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GENERALIZATIONS OF THE NEUMANN SYSTEM

BY R. J. SCHILLING!

0. Introduction. The following observation, due to E. Trubowitz (7],
illustrates an intimate relationship between spectral theory and Hamiltonian
mechanics in the presence of constraints. Let ¢(s) be a real periodic function

such that Hill’s operator,
d 2
1= (%) -4

has only a finite number ¢ of simple eigenvalues. There exist g + 1 periodic

eigenfunctions o, ...,y and corresponding eigenvalues ao, ...,a4 of L such
that
9 9
1= 2! and ¢=-) (a3} +3}),
r=0 r=0

where y, = dz,/ds. The equations Lz, = a,z, (r =0,...,g) are equivalent
to the classical Neumann system [7].

H. Flaschka [3] obtained similar results from a different point of view.
His approach is based on the articles [2 and 5] of I. V. Cherednik and I. M.
Krichever. The familiar Lax pairs, the constants of motion and the quadrics of
the Neumann system emerge as consequences of the Riemann-Roch Theorem.

The purpose of our work is to apply Flaschka’s techniques to operators of
order n > 2. We will be defining higher Neumann systems whose theory is
closely tied to the spectral theory of linear differential operators of order n.
C. Tomei [9], using scattering theory, obtained some of our n = 3 formulas.

Preliminaries.

(1.1) RIEMANN SURFACE. Let R be a Riemann surface of genus gg with
a point oo and a rational function whose divisor of poles (A)s is n>°. We set
k = A/, Then k! is a local parameter vanishing at co. Let W be the set
of Weierstrass gap numbers of co.

(1.2) ALGEBRAIC CURVES. We assume that R admits a second rational
function z with the following 3 properties. There exists an integer N > 0 and
an integer [ € {1,2,...,n — 1} relatively prime to n such that

2= AN Yoo+ 2167t 410, 20 =1, at oo.

Let (2)oo = (0)+---+(m), (r) € R, be the divisor of poles of z. Let a, = A(r).
We assume that each (r) is a simple pole and a, # as whenever s # r. We

Received by the editors September 30, 1985.

1980 Mathematics Subject Classification (1985 Rewviston). Primary 58F07, 58F19,
14HA40.

1Supported in part by NSF (Fellowship) Grant No. MCS-8211308, NSF Grant No.
MCS-8102748, and Department of the Army DAAG 29-82-K-0068.

(©1986 American Mathematical Society
0273-0979/86 $1.00 + $.25 per page

287



288 R. J. SCHILLING

assume that the genus gp is related to m,n and [ by the following important
formula, gr = 3(n—1)(2(m+1)—nN —(I+1)). It is known that two rational
functions on a Riemann surface satisfy a polynomial equation. Since that
equation, it turns out, follows from the Baker function theory below, we need
not discuss the existence of Riemann surfaces with the properties above.

Since n and [ are relatively prime, there exist rj, s; € Z such that "7 z%
has a pole of order 7 at co. Let ¢t = (t;]5 € W) be a vector of gr complex
“time” parameters. Let 6 = ) .y t; A" 2%,

(1.3) BAKER FUNCTIONS. Let é be a positive nonspecial divisor of degree
gr that does not meet 0o and satisfies L(§ —o0o) = {0}. It is known that there
exists a unique function v = ¥s(t, p), called the Baker function of §, with the
following two properties. v is meromorphic in R — oo and any pole of ¥ lies
in 6. Near oo, 9 is given by Ye=¢ = 1+ & (t)k~1 + &(t)s~2 + - - -, where the
¢; are functions analytic on an open subset of C’% containing t = 0.

(1.4) DUAL BAKER FUNCTION. By the Riemann-Roch Theorem there
exists a unique abelian differential () and a positive nonspecial divisor é§’ of
degree gg such that () = 6§ +6" — 2 and QO = —k2(1+0(k~2))dk ! at 0.
Let ¢ = ¢s/(—t,p). We will refer to ¢ as the Baker function dual to ¢ and ¢’
will be called the dual divisor [2].

(1.5) NEUMANN SYSTEMS. There exists a linear differential operator L of
order n in d/dt; and, for each j € W, a linear differential operator L; of order
J in d/dt; such that

(15.1.1)  L(t)¥(t,p) = Ap)¥(t,p) and L;(t)y(t,p

Let L* be the formal real adjoint of L (for instance, (¢D?)* = (—1)?D7q).
The article [2] contains a clever proof of the following formulaS'

(15.1.2)  L(t)*4(t,p) = A(p)é(t,p) and L;(t)*d(t,p) = at (t,p)

We are now in position to define the main object of our analysis. Let
pr = Res(ry(2(1) and choose constants a,, B, € C* such that p, = o, 3,. We
evaluate the Baker functions 1) and ¢ over the poles of z to make the following
definitions:

(1.5.2) i (t) = epp(t,r) and ul(t) = Bro(t, ), r=0,...,m.

Let m € C?n(m+1) be the point whose coordinates are zJ, u/, and their first
n — 1 derivatives with respect to t;. We are concerned with the equations
obtained from (1.5.1) by setting p = (r), r =0,...,m.

(1.6) SOLITON EQUATIONS. The 1ntegrab1hty condition of the simultane-
ous linear equations (1.5.1) is the partial differential equation

(*) oL/dt; = [L;, L),  jEW.

The Lax equation usually suggests that certain spectral data associated to L
are preserved in time. In the present setup it is the Riemann surface R that
is preserved. Two of the equations (*) are important in their applications
to soliton mathematics. If n = 2 and 7 = 3, (%) is the Korteweg-de Vries

) = g-ga,p).
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equation. If n = 3 and j = 2, (%) is the Boussinesq equation in the form of a
system of equations.

Results.
(2.1) SYMPLECTIC MANIFOLD AND TRACE FORMULAS. The differen-

tial = wj(-’)qﬁgfl)ﬂ is meromorphic because the exponents of ¢ and ¢ at co
cancel. The meromorphic differential = A¥z7 has simple poles in (2)co
and it may have a pole at co. Let Cy = 3 p Resy(n). The classical formula
Y pcR—oo ReSp(1) = —Resco(n) expresses Resoo (1) in terms of m. If Resoo (1)
is constant (in t) the equation C,, = 0 defines a hypersurface in C2(m+1),
The functions C,, with Reso(n) constant are called constraints.

(2.1.1) THEOREM. The algebraic subset M of C*"(™m+1) defined in terms
of the quadratic constraints C, = 0 1s a symplectic manifold. The dimension
of M 1s given by dim(M) = 2gr +2(m + 1).

(2.1.2) THEOREM. The coefficients of L are expressible in terms of the
point m associated with the Baker function and the poles of z.

It follows then that the equations (1.5.1) with p = (r), r = 0,...,m, define
gr autonomous vector fields X¥, j € W, on M. The (n = 2) vector field X7
is a generalization of the Neumann system (3 and 4].

(2.2) LAX EQUATIONS. One of the nicest results of Flaschka’s work is a
systematic derivation of the well-known Neumann-Lax pairs. The best expla-
nation for the existence of the Neumann-Lax pairs comes from Krichever’s
theory of commutative rings of matrix differential operators. The divisor
A g (2)o — oo is nonspecial and its degree is gg + m. Following [4] we
call A’ the augmented dual divisor. According to [8], there exists a vector
function ® = (®9,...,8™)T with the following two properties. ® is mero-
morphic in R — (2) and any pole in ® lies in A’. Near (r), ®° is given by
®%e=? = 0,6, , + O(z~1). Let (; ) be the bilinear form associated to L by
the Lagrange identity, d(f;g)/dty = Lf -g — f - L*g. H. Flaschka discovered
the n = 2 version of the very beautiful formula,

(2:21) @7(t,0) = (25(2):8(t,p)) 1oy 0]
’ P e

According to Krichever there exists an (m + 1) x (m + 1) matrix B; that
depends polynomially on z such that ®;; = B;®. Using Flaschka’s formula
(2.2.1) we are able to express B, in terms of m. The function Az" belongs
to the ring H(R — (2)c0,Or). Thus according to Krichever there exists
an (m + 1) X (m + 1) matrix L that depends polynomially on z such that
L® = )\z"®. The Lax equation L;; = [B;, L] is immediate. Our explicit
formulas show that L is a rank n perturbation of the diagonal matrix a2" in
that the range of L — az™ is spanned by zi,...,z,. The (n = 2) L and B,
generalize the Neumann-Lax pairs in [1, 3 and 4].

We have A’ — ()00 > 0 and therefore ¢e® belongs to the linear space
of Baker functions spanned by the components of ®. This observation led
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Flaschka to the n = 2 version of the following formula:
(2.22) #(t,p)e’ = E up, ()9 (¢,p) = (un(t), ®(t,p))-

The formula has two apphcatlons. We use (2.2.2) to obtain explicit formulas
for the operators L;. Such formulas were one of Cherednik’s objectives [2].
When @ is eliminated from (2.2.2) by use of (2.2.1) we obtain the following
result.

(2.2.5) THEOREM. There exists an n X n matriz Z = Z(m, )), rational
in A, whose spectrum is independent of t. The algebraic relationship (1.2)
between A and z is given by the characterization polynomial det(Z — 2I) = 0.

(2.3) COMPLETE INTEGRABILITY. The m + 1 Hamiltonians (z7;u%), r =
0,...,m, are rather trivial involutive constants of motion. A reduction of M
by these Hamiltonians defines a symplectic manifold which, by (2.1.1), has
dimension 2gr. We use the fact that the eigenvalues of L and Z are constants
of the motion to construct a Hamiltonian H; for each vector field X*, j€W.

(2.3.1) THEOREM. The gr Neumann vector fields X* of (2.1.4) form a
completely integrable Hamiltonian system.

It is known that the level surface Mc % {m* € M|H;(m) = ¢;} of a
completely integrable system, if real and compact, is a torus. Our last result
is concerned with the structure of these energy level sets.

(2.3.2) THEOREM. The level surface of the reduced manifold is locally
1somorphic to the Zariski-open subset, Jacobian-(theta divisor) of the Jacobian
variety of the algebraic curve given by det(Z(\) — zI).

The idea in the proofs of (2.3.1,2) is an algebro-geometical version of the
solitonic inverse scattering transform. Let M be one of the symplectic mani-
folds of Theorem (2.1.1). We assign to each point m € M an algebraic curve
C and a divisor § = éym on C. The isomorphism of Theorem (2.3.2), called
the divisor map, is given by

m e M — (C,6) — (Jac(C), A(6))

where A is the Abel map. It contains a method for linearizing the equations of
motion. The important ideas can be found in [1 and 5]. We apply McKean’s
pole conditions [6, p. 624] to make certain results, especially the description
of 6, more explicit.
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