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THE DIAMETER AND THE MEAN DISTANCE
OF A RIEMANNIAN MANIFOLD

BOJAN MOHAR

Let M be a compact Riemannian manifold. For x, y € M, denote by
p(x,y) the distance between x and y, i.e., the infimum of lengths of con-
tinuous piecewise C! paths between x and y. (Notice that for geodesically
complete manifolds there is always a path from x to y of length p(x,y).)
The invariants of M based on the distance p are called metrical invariants.
Most of them are related to the geometry of M. Let us mention a few of
them.

The diameter, diam(M), of M is the maximal value of p(x,y) for x, y €
M. If two points x, y are at distance diam(M), they are called antipodal.
Denote by

M) P, M) = gz | ) AV ()

the average distance of points in M from x. Then
_ _ 1 _
2) pOM) = g [ PO MDAV ()

is called the mean distance of M. These distances are important metric
invariants of M, but, surprisingly enough, they have not been extensively
investigated yet.

Denote by A the Laplace-Beltrami differential operator (Laplacian for
short) on M. It is well known that the spectrum of A is a discrete set of
real numbers, g = 0 < A; < Ay <43 <.... The first nontrivial eigenvalue
A1 = A1(M) of the Laplacian is related to many geometric properties of
M. In this note we present inequalities between the diameter, or the mean
distance of M, and A;(M). For § > 0, let B(x,d) denote the ball of radius
J centered at x € M, and let

v(M,d) = )rcréiAI}Vol(B(x,é)).

THEOREM 1. Let M be a compact Riemannian manifold with the first
nontrivial eigenvalue of the Laplace operator on M equal to A,. Then for
any d > 0,

3) diam(M) <2 (6 + \/il_l [logz %}%]) .
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THEOREM 2. Under the same assumptions as above and for arbitrary
xXeM,

_ 2 Vol(M) ov(M,9)
) pe. ) <+ 7 lows S| + Sy
Of course, (4) gives rise to the same upper bound on the mean distance

p(M).

The main idea in the proofs of both theorems is the same. We sketch
only the slightly simpler proof of Theorem 1. The details will appear
elsewhere.

The main step in proving Theorem 1 is to show that large A, forces fast
growth of the manifold: By the Rayleigh’s Theorem for the Laplacian A
on M,

P =min{ (?f{’j{))lfe CZ(M),/Mf=O,f;éO}

where (f, g) = [;, f&. This implies a similar, handier formula

. (Ag,8)
(5) A1 = 2Vol(M) min
sco / | 1) - s av ) av )
MJIM

where @ is the set of all nonconstant C2 functions on M.

Let N be a compact submanifold of M of codimension one which di-
vides M into two disjoint open submanifolds M, M, with common bound-
ary N = 0M; = 0M,. Fore > 0, let N; := {x € M, U N|p(x,N) < ¢&}.
Applying the function

0, X €M,
gx)=1¢ 2N xe N,
L, X € M)\N,,
in (5) one obtains, after some computation, that if Vol(M;) < Vol(M\N,),
Vol(M) Vol(N,)

2
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If, moreover, Vol(M;\N;) > 1 Vol(M) then (6) implies for & = % that
1

(7) Vol(M, U N,) > 2 Vol(M)).

It is a matter of routine to derive (3) from (7). It should be mentioned
that (7) also implies (4) but some additional work is required.

The obtained inequalities, upper bounds on diam(M) and p(M), hold in
general, whereas in previous works a similar result was obtained by Burger
and Schroeder [BS] in the case only, when M is a compact quotient of
H}, F being one of the rings R, C, H, or O (this one for n = 2 only).
Another work [B] uses the results of [BS] and some further analysis to
obtain bounds on the diameter of a compact Riemannian manifold and
its covers.
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