 401410 [1 1}
4 qooq11 1 -1

In terms of transition probabilities,

4014910 a B >
log{ —— ) =1o — .
g<61006]11> g(l —al—-f

Then this parameter is orthogonal to the mean parameters g; — 1 and ¢, — 1, where g, is
as above and

q> = Eulql@2] = 3[4 — (qo1 + q11)  qo1 + qu1].
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