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ON FOURIER COEFFICIENTS OF A CONTINUOUS
PERIODIC FUNCTION OF BOUNDED ENTROPY NORM

ROMUALD DABROWSKI

In 1983 B. Korenblum (5, 6] introduced a new class of Banach function
spaces associated with the notion of entropy (we will call these spaces and
their norms entropy spaces and entropy norms, respectively). The entropy
norms are intermediate between the uniform and the variation norms. One
application of entropy spaces is a new convergence test for Fourier series which
includes classical tests of Dirichlet-Jordan and Dini-Lipschitz [6]. The aim of
this note is to point out a natural connection between entropy spaces and
Hardy space Re H! [4]. In fact any entropy space can be embedded into
Re H! via a multiplier type bounded operator. As a corollary we obtain a
growth condition for Fourier coefficients of a continuous periodic function of
bounded entropy norm.

1. Two representations of an entropy norm. Let T' = R/Z be the
unit circle, and let |E| = [ dz denote the normalized Lebesgue measure of
a Borel subset E of T. Also, let k(s), 0 < 8 < 1, be a positive nondecreasing
concave function such that k(s) = 1. The k-entropy of a finite subset E of
T (E # Q) is k(E) = Y, k(|I]), where {I;} are the complementary arcs of
E in T. For an infinite subset E of T we set k(E) = sup{k(F);F C E,
F finite}. We also put k(&) = 0. The k-entropy norm [5, 6] of a real
continuous function f on T is defined by the formula

171l = /R k(1 ({y}) dy.

THEOREM 1 [2]. Let k(s), 0 < s < 1, be a positive nondecreasing concave
function such that k(07) = 0 and lims_o(k(s)/s) = oo. There i3 a unique
Borel probability measure uy on the unit interval (0,1] such that

711k =/T/(0 1l %Q’(f) dz duk(s),

where Qy(f) 1s the oscillation of the function f on the arc [ = I(z,s) in T
of length s and center at x. A relationship between k and uy is given by the

formula .
s 1
k(s) = /0 /t = dyue(u)dt.

It is then proved in [2] that the set Cx of real continuous functions on T' of
finite k-entropy norm is a Banach algebra with respect to the norm ||-||x+(||oo-
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2. Natural embedding of the space C;, into Hardy space Re H!. We
recall that a real function a(t) on T is called an atom if (i) the support of a(t) is
contained in a subarc I of T; (i) |a(t)| < |I|~! for all t in T; (iii) [ a(t)dt = 0.
It is proved in [1] that

21) sup{llaflne 1, @ atom} = 1,

for a suitable choice of norm of Re H'. From now on we fix a function k with
the properties assumed in Theorem 1 and we let 1 = u be the corresponding
probability measure. Also, let A; denote the characteristic function of a
subarc I of T'. For any function f, f € Ck, we put

(22)  Tef()= /T / o (/DALOU) = ) o) o

where I = I(z,8), 2 € T,0< s < 1, and f(I) = 1 [, f(z)dz. A standard
argument involving Fubini’s theorem shows that integral (2.2) makes sense
for almost all t in T and it defines a bounded linear operator from the space
Ck to the space L!(T) of all Lebesgue integrable functions on 7. In fact much
more can be said about the operator Ty. We first observe that for any arc
I=1I(z,s),z€T,0< s <1, one can write

LAI(0)(f(8) = F(D) = Qu(far(t), teT,

where ay(t) is an atom supported on I and dependent on f. Hence (2.2) can
be viewed as a Bochner integral [7] of a strongly measurable function

(x’ 3) s ’:‘QI(z,s) (f)al(z,s) )

defined on measure space (T x (0, 1], dz dux) with values in Re H'. Now the
Minkowski’s inequality for the norm of a Bochner integral and (2.1) yield the
following result.

THEOREM 2. Tj is a bounded linear operator from space Ck to Hardy
space Re H! such that

Tk fllre a1 < |11k f € Ck.

3. Operator T as a multiplier. For any integer n and ¢ in T' we put
en(t) = exp(2mint). A direct calculation of the value of operator Tk on e,
leads to the following theorem.

THEOREM 3. Operator Ty i3 of multiplier type, i.e. Txen, = Pn(k)en,
n € Z, where Bn(k) i3 given by the formula

__1 _ 2,22y 1
(3.1) Bn(k) = Yo /(0,1](008(%”3) 1+ 2n*n®s )33 du(s), n#0.
Moreover, one has fo(k) = 0 and Bp(k) = f-n(k) > 0 for n # 0, and Ty,
restricted to Ci(0) = {f € Cx; [, f(t) dt = 0}, is injective.

It is a well-known result of Hardy (3] that if )~ cne, is the Fourier series
of a function g € Re H! then }_,,_,|cn/n| < C||g||re a1 for certain constant
C independent of g. This fact together with Theorems 1 and 2 imply the
following corollary.
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COROLLARY. Let f be a continuous function of bounded k-entropy. If
Y n Gneén(t) is the Fourier series of f, then En#, Bn(k)|an/n| < C||fllk-

EXAMPLES. 1. If k(s) = s, then u is the point mass measure §; concen-
trated at s = 1 and B, (k) = 1 for any n # 0. Note that in this case || f||x is
just the oscillation of a function f on T.

2. Suppose that du(s) = gs?~! ds for some ¢, 0 < ¢ < 1. Then a repeated
integration by parts leads to the formula

_ q
Pu(k) = (g-2)(g-3)

n
X (q -4+ 2n1_‘1/ (1 — cos(2my))y?? dy) , n>0.
0

In particular, if k(s) = s(]log(s)| + 1) is the Shannon entropy, then du(s) =
ds (see [2]) and fk(n) = fO"(l — cos(2my))y~ldy — (3/2), n > 0. Now it
is not difficult to prove that lim,_,o(8n(k)/log(n)) = 1. Therefore, using
Theorem 3 we conclude that if ) ane, is the Fourier series of a continuous
function of bounded Shannon entropy norm then }_,, . [an (log(|n[)/n| < oo.
Similarly, formula (3.2) implies that if {a, }ncz are the Fourier coefficients of a
continuous function with bounded Lipschitz entropy norm (i.e. k(s) = s, 0 <
q < 1,and by [2] du(s) = gdb1(s)+q(g—1)s?"" ds), then =, ., |an|/|n|? < co.

(3.2)
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