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Martingale estimating functions determined from a given collection (the base) of conditional
expectations are considered for estimating the parameters of a discretely observed diffusion. Small A-
optimality of these functions (i.e. near-efficiency when the observations are close together) is
discussed, and in particular it is shown that this can be achieved provided the base is large enough. It
is also shown that the optimal martingale estimating function with a given base is automatically small
A-optimal, provided only that the base is sufficiently large. In both cases the critical dimension of the
base is the same and determined by the dimension of the diffusion, and by whether the squared
diffusion matrix is parameter-dependent or not; the critical number does not depend, however, on the
dimension of the parameter.

Keywords: asymptotic variance; diffusions; estimating functions; generalized Cox—Ingersoll-Ross
process; martingales; optimality; small A-optimality

1. Introduction

Suppose a d-dimensional, ergodic, time-homogeneous diffusion X is observed at finitely
many equidistant points /A in time, and i =0, ..., n with A > 0 is the interval between
neighbouring observations. In order to estimate the unknown parameter 6 that determines the
distribution of X, rather than using maximum likelihood, which may well prove unfeasible,
one often resorts to unbiased estimating functions, some of the most successful of which are
based on conditional expectations, resulting in estimating equations of the form

DN T hUX G 0a)(fU(Xia) = Eo(f U(Xin)| X (- 1)) = O, (1.1)

i=1 g=1

where, for the moment, we consider 6 to be one-dimensional (see (2.6) and (2.1) below for
the general set-up). Equation (1.1) is the prime example of an estimating equation obtained
from an unbiased martingale estimating function.

The study of estimating equations of the form (1.1) was initiated by Bibby and Serensen
(1995) who focused on the case where r =1 and f(x) = x, for which they showed that
under mild conditions (1.1) has a consistent and ./n-asymptotically Gaussian solution in 6
(as n — oo with A > 0 fixed). These asymptotic results readily generalize to other types of
unbiased estimating equations — see, for example, Serensen (1999).
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In the present paper we consider estimating equations of the form (1.1) for d-
dimensional diffusions X with a p-dimensional parameter 6. The main issue is the
discussion of the choice of base (f?);<4<,, in particular the choice of r, the dimension or
rank of the base, and the choice of weights h?. For this purpose we think of A >0 as
arbitrary and consider families (for A varying) of estimating equations of the form (1.1)
where 49, but not f'? (the base should be the same for all A), is allowed to depend on A,
and such that, for any fixed A >0, (1.1) has a consistent and asymptotically Gaussian
solution as described above.

Given the base (f7), for any given A > 0 there is an optimal choice of weights; see
Proposition 2.1 below. The resulting estimator will typically not be efficient, while an
estimator that is small A-optimal will be nearly efficient for small values of A — and, of
course, still consistent and asymptotically Gaussian for all A, although not optimal. As we
shall see, while it may be difficult to find the optimal estimator (to obtain and use the
weights one needs the explicit form of the inverse of an » X r matrix with all elements
conditional variances), it is quite easy to determine weights that lead to small A-optimal
estimators.

The concept of small A-optimality was introduced by Jacobsen (2001a), and the main
purpose of the present paper is to discuss conditions for small A-optimality for the type of
martingale estimating functions underlying (1.1).

The first main result, Theorem 2.2, shows that given the base, provided only that the
dimension r is large enough, there always exist weights such that small A-optimality is
achieved. Furthermore, it is easy to find the weights — it is just a matter of solving, at any
point x in the range for the diffusion, a set of linear equations, and in the statement of the
theorem a concrete solution is exhibited.

The second main result, Theorem 2.3, shows that for any base, again provided r is large
enough, for the optimal choice of weights from Proposition 2.1 below, small A-optimality is
automatic.

In both theorems the same critical value ry for the dimension of the base appears: for
r = ry small A-optimality can be achieved for any base, while for » < ry this may only be
possible, if at all, for a special choice of base — for an important example of this, see
Remark 2 below. The value of ry depends on the structure of the model but not on the
dimension of the parameter, with ry = d, the dimension of the diffusion, if the squared
diffusion matrix does not depend on the parameter, and ry = d(d + 3)/2 otherwise. Thus
one natural choice of base is f(xy, ..., xs) = x; if ro = d, and these f' supplemented by
S, o x) =xix; for 1 <i<j<d if rp=d(d+3)/2

The paper is concluded (Section 3) with two examples, one describing a generalized
Cox—Ingersoll-Ross model, the second the finite-dimensional Ornstein—Uhlenbeck
processes. For the latter it turns out that, using the base of first- and second-order
moments (7, f¥) described above, the concrete small A-optimal estimating function
exhibited in Theorem 2.2 for any A yields the maximum likelihood estimator.

Although, both here and in Jacobsen (2001a), small A-optimality is discussed exclusively
for diffusions, it should be pointed out that the concept makes perfect sense for any model
involving discrete observations from an ergodic, time-homogeneous Markov process in
continuous time.
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2. Optimality and small A-optimality

Let X = (X,)=0 be a d-dimensional ergodic diffusion solving the stochastic differential
equation

dX, = bo(X )i + 0g(X)dB,,  Xo=U,

where bg(x) € R™!, gy(x) € R, B is a standard d-dimensional Brownian motion and U
is a d-dimensional random variable, independent of B. Both the drift by and the diffusion
coefficient gy are allowed to depend on the p-dimensional parameter 6 € ©, with the
parameter set ® an open subset of R? (typically delimited by the stationarity requirement).
The invariant distribution for X is denoted ug, i.e. if U has distribution ug, then X is a
strictly stationary Markov process.

We shall assume that X takes its values within some open subset D of R¢, which of
course is not allowed to depend on 6. We assume that Cy(x) := 0g(x)o j(x) = 0 for all 0
and all x € D, i.e. the symmetric positive semidefinite matrix Cy(x) is assumed to be
strictly positive definite always (T denotes matrix transposition).

We shall also write ug for the density of wg and assume that, for all 0, ug >0
everywhere on D. The transition density is denoted p;g(x, y):

Py(Xsyy € dy| Xy = x) = pro(x, y)dy.

The underlying probability Py depends not only on 6 but also on the distribution of X). It is
denoted P if X, has distribution uy and P} if Xy = x. The corresponding expectations are
written Ef, and Ej.

We shall denote by O,y the joint distribution of (X, X.,) under P’g (for any s), and by
g+ the density of Q,p:

qro(x, ) = no(x) pro(x, y).
Finally, the transition operators for X are denoted sz,
7o f(x) = Epf(Xo),

provided the integral makes sense (e.g. for f bounded or f € L'(up)), and the differential
operator determining the infinitesimal generator is denoted Ay,

d_ 14 B
Apfo(x) =Y _ by f() +5 D CHI, f(x),
i=1 i,j=1

for sufficiently smooth functions f.

Suppose now that X 1is observed at finitely many equidistant time-points, Xy,
XA, .., Xua. We shall discuss asymptotic optimality properties of estimators based on
martingale estimating functions, i.e. the estimator 6, of 0 is found by solving the
estimating equation

Gua0) =Y gao(Xi nar Xia) =0, @.1)
i=1
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where (t, 0, x, ) — g.0(x, ) is a p-variate function such that each coordinate gf(, satisfies
the martingale condition

gtg(x) =0 for all x, gtg(x) = Eggte(Xo, X)), (2.2)

ensuring that (G, a(0)),=1 is a p-dimensional Py-martingale (whatever the initial distribution
of X).

At this point we wish to emphasize that the only type of asymptotics considered in
this paper is that consisting of fixing A > 0 and letting », the number of observations,
tend to oo — in particular, we do not consider schemes where A=A, — 0 and n — oo
simultaneously. It is of critical importance, however, that we allow A to be arbitrary, with
an estimating function available for each # = A (as is natural with the estimating functions
(2.6) below, originating from a given base ( f'7) that does not depend on A), and hence we
obtain an asymptotic covariance matrix (see (2.4)) for each A. It is the properties of this
function of covariances that are used to define the concept of small A-optimality (see the
detailed discussion following the proof of Proposition 2.1 below).

Following the terminology in Jacobsen (2001a), we shall refer to G = (g.0)>0.6c0, Where
the g, satisty (2.2), as a well-behaved flow of martingale estimating functions, G C M (the
space of flows of martingale estimating functions), if each gﬁe € L*(Q.p), with

E“g,0(Xo, X;) = 0 if and only if 6 = 6; 2.3)

if, furthermore, E”(g,ggta)(Xg, X,) > 0 for all ¢, 0; if 8g[g,9 € LY(Qyp) for all t, 0, k, ¢
and finally, if, for every 6 and every fixed = A > 0, there is with P};-probability tending to
1 a consistent solution 6, = 6 2(A) (henceforth, A is suppressed from the notation) to (2.1)
such that \/nl (0 — 0) converges in distribution for n — oo to the p-dimensional Gaussian
distribution with mean vector 0 and covariance matrix varp g,(g, 6) (with @ denoting the
sequence (Gn) of estimators) given by

vara (g 0) = Ax o (2)Eh, (gamgh, )Xo, Xa) (Azh ()" (24)
Here

At,o = Ezgt,H(XO, Xy), (2-5)
the dot signifying differentiation with respect to 6 so that g,¢(x, y) € R?*? is given by

(£160x, Vi = Do, g% o(x, V).

Condition (2.3) specifies that the estimation function is unbiased, as follows from (2.2),
and that it identifies the parameters. In Section 3.2 an example is given where (2.3) does
not hold.

The reader is reminded that asymptotic normality of 0, as specified above, holds under
quite weak assumptions (see Serensen 1999) and that certainly (2.4) is the natural
expression for the asymptotic covariance. The most critical among the assumptions needed
is that A,p € R”*? must be non-singular for all ¢, 6.

Throughout the paper, derivatives are understood as matrices by analogy with (2.5): if ¢
is a p-variate function of a v-dimensional variable z = (z, ..., z,) € RY, 0.¢ denotes the
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p X v matrix of partial derivatives with mth row (0.,¢™, ..., 0.,¢™). The dot notation is
used exclusively for differentiation with respect to 6, ¢ = 0yp¢p.

In the remainder of the paper we shall focus on martingale estimating functions derived
from conditional expectations of given functionals, i.e. we assume that

gl ») = _ K@) = @af D), (2.:6)

q=1
or, in matrix notation,

gro(x, ¥) = hyo()(fo(y) — (T10/0)(X)),

with h,9(x) € R™P, fy(x) € R™!. (The 1ntegrab1hty assumptions imposed on general g
above make it natural to assume here that /7 and hq9 € L*(up), while O-derivatives of 17
and h?e must belong to L*(ug). We shall not be too concerned about these conditions — it is
tacitly assumed everywhere that the flow G given by (2.6) is well behaved.)

Estimating functions of the form (2.6) were first used by Bibby and Serensen (1995); see
also Jacobsen (2001a, Section 3) for an overview.

We shall refer to the functions (f é, ..., fp) as the base for the flow of estimating
functions given by (2.6). The problem studied in this paper is that of finding good choices
for the dimension of the base and for the weights h,o given the base.

Assumption A. The functions f{(x) are supposed to be differentiable in 0 and twice
differentiable in x. Also, the base (f (1,, ..., fp) is supposed to have full affine rank r on the
domain D for all 0, i.e. for an arbitrary 0 the identity

Zang(x)+a9:0, x €D,
q=1

for constants a(,, ayg, implies ae = =ap=ag=0.
The functtons hq]; are supposed to be such that, for any t, 0, the p r-variate functions
x —(h ];(x) B(X)) forming the columns of h,p are linearly independent on D.

Note that if the base (f },, ..., fp) does not have full affine rank, then there is a
representation (2.6) of the gﬁ‘ﬂ with » replaced by » — 1. The condition that the base has
full rank is equivalent to assuming that the r d-variate functions 0, f g, for 1 < g<r, are
linearly independent. In the main results, Theorems 2.2 and 2.3 below, Assumption A is
supplemented by conditions on the pointwise behaviour of 0, fp and 92 fy.

If, for some 7, the columns of %, are not linearly independent for all 6, i.e. there exists
Bio € RP*IN\O such that h,g(x)B,9 = 0 for all x, then },g:0(x, y) = 0 for all x, y, so that
one of the p estimating equations in (2.1) can be obtained from the others and it is
impossible to estimate all p parameters 6, — formally, both matrices A,p(g) and
E/ (gtOg[g)(XO; ;) become singular and (2.4) does not make sense.

Note that we allow the base (fg, ..., fp) to depend on 6, but not on ¢, i.e. the same
base is used for all .
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For a given base, it is easy to determine the optimal choices for the h?ke, i.e. the choices
minimizing var,g(g, ) given by (2.4). We use the notation A>B between symmetric,
positive semidefinite matrices to signify that 4 — B is also positive semidefinite.

Proposition 2.1. Assume that, for all x, t and 0, the symmetric r X r matrix
o fo(x) =m0 fofg)(x) — (Trafo)x)(Tof ) (x)
is non-singular, and define
hily = Mo fo) " (De(miofe) — 710 (o). @7

Provided that differentiation and integration can be interchanged in

00 peatr o)y = [Oupats, Do)y
and the flow G given by

g ) = (K5 0 o) = 710fo(x) 28)
is well behaved, then
var, o(g°, é)<var,,g( g, é)

Sfor any well-behaved flow G = (g.9) of the form (2.6) with base (f},, e fo)-

Proof. Since f is allowed to depend on 0, this extends (2.10) in Bibby and Serensen (1995)
and Example 4 in Jacobsen (2001a), so we merely indicate the proof. By the projection
theorem (Kessler 2000, Proposition 1; Jacobsen 2001a, Proposition 3), gt,’gpt is found by
projecting the kth coordinate of the score function, dg, pro(x, ¥)/ pre(x, y), onto the subspace
of L*(Q,p) spanned by functions of the form (2.6) with the f ¢ fixed and arbitrary
h?f; € L>(ug). Thus h‘f,];’()pt satisfies, for all 1 < go <7, 1 <k < p and all 7 € L*(uy), the
equality

0— E l% (Xo, X)) — > W™ (Xo)(f4X,) — nt,efz(Xo»]
7, |
X (X f2X ) — 7000/ 2 (Xo)). 2.9)

Using the fact that p,g/po is a martingale estimating function and that

0
By P, XS (X0 = o0 o pip 2y
1,

_ agkjp,,a(x, D)y — j Pro(x, )30, ST (),
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(2.9) may be written

0=Ey, h(Xo){aek(ﬂz,efzo)(Xo) — 711,0(00, f 3" )(Xo)

=3 I X o[ E(X0) — Tro fH(X)T o (X0>)}
q=1

for all h € L*(up), i.e. the expression in braces must vanish Pj-almost surely and the result
follows. O

Proposition 2.1 is a result on local optimality, i.e. it exhibits, for any given t = A >0,
the best member of a given, restricted class of estimating functions — best from the point of
view of minimizing the asymptotic covariance of the resulting estimator when n — oo; cf.
the concept of 4-optimality (Heyde 1988). But only in exceptional cases will this choice be
globally optimal, i.e. the (locally) optimal estimator will be efficient with respect to the
maximum likelihood estimator.

By contrast, the concept of small A-optimality introduced by Jacobsen (2001a, Section 6)
gives conditions for global optimality not for any given A > 0 but only for A — 0 in the
following sense: for any given A > 0, when n — oo we still have the asymptotic covariance
varp g,(g, é) from (2.4), but now consider it as a function of A and, rather than minimizing
for A > 0 fixed, use the fact that there is an expansion of the covariance in powers of A
(see (2.10) below) and that there are universal (not depending on G = (g,p)) lower bounds
on one or more of the leading coefficient matrices in this expansion; see Jacobsen (2001a,
Section 6). Small A-optimality holds if these lower bounds are achieved by the flow G, and
sufficient conditions for this are contained in the main result, Theorem 1, in Jacobsen
(2001a), that we now recapitulate.

With G C M a well-behaved flow of estimating functions, it is first of all essential to
assume that there is a smooth extension of g,(x, y) (which is defined only for 7 > 0) to
allow t = 0, i.e. after a possible renormalization of g,y by a factor (non-zero scalar or non-
singular p X p matrix) depending on #, @ but not on x, y (so the solution of (2.1) is not
affected), the limit

go6(x, y) = 1{51(1) gro(x, )

must exist with (x, y) — go(x, y) not identically 0, of full rank p in a suitable sense (see
Jacobsen 2001a, Theorem 1) and sufficiently smooth as required by the conditions below.
With this smooth extension of g,y available, using Ito—Taylor expansions of the random
variables appearing in (2.4), it is shown in Jacobsen (2001a) that, subject to important
integrability conditions (see below), the asymptotic covariance for 0 is given, as A — 0, by

-1 . .
vara (g, 0) = KU—I,B(ga 0) + vo.e(g, 0) + o(1) (2.10)

with (complicated) coefficient matrices, for instance for case (i) below; see Jacobsen (2001a,
Corollary 1). For the discussion of small A-optimality, three cases for the structure of the
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diffusion model now arise (to achieve the structure in (iii) it may be necessary first to
reparametrize the model):

(i)

(i)

(iif)

Cy = C does not depend on 0. Then the main term in (2.10) is always present and
small A-optimality is achieved by globally (over all g) minimizing v_; (g, 0). A
sufficient condition for a given flow (g,¢) to be small A-optimal is that

0y80.0(x, x) = Kgb (x)C'(x) (2.11)

for some non-singular Ky € RP*?. (9,g00(x, x) evaluates d,gog(x, y) along the
diagonal y = x.)

Cy depends on all parameters 0y, ..., 0,. Then the main term in (2.10) vanishes
provided 0,go¢(x, x) =0 and small A-optimality is achieved by minimizing
Voo(g, é). A sufficient condition for (gp) to be small A-optimal is that

Oygoo(x, x) =0, 0% gop(x, x) = KgCp(x)(Cy2(x)) " (2.12)
for some non-singular Ky € RPX7. (Here Cy(x) € R*r  with (Co(x))ijx =
9, Cy(x).)

Cy depends on the parameters 0y, ..., 0,, but not on 0,1, ...,0,, for some p'

with 1 < p’ < p. Then parts of the main term in (2.10) can be made to disappear so
that

. 0,%, 0, x(p—»'
U_1,9(g,0)=( P'Xp p'X(p=p")_ )

Op—pyxp U2.-10(8: 0)
Furthermore, the matrix v _j (g, 0) e R(»=P"X(=P) can be minimized and small

A-optimality is achieved by, in addition, minimizing the upper left block v110,6(g, 9)
of vos(g, 0) A sufficient condition for small A-optimality is that

0p’><d
dygoolx, x) =co| .,
bz,e(x)ca (x)
9%,g1.00(x, X) = KyCl o(x)(C5(x)) ! (2.13)

for some constant cgy 750 and some non-singular Kj € R?'*?'. (byy € R(P=P)
comprlses the last p — p’ columns of bg, gi.0,0 the first p’ coordinates of ggg, and
Crg € R¥*P the first p' columns of Cp.)

As mentioned above, to check for small A-optimality more is required than just checking

2.11),

(2.12) or (2.13): it must be verified that various matrices involving expectations of

quantities related to b, C, 0,80, and 6yy gop must be non-singular; see Theorem 1 in
Jacobsen (2001a) and also (2.14) and (2.15) below.

The same theorem also gives the lower bounds for v_; and vy. In case (i), the leading
coefficient matrix v_; is present with lower bound

(Ejbg(X0)C ™! (Xo)bo(X0)) ", 2.14)
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while in case (ii) under small A-optimality v_; = 0 and the lower bound for v, is
2(Ef Ch(X0)(C57(X0)) ™' Co(X0)) ', 2.15)

with the lower bounds for case (iii) a suitable mixture of those for cases (i) and (ii) (Jacobsen
(2001a, Theorem 1 (iii)).

Thus, for A — 0, in case (i) vara (g, é) = O(A™"), while in case (ii) and partly in case
(iii) it is possible to obtain vara ¢(g, é) = O(1), i.e. for high-frequency data the parameters
appearing in Cy can be estimated much more precisely than those that appear only in the
drift. An explanation for this is provided by observing that for A > 0 small we are close to
continuous-time observation of X, and that if PPy, is the distribution of (X)o<s<, under P’g,
in (i) it is typically the case that Py, < Py, for 6" # 6 with the information about 6
proportional to ¢, while in case (ii) it may well happen that Py, L Py, i.e. the true value
of 6 can be read off from the observations (X)o<s<;. Of course, in case (ii), if one is not
using a small A-optimal estimating flow or at least one satisfying 0,g00(x, x) =0, the
leading O(A™") term in (2.10) is present and the resulting estimator will have efficiency
close to 0 against one that is small A-optimal. An example of this phenomenon is given in
the simulation study by Jacobsen (2001b, Section 2.2) where, for a one-parameter model
belonging to case (ii), the optimal martingale estimating flow using a base of dimension 1
yields an estimator that for small A is much worse than that derived from a small A-
optimal flow with a base of dimension 2.

We shall now show that small A-optimality of martingale estimating functions is easy to
achieve. The three cases refer to (i), (ii) and (iii) above.

Let J:={(',j):1<i<j <d}. Thus J has |J| =d + d(d — 1)/2 elements and can
be used as an index set for characterizing the elements of a symmetric d X d matrix. We
write R € R?*/ for the reduction matrix with elements

Rijiy =00y (Isijsd ({,j)e)).

Thus, if M € R*® | then MR € R**’ with (MR)yiy = Mgy, as is used frequently below.
As a counterpart to R, the expansion matrix R € R’/ X s defined by

R- o 6i'i6j’j if i < j,
v (3,"‘,'(3‘,"1' if i > J.

Then
RR=1,x, (2.16)
and, for any matrix N € [RSX”’Z, symmetric in the sense that Ny; = N, j for all s, i, j,
N(RR) = N. (2.17)
Define

d(d +3)
2 9

a number that plays a critical role below. We will usually write ry rather than ry(d).

ro(d) = d +|J| =



652

M. Jacobsen

Theorem 2.2. Let (f}), ..., fp) be a base for a martingale estimating function, of full affine

rank r.

(i)

(i)

(iii)

Suppose that r = d, that for ug-almost all x the matrix O, fy(x) € R™? is of full
rank d, and that the p d-variate functions forming the columns of by are linearly
independent. Then there exists h,g(x) = ho(x) € R"™*?, not depending on t, such that
gro(x, y) = hg(x)( Jfo(y) —mof(x)) satisfies the small A-optimality condition
(2.11). In particular, for r = d, one may choose

hy(x) = by (x)C™ (x)(D fo(x)) ", (2.18)

and this hg has linearly independent columns as required in Assumption A.
Suppose that r = ry, that for pg-almost all x, the matrix

(0ufo(x) & fo(x)) € RV

is of full rank ry and that the p d*-variate functions forming the columns of Cy are
linearly independent. Then there exists h,9 = hg € R"™*F, not depending on t, such
that g,p(x, y) := hg(x)(fo(y) — 7,0/ (X)) satisfies the small A-optimality condition
(2.12). In particular, for r = ry, one may choose

hy(x) = (0,0 CH(C52 () R)(Drofo(x)) ", (2.19)
where
Diafo(x) = (Oxfo(x) 0% fo(x)R), (2.20)

and this hg has linearly independent columns as required in Assumption A.
Suppose that r = ry, that for ug-almost all x, the matrix

(axf()(x) aixf(i(x)) c Rrx(d+d2)

is of full rank ry, that the p — p' d-variate functions forming the columns of Bz,g are
linearly independent, and that the p' d’-variate functions forming the columns of
Clﬁg are linearly independent. Then there exists h,g = hg € R P, not depending on
t, such that g.p(x, y):= hg(x)( fo(y) —mof (x)) satisfies the small A-optimality
condition (2.13). In particular, for r = ry one may choose, with D, fy as in (2.20),

-1
by(0)Cq' (x) « ) (D12 fo(x)) " (2:21)

with x a (p — p') X J matrix depending arbitrarily on 0 and x. If x is chosen equal
to 0, then this hg has linearly independent columns as required in Assumption A.

Proof. Since hy does not depend on ¢,

go.0(x, ¥) = hy(x)(fo(y) — fo(x)),

whence

8,800(x, ) = hy(x).fo(x), 8, 800(x, X) = hy(X)D, fo(x).
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Thus, for each x, (2.11), (2.12) or (2.13) gives a system of linear equations for determining
the elements of 4y(x). The conditions of the theorem ensure that these equations have at least
one solution, and exactly one in case (i) if » = d and in case (ii) if » = ry. (For case (ii), note
that since 97 = 97 _, the rank of 9%, fp is at most [J|. With Ay given by (2.19), one now
finds

8, 800(x, X)R = Cy(x)(C5*(x)) 'R,

and, using (2.17), this implies the second identity in (2.12).)
The assertions about % having linearly independent columns follow readily from the

assumptions made on the columns of bo (case (i), Cy (case (ii)) and bz@ and C1e (case
(iii)). U

Theorem 2.2 only gives a solution for /g such that (2.11), (2.12) or (2.13) is satisfied. To
check small A-optimality one further has to check the required integrability conditions (e.g.
that all hgk € L*(ug)) as well as the conditions for the estimators to be well behaved
asymptotically.

In Theorem 2.2 we have exhibited a concrete choice of small A-optimal estimating
functions from a given base (/7). But it is then easy to define a host of others that are also
small A-optimal, but may behave better for a given A, namely, flows (g;p) of the form

2o, ) =D al (Ohf X)) — 7o f H(x), (222)
gq=1

with hg given by (2 18), (2.19) or (2.21) and each a} (t) a non-random function of ¢,
continuous with a (O) = 1: for this flow, g is the same as for the original flow, so small
A-optimality still holds. However, there is no obvious optimal choice for the a) (t) in
particular the projection technique from the proof of Proposition 2.1 does not apply.

Remark 1. In Theorem 2.2, case (iii), the expression (2.21) for A, g(x) depends on the choice
of x. This choice can be avoided by using a different procedure that is perhaps better suited
to practical applications. By inspection of (2.13) it is seen that small A-optimality in case (iii)
can be obtained as follows. First, fix (0,41, ..., 0,) and find a small A-optimal estimating
flow for estimating (01, ..., 0,) as in case (ii); see (2.12). Then, for (61, ..., 0,) fixed, find
a small A-optimal estimating flow for estimating (6,1, ..., 0,) as in case (i); see (2.11).
Formally, this is done by combining the small A-optimal weights from Theorem 2.2, (i) and
(i), and for this purpose considering an ry-dimensional base [} = ( fo oT f §) satisfying
Assumption A whose two components have dimension d and |J| respectively — typically one
would use f,’ = f 91 for (i', j') € J so that f7 determines the entire base, with of course
f°H(x) = x; the most natural example. The matrix he of small A-optimal weights now takes

the form
hT
hh = 1.6 , 2.23
’ (hg,e Ocp—piyxs 229
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with h{, € RP*" and hy, € RP~77%? given by
W) = (0 Ly (CH2@) " R) (D12 fo) (2.24)

1y o(x) = b} (x)Cy ' (X)(D:ef 5(x)) !

and, in block matrix notation,

o 92 fo
Dy fo(x) = (a““f9 %feR).

8)(/; 0 a)zrxf 0R
With %y determined by (2.23) and (2.24), it is readily verified that the columns of %y are

linearly independent as required by Assumption A, and also that /g is the same as was given
by (2.21) when

x= by o Cy'(0xf5) DL SR (2.25)

In particular, if f ;i (x) = x; the two expressions agree for * = 0.

Remark 2. We mention one important special structure for the diffusion model that in cases
(i1) and (iii) permits small A-optimal weights using a base of dimension » < r. Suppose that
there is a decomposition {1, ..., d} = Ji_, I of the coordinates into disjoint non-empty
sets /™ with k =2, |I*| = d, and Y_d, = d such that (assuming for convenience that /!
comprises the first d; coordinates, / ) the next d», etc.), for all @ and x, Cy(x) can be written
in block-diagonal form

Cg)(x) . 0

Co(x) = , (2.26)

0 - P
with each CY(x) € R4"*4"

The most important special case of this is of course when the components
X® = (X})ie;w, 1 <v <k, are stochastically independent (assuming the initial values
X E)V) to be independent) so that in addition C(ev)(x) and (bé(x))iE ;o depend on x through
x® = (x;);c;» only. However, independence is not required for the following discussion.

It is intuitively clear, at least under independence, that for case (ii) or (iii) models small
A-optimal weights Ay can be found from a base of dimension r; = >, ro(d,) < ry (with a
further reduction possible if one of the blocks Cg’) does not depend on 6, or of course if a
finer block structure than (2.26) is possible), and this we now verify.

Suppose the model belongs to case (ii) and that (2.26) holds. For each v, determine a
base f E,V) of dimension 7y(d,) such that f (ev)(x) as a function of x depends on x*) only. If
each f g) satisfies Assumption A (as a function on R’ “"), then so does the combined base
fo given by f5 = (T - 1997y of dimension r (as a function on R¢). Now define, by
analogy with (2.19) (with R™) the obvious reduction matrix for /),

W (x) = (opm cg;>T(x)(cg>®2(x)) -1 R<V>) (Dl,z e (x@)) -1 (2.27)
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where (cf. (2.20))
Diaf ) = (9 [ G /IR,
and combine the h(ﬁ,”)T into
nt = (n)T - T (2.28)
by juxtaposition. Then the weights /4y are small A-optimal,
hgdsfo =0, hydifo = Cy(Cy?) ™",

as is easily verified using the special structure of fp and of course (2.26), which implies that

(Cg(C?z)‘l)k,ij — (CS/)T (Cg/)®2> —1) i

if i, j € I, and taking the value 0 if i, j belong to two different /®).
For case (iii) one may use the construction from Remark 1 and let each f ") consist of
O(V) of dimension d, and f o of dlmensmn ro(dy) — d,. The small A-optimal weights /g
then take the form (2.28) but with each h now with the structure from (2.23),

)T
h(HV)T _ o hl,ﬁ
Vv s
ho  Op-pyxse

where h(1 o 1s given by (2.27) when replacing C(GV) by C(IV) and with f ¢ comprising f Z(V) and
fo ) as just described, and where

h(V)T( )= b(V)T(x) (C(V)(x)) -1 (ax(v)f o(v) (x(V))) -1

with bé) of course collecting the coordinates (b(,),e o of bg and b(2 o signifying differentiation
of b(V> with respect to the parameters 0,1, ..., 8, not appearing in Cp.

Remark 3. The results and remarks above have shown that there are lots of small A-optimal
estimating functions. Yet another way of achieving small A-optimality may be by using
generalized method of moments estimators (Hansen 1982). Start with G, A as in (2.1) with
ga.p of the form (2.6), but allow the dimension to be s = p. Then introduce a random weight
matrix a, not depending on 6, of dimension s’ X s for some s’ = p, and minimize the scalar
Gz, A(@)ata, G, A(0) as a function of  to obtain the estimator. Here we shall not investigate
under what conditions this estimator is small A-optimal.

We return now to the discussion of the optimal martingale estimating function (2.8)
determined by the base (f g» ---» fp)- Since, for any given t = A >0, g, pt is better than a
gnp where hpag = hg is determmed as in Theorem 2.2, the flow G%' = (go"t) should be
small A-optimal if » = d in case (i) or » = ry in cases (ii) or (iii). What, however does not
follow from Theorem 2.2 is that G satisfies condition (2.11), (2.12) or (2.13). We shall
now verify that this is the case (for » = d and ry, respectively). We also believe that in
general (excepting for cases (ii) and (iii) the block structure from Remark 2 and possibly
other special structures for the model) the lower bounds d and ry for » cannot be improved
upon. In the statement of the result, the three cases are treated separately as usual.
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Theorem 2.3 For the optimal flow G = (gOpt of martingale estimating functions with base
(fg, ..., fp) the following results hold:

(1) If r =d and the matrix 0, fy(x) is non-singular for ug-almost all x, then
gop(xs y) = lim g0 )
and
0y205p(x, X) = by(x)C™ ().
(i) If r = ry and the matrix
@fo(x) B folx) € R
is of full rank ry for ug-almost all x, then

opt

2, o(x, y) = 11m g,

opt

0(x, ¥)
and
Oygopx, ) =0, B, gd(x, 1) = Co(0)(C3 ) ™!
(iii) If r = ry and the matrix
(0ufo(x) P fo(x)) € R+

is of full rank ry for ug-almost all x, then

gopt

opt 1 1,1,0

goﬁ(x, y) - hm opt
=0\ &0

and

opt 0, opt —
9, g(x, x) = < b, o CZI (x)), gl o, ) = Cly(C52) 7. (2.29)

Proof. The main difficulty lies in finding ggf’et from (2.8) and (2.7). The reader is initially
reminded that if p(x) is twice differentiable in x with p € L'(uy), then, provided
Agp € L'(ug) and (9,p)Co(0:p)' € L'(1p), the expansion

6p(x) = p(x) + tAgp(x) + o(1, x) (2.30)

holds with o(¢, x)/t — 0 as t — 0 for each x. Such expansions are used repeatedly below, not
only for some function p, but later in the proof also when p is replaced by 4yp, and it should
be kept in mind that this presupposes that, for example, the sufficient (but far from necessary)
conditions given above for (2.30) to hold are satisfied.
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Note at this point that for sufficiently nice functions ¢, v, since
T0(PY) = QY + tAg(Py) + o(1),
(0P oy) = (¢ + tAded) (W + tdop) + o(t)
(with o(#)/t = o(t, x)/t — 0 for each x) and
Ag(p) = (Aep)p + P(Agw) + (D:0) Co(Dp) ', (2.31)
it follows that
T DY) — (X 0P) T 09) = HDxp)Co(D)" + o(1). (2.32)

Now use (2.32) with ¢ = f9, yp = f9, 1 <gq, ¢’ < r (with r arbitrary at the moment), to
obtain

Too(fof ) — (Tiofo)Tiofo) = tOxfo)Co(Oxfo)' + o(1), (2.33)

and it is seen that the main term on the right evaluated at x is a non-singular » X » matrix
only if r<=d and 0. f(x) € R™ is of full rank 7.

To find g0 0 we also need to appr0x1mate the factor Oy, ofo — rp f from (2.7).
Assuming that dgo(f) = o(t) and that f9 is smooth enough,

Oot10f0 = 0o(fo + tAafo + o(1))
= fo + t(Aofo + (0ufo)bo +1(8%.f0) Co) + (1),

Tiofo = fo + tdgfo + o(f)
and thus

dot10fo — oo = t((OxSo)bo +5(2.f0) Co) + o(0). (234)

Case (i). Since Cp =0, (2.34) reduces to
o701 — Tr0fo = D S0)by + (1),
and therefore, using (2.33), it follows that if » < d, then
gop(x. y) = lim g f(x, »)
= by(x)(0x/0)" (x) [0S0 (x) C(x)(Dxf0) (%)) " (fo () — fo(x)
so that
0y gory(x, x) = bi(x)(0xf0)" (X)[0: /o (x) C(X)(Df0)" (x)] ' D fo(x). (2.35)

For r = d this reduces to b, o (x)C~1(x) as required. (For r < d the d X d matrix appearing as
a factor to the right of b19 (x) has rank r, hence can never equal the non-singular d X d matrix

C~!(x). However, in some special cases it may still be possible to obtain 9, go g(x X) =
by()C™'(x)).
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Case (ii). Assume that » > d. Then the main term on the right of (2.33) becomes
singular and it is therefore necessary to expand further. But from the basic expansion

Top = @ + tdgp + 12 A5 + o(£),
using (2.31) repeatedly, it eventually follows that
Too(fof §) — T fo)(Trofo)' = tOxf0)Co(Oxfo) + 120 + o(£), (2.36)
with QO of the form
0 = (D3 S0)CG (O3S 0)" + (0:0)S + 5T(D:f0)" (2.37)
for some S(x)€ RY*". By Lemma A.l in the Appendix, therefore (with 4 =
(0x/9)Co(0xf9)", B =30),
lim 2 [70.0(f0. ) — rofo)rofo)'] ™ = 01 (0:5005) 'O, (2.38)
where OT(x) = (O] (x) O)(x)) € R"™" is orthogonal for each x, O;(x) comprising the first d
and O,(x) the last » — d rows of O(x), and satisfies
O+ fo(x) Co(x)(Df0) (O (x) = diag(Ai(x), - .., Aa(x), 0, ..., 0) (2.39)
with A1(x), ..., A¢(x) > 0 the non-zero eigenvalues for (0, f9)Co(Oxfp)" evaluated at x.
But from (2.39) it follows that
O2(x)(:f0(x)) Co(x)(D:f9)" ()O3 (x) = 0
or, since Cy(x) > 0, that
0,0, f9 = 0. (2.40)
Combining (2.38) with (2.34) and using (2.40), it follows that

gop(x: ¥) = lim igf(x, y)

= CH(D2.f0) O [Ox(0% f0) 57 (D2 f0) " O31 Oa( fo(») — fo(x)),

with all factors to the left of fy(y) evaluated at x. Using (2.40), it is clear that
dy ggpgt(x, x) = 0 always, and hence, to obtain (2.12), it remains to check whether (omitting
y opt opt

the argument x with 97, g¢ short for 97, gdh(x, x))

%80 = Ch(0% f0) O3 0202, f0) C3 (05, f0) O] 0203, fo = CH(CE™) . (24])

To achieve this we now assume that » = ry, so that » — d = |J|, and use the assumption
from the theorem that 2 fy(x) has full rank |J| for all x. Then T := (82 _fp)R also has rank
|J] and O,I' € R/*/ is non-singular, and, using 92 fp = 0% fo(RR) (cf. (2.17)), (2.41)
therefore gives

(% 80)R = CyR'TTO; [O,TRCy*R'TTO}] ' O,T

= CyR"(RC{*R") . (2.42)
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That 92,gg% = C5(C5™)~" will follow from (cf. (2.17))
(9,809 R = CH(CE) 'R,

and that the right-hand side here indeed equals that of (2.42) is verified by multiplying by
RC%’ZRT from the right, again appealing to (2.17).
Case (ii1). Here we initially proceed as in case (ii), arriving at (cf. (2.36))

g, v) = (ByOxfo)' +3CH (02 f0)" + o(1)) (2.43)

X ((0:f0)Co(Dxf0)" + 30 + o(0) "' (fo(y) = fo(x) + o(1))

with Q as in (2.37). '
Considering first the last p — p’ components of g‘:}’(;, since by assumption C,p =0, it
follows from Lemma A.l1 that

G, y) = B340 /o) (203 (0:12008) 70y + N)(foly) — fo() + o(1),
which, because of (2.40), in the limit reduces to
&5l00(06 ») =1im g7 (x, ) = b3, f0) 'N(fo(») = fo(x))

with N of the form

N = 01(01(9:f9)Co(0:f0) O)) ' O1 + 018 + 51 0.
But then, again using (2.40) and since O;(9,fy) € R¥*? is non-singular,

0,850 9%, %) = b3 4(0:/0)" O1(O1(Dxf5)Co(D /)" O) ' O1(D.fo)
= byCy',

as required in the first part of (2.29).
As for the first p’ components of g(t’f’(,t, obtain from (2.43) that

1817 (x ) = (B g(D:f0)" + 5CT (05 S0) O (025005) ™ Oa(fo(3) = fo(x)) + (1),
whence
g1foe ») = lim 1g}%,o(x, y)
= 3CT0(02S0) O3 (023 (02 f5) €2 (02 f0) T O3) ' O fol) = fo(0),
once again using (2.40). But then (2.40) also gives
ayg?%ﬁ(x, x) =0,
and arguing exactly as in the last part of case (ii), one finally finds that
0,80, ) = C1p(C57) 7,

and we have completed the proof of (2.29). UJ
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We have not shown that (2.11) (or (2.12) or (2.13)) is satisfied for the optimal martingale
estimating function when » > d (or r > ry). For case (i) with » > d one may copy the
argument involving ggf”(; given in case (iii) above. For cases (ii) and (iii), if » > ry a further
expansion of (2.36) together with a refinement of Lemma A.l is required, since, for
example, the columns of 4 = (0fp)Co(Oxfp)" and B:%Q cannot span a subspace of
dimension r. We believe, however, that (2.12) (case (ii)) or (2.13) (case (iii)) is still valid
for the optimal martingale estimating function, even if » > 7.

Remark 4. For d = 1, Bibby and Serensen (1995) studied martingale estimating functions
with the one-dimensional (r =1) base f(x)=x, and, apart from deriving the optimal
estimating function Gj; (their (2.15)), also suggested the use of an approximately optimal G,
(their (2.14)). In general, the weights for G, are arrived at by replacing the true transition
probabilities as they appear in our (2.7) by the Gaussian approximations corresponding to the
Euler scheme, i.e. the conditional distribution of X, given X, = x is approximated by the
normal distribution 7, ¢(x, -) with mean x + tbg(x) and variance Cp(x). It may be shown, at
least for d = 1 and r = r, that the estimator resulting from G, is small A-optimal.

3. Examples

We shall illustrate the foregoing results with two examples.

3.1. A generalized Cox—Ingersoll-Ross process

Consider the one-dimensional (d = 1) equation
dx, = (axiy‘l + bX,)dt +oXx7dB, 3.1)

where a, b € R,y # 1 and 0 > 0. For y = % this is the stochastic differential equation for the
Cox—Ingersoll-Ross (CIR) process (see (3.2) below). The generalization (3.1) is arrived at by
considering all powers X* of a CIR process with p # 0; more precisely, if X solves (3.1),
then the associated CIR process is X = X227 solving

dX, = (a+bX,)dt + 6‘\/XTtdBt, 3.2)
where
b=(2—2y)b, 62 =2 -2y) 0’ a-1c’=02-2y)(a—10?) (33)
(which also explains why y = 1 is not allowed in (3.1)).

Because of the connection to the CIR process, the model described by (3.1) is much
simpler to handle than the more standard Chan—Karolyi—Longstaff—Sanders model,

in particular, for (3.1) it is easy to find martingale estimating functions of the type considered
in the preceding sections.
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In (3.1) the parameter space has dimension p = 4. We shall want X to be strictly positive
and ergodic, which happens if and only if the associated CIR process X is strictly positive
and ergodic, i.e. b <0 and 24 = G2, or equivalently, either y <1, b <0, 2a =02 or
y>1, b>0, 2a < 0% As our open parameter set we shall therefore use

O =1{(a, b, y,0% :0>>0andeither y < 1,5 <0,2a>0c%>ory>1,b>0,2a <0}

Note that if 6 =(a, b,y,0%)€® and p#0, then X* solves (3.1) with parameters
0" = (a*, b*, v*, 0*?) given by

1
b* = pb, o*? = p’o?, 2 -2y* = ;(2 —2y), a* =10 = p(a—1o?).

In particular, taking p < 0 corresponds to a switch from y <1 to y* > 1 (or from y > 1 to
yE <.

Since the invariant distribution for X is a gamma distribution, the invariant distribution
for X is that of a gamma-distributed random variable raised to the power (2 — 2y)~!. The
density is

_ 12 — 2y 2a/02-2 _ 2b 2-2
) = rarmn s (g ) 69

for x > 0, where (cf. (3.3))

=

2a 1 -2y
== + .
62 (2-2y)0% 2-2

(For vy :% the familiar invariant gamma density for the CIR process is obtained.)
Because a gamma distribution has finite moments of all orders m € N, we have
E’;Xf]zfzy)m < oo for all m € N, and, since

(oo}
EzX(tzfzy)m = J dxfug(x)ﬂt,gx(z*z”m
0

(where 7, 9% is short for 7, qf(x) for f(y) = yP), also
Togx @M < oo

for all >0, m € N and (Lebesgue almost all) x > 0.

The conditional moments for a CIR process are known and in any case easy to find using
polynomial martingales: for m € N, let &,, be the mth moment in the invariant distribution
for X,

- _< 62)mF(2d/62+m)
=\"2) ey
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and verify, for instance using induction on m and It6’s formula, that M(" is a mean-zero
martingale (see the note below) under each P}, where

m

M = by g ( X wi_ é,») (3.5)

i=1

m 1 i— m
i ):g(—l) 1(1.)-

(Equivalently, for each m, the polynomial Ziﬂg’”)(xi — &;) of degree m is an eigenfunction
for the generator for the CIR process (3.2) corresponding to the eigenvalue bm; see Kessler
and Serensen (1999) for estimating functions built from eigenfunctions, and their Example
2.1 for the CIR process).

Note that, because all conditional moments for the ergodic CIR process are finite, one
verifies directly that the local martingale M(™ satisfies E'}}[M("”] < oo for all x and ¢, in
particular M(™ is therefore a true martingale under P} (L*>-bounded on [0, 7] for all 7).

Turning now to the problem of estimating 6 from discrete observations of X, it is clear
that (3.1) belongs to case (iii) with p =4, p’ =2, so we shall apply Theorems 2.2 and 2.3
for that case with r = ry(1) = 2. In view of the above, a natural candidate for the base

(f1. 2 is

with

[leo=x>% =Y, (3.6)

which trivially satisfies Assumption A. Note that £!, f? both depend on ; cf. the comment
immediately preceding Proposition 2.1.

In order to find an example of small A-optimal weights we use the recipe from Remark 1
(corresponding to the special choice (2.25) of % in Theorem 2.2, case (iii)) and, listing the
parameters in the order 7y, 0%, a, b, we find that

. 2y-1 . 202x?" lo
= (). = (P

and eventually arrive at the estimating function

—2logx x*2logx
-2 x2y—2 y272y -, 6x272y
grolx, y) = x2r—2 0 <y44y — nt,9x4*4y > (3.7)
1 0

which requires the use of (3.5) for m = 1, 2 in order to find the conditional expectations.
That g,p given by (3.7) indeed satisfies the conditions (2.13) for small A-optimality is
most easily verified directly. Note that the linear independence asserted in Theorem 2.2
between the columns in /4y, i.e. the functions comprising the rows in the 4 X 2 matrix in
(3.7), holds precisely because y # 1.
For the flow (g.¢) given by (3.7) one still needs to check the integrability assumptions
from Jacobsen (2001a, Theorem 1) and the conditions on estimating flows made prior to
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that theorem. In the case at hand the conditions in particular amount to requiring that
E§|g§"9(X 0, X)|X < oo for all components k and moderate values of K € N. The problem
is the appearance of the power x?’~2 in the expression for gy, which translates into
negative powers )?(;(1 and )?a 2 of the CIR process X, and of course, for example,
EbX; K =Efx(7 " < oo if and only if 2d/6? > K. Thus some care should be taken
before applying (3.7): it must at least be assumed that 2a/G? is suitably large.

The estimation function (3.7) was used in a simulation study in Jacobsen (2001b, Section
2.1) with good results not only for small values of A.

To find the optimal martingale estimating function with base (f!, %) given by (3.6), one
needs (3.5) also for m = 3, 4 and conditional moments involving logarithms; see (2.7), in
which the term 7, fg appears. The latter moments are easy to find in terms of the
conditional expectation Eg(log X ;| Xy = %) for the CIR process starting at an arbitrary level
X, but the explicit form for this is unpleasant to work with.

Whether one uses the small A-optimal flow (3.7) or the optimal flow, since d = 1 a slight
improvement in efficiency may be gained by symmetrizing, using for example
%(gt,g(x, y)+ g.6(y, x)) instead of (3.7); see Jacobsen (200la, Proposition 4) and the
discussion there about time reversal.

3.2. The finite-dimensional Gaussian diffusions

We consider now the d-dimensional diffusion
dX,=(4+ BX,)dt+ Ddw,, (3.8)

where the unknown parameters are 4 € R¥*!, B € R?*¢ and C := DD" € R¥*?, with the
symmetric matrix C assumed strictly positive definite. (In this subsection the symbol B is
used to denote the matrix of linear drift parameters, and the driving d-dimensional Brownian
motion is denoted W instead of B.) Thus

p' =\J], p=|J|+d+d.

The diffusion (3.8) has Gaussian transitions (for the expectation and second-order
moments, see (3.9) and (3.10) below) and is ergodic if and only if spec(B) C
{4 € C: Re(4) < 0}.

For this model there is a genuine identification problem when considering equidistant
observations X;x for an arbitrary given A > 0: it is possible to find 6 # 6’ such that
Tae(x, ) = ap(x, ) for all x € RY. For example, take d =2 and define 6 and 6’ by
Ag = Agf = 02><1, C9 = Cgf = 12 and Bg = b[z,

0 2nk/A>

Bg’_b12+(_2nk/A 0

for some b <0 (to obtain ergodicity) and some k € Z\0. The 6’-process is a two-
dimensional rotating Ornstein—Uhlenbeck process, while the O-process starting, say, at a
given x € R?> is composed of two independent one-dimensional Ornstein—Uhlenbeck
processes. Because, for all 9,
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ox 0 3\ [ cosd sind
Plg 0) 7\ =sin9 cos9

is orthogonal, it follows from (3.9) and (3.10) below that map(x, -) = A (X, -) is the
Gaussian distribution with mean vector e?*x and covariance matrix (—2b)"'(1 — e?*2)I,.
Thus, for this example, the identification equation (2.3) can never hold for any 7 > 0.

As our base (of dimension 7y) for the martingale estimating functions we shall use ( f'9)
for g € {1, ..., d} UJ, where

[l =x (1<i<a), S =xexy () €,

writing x = (xi, ..., x4) for a generic point in R?. Clearly ( f7) satisfies the conditions from
Assumption A and also, as a little work shows, the conditions on 0, f, Bix f from Theorem
2.2. To proceed we need the conditional moments 77, f ¢, conveniently collected in the vector
7x = (7T, 0Xi)1<i<q and the matrix 7.9xx" and known to be given by the expressions

T9x = (e® — 1,)B ' 4+ e"%x, (3.9)

t
T,9xx" = (7,9x)(7,9x)" + J e®Ce ' ds. (3.10)
0

(As in the previous example, notation like 77, gxxT is short for 7,9 f(x), where f(y) = yyT.)

Invoking Theorem 2.2 with * in (2.21) equal to 0 (which here gives the same result as
the method described in Remark 1), one eventually arrives at the small A-optimal
estimating functlon gio, With g1, = (gtg)(, Jjhes and g2, spht into the vector-valued
component gzza (g,9)1<, <4 and the matrix-valued component gzl 0= (gt 9)1 <i,j=d» and

1,10 gzm and g2,0 given by
gi,iiﬁ(x’ ¥) = (C'[=x(y — wpox)" — (y — T px)x"
+ " = qp(xHIC g,
g3 o0, ») = C (v — %),
25906 ) = C ' (y — i px)x".

For the calculations one uses the fact that

T IXd T ooy, ifis],
Cig(x) €R ) <C1,6(x)>l] = {5”51,[ if i> ],

biy) (x) = 14 € R,

/N RS
N .
N—

bﬁe)T(x) — I, ®x € RO
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with bﬁ o(x) := A differentiated with respect to 4 only and bg ¢(x) == Bx differentiated with
respect to B only. Also note that

(Di2f () = 0/ () SR = (Plélc) Og(f),

where Dy = diag(d; ;) € R/*/ with

1 if if <j'
d-v-/: . . _,’
H {% if i' =j,

and P(x) € R’*? with
Pirj j(x) = =dirj (s jxj + 0 jxi)-

As in the previous example, the simplest way to verify the small A-optimality is to verify
directly from these expressions that the conditions (2.13) are satisfied.

The resulting estimating equations are not affected by multiplication from the left and/or
right by C, and it is now an easy task to write down the estimators of the parameter
functions

A
A= —1,)B7'4, et = J e Ce” ds
0

based on the observations X, Xa, ..., X,a: defining

I (. o 1
X, :=;;Xu7m, X 12;;)@‘&

one sees using (3.9) and (3.10) that the estimating equations obtained from g, g5, g% are
equivalent to the equations

n

Z(Xm —A—e*X1ya) =0, (3.11)

i=1

n

Z(X,A—A—CABX(H)A)X(TI-_UA =0 (3.12)
P

> (Xia Xy — (A4 e X a) (A+ e X a)" = C) =0, (3.13)
i=1
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and hence

A=X"—erBx | (3.14)

*

n n —1
eAB = (Z(XIA - X*)Xz;—l)A) (Z(X(ilm — Y*> (X(,;l)A — X*>T> (3.15)

i=1
2 1 - T T
=Y (XX}~ Z:Z]) (3.16)
i=1

where, in the last line,

=A + GABX(,;DA.
Note that (3.16) may be written
~ 1< N - N 5
C = ;Z(XIA — .A - eABX(,-_l)A) (XiA — .A — CABX(,'_UA>T, (317)
i=1

as is seen using the fact that it follows from (3.11) and (3.12) that
Z(X:A ~A-et X(H)A)Z,T =0.

The likelihood function for observing Xy, Xa, ..., X,a conditionally on X is

n

1
HW exp(—3(Xia — E)'CTN(Xia — £),
i=1
where

& = mao(Xi-na) = A+eP X pa.

Maximizing this over A, ¢*# and C varying freely in R**!, R**¢ and the space of symmetric
positive definite d X d matrices yields the estimators .A eAB and C from (3.14), (3.15) and
(3.16). For the model with 4 =0, Kessler and Rahbek (2001) study the corresponding
maximum likelihood estimator and also tackle the non-trivial problem of converting their
versions of (3.15) and (3.16) into estimators for B and C: they provide conditions for (3.15)
to be the exponential of a square matrix (which in our model must also satisfy the condition
that all eigenvalues have negative real parts), and also provide conditions for this square
matrix and the estimator for C to be uniquely determined.

Appendix
The following result was used in the proof of Theorem 2.3:

Lemma A.1. Let A4, B € R™™ be symmetric and positive semidefinite matrices such that
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1 <rank(4) = m' < m and such that the columns (or rows) of A and B jointly span all of
R™. Further. let OT = (OT (’)g) be an orthogonal m X m matrix with O comprising the
first m' and O, the last m — m' rows of O such that

OAO" = diag(A1, ..., Aw, 0, ..., 0),

Als - ooy A > 0 denoting the non-zero eigenvalues for A. Then as t — 0,
1
(A+ )" =-0,(0,B0,) ' Or + N + O(1),

where N is of the form
01 (01 407) 'O + 0,5 + 570,

for some (m — m') X m matrix S.

Proof. Assume first that 4 = diag(A, ..., A, 0, ..., 0) (with all 4, > 0) and write
B B
B =
< By B )
with, for example, B,, the lower right (m — m') X (m — m') submatrix of B. Then
|A+ (B = 1™ ™ (HM) | By | + O(t’”"”,“),

(=1

as is seen by computing the determinant directly as the sum of signed products
IT)" (A + tB)is () With o an arbitrary permutation of 1, ..., m. Also for the subdeterminants
obtained by deleting the /th row and ¢'th column,

o=y if e > m

A+ tBly = ) .
|4+ Bla {O(t'””’) otherwise.

It follows from this that (4 + ¢tB)~! is of the form

1/0 0
t<0 M) + N+ 0(1)
and it is then easy to see that, writing
D = diag(Ay, ..., Aw) € R,

one has

o 1/0 o0 D! —D'B;»B;)
A+ B! =— )+ ~ - _ C127022 ) 4 O(f). Al
( ) t <0 3221 ) (_BZZIBZID 1 3221 BZID lBlZBzzl ( ) ( )

For the general case, just use the fact that
(A+B)"' = 0" (040" + t0BO") 'O,
with (040" + tOBO")~! of the form (A.1) and D = 0, 40] O
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