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TRANSFORMATIONS THAT DO NOT ACCEPT
A FINITE INVARIANT MEASURE'

BY ARSHAG HAJIAN AND YUII ITO

In the following we shall consider only nonatomic, o-finite measure spaces
(X, B, m). We say that a measure p is equivalent to m if u and m have the
same sets of measure zero. We shall discuss measurable transformations T
that are 1-1 onto maps with measurable inverses. If m(TA) = m(4) for all
sets A € B we say that T is a measure preserving transformation, or that m
is an invariant measure for the transformation 7. We assume that all
transformations mentioned are nonsingular; in other words, the image of a
set of positive measure has positive measure also. A measurable transforma-
tion T is ergodic if 74 = A implies that either the set 4 or its complement
has measure zero. We shall often tacitly assume the phrase “almost every-
where”, and all sets considered shall be measurable.

In [13] E. Hopf first discussed a necessary and sufficient condition for the
existence of a finite invariant measure p equivalent to m. Since then many
authors have discussed different aspects of transformations without a finite
invariant measure and have obtained a number of interesting results that
have deep connections with other areas of mathematics. For instance, there is
a significant influence on the classification theory of the factors of a von
Neumann algebra.

In [10] weakly wandering sets for a transformation T were introduced, and
it was shown that there exists a finite measure p equivalent to m and invariant
for T if and only if there are no weakly wandering sets of positive measure for
the transformation 7. Let U = {n|i=0, 1, 2,...} be a sequence of
integers; we say that a set A is a weakly wandering set under the sequence U
for the transformation T if the sets 7%4 for i =0, 1, 2,... are mutually
disjoint. If the weakly wandering set 4 has positive measure then we say that
U is a weakly wandering sequence for the transformation 7. In case the
sequence U consists of the set of all integers then we have the familiar case
where 4 is a wandering set.

Recurrent transformations play an important role in ergodic theory; these
are the transformations which do not accept wandering sets of positive
measure. Strongly recurrent transformations were introduced and discussed
in [3]; these are the transformations which do not accept weakly wandering
sets of positive measure. An ergodic measure preserving transformation 7' is
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also a recurrent transformation; moreover, if it is defined on an infinite
measure space (X, N, m) then it cannot accept a finite invariant measure p
equivalent to m. It is clear then that the strongly recurrent transformations
are the ones identified with the class of transformations that accept a finite
invariant measure p equivalent to m. In this article we concentrate on the
weakly wandering sequences of a measurable transformation 7. These and
other related sequences exist when 7 does not possess a finite invariant
measure.

In the past several years while working on different problems of ergodic
theory we have obtained several results concerning weakly wandering
sequences. On numerous occasions we have collaborated closely with S.
Kakutani, and many of the results we discuss here and elsewhere have been a
product of our joint efforts. In this article we shall not attempt to give a
comprehensive treatment of the theory of transformations without a finite
invariant measure. Rather, we shall restrict our attention to properties of
weakly wandering and other related sequences associated with such transfor-
mations. We shall present proofs and examples only when they supplement
the existing literature. We shall cite only those works from the literature that
have an immediate connection with our treatment.

The weakly wandering sequences of an ergodic measure preserving trans-
formation T defined on an infinite measure space reflect strongly the be-
haviour of 7. One example of this is exhibited in Theorem 1 which was
discussed briefly in [14].

THEOREM 1. Let T be an ergodic measure preserving transformation defined
on the infinite measure space (X, ®, m), and let U = {n]i =0,1,2,...} be
a weakly wandering sequence for the transformation T. Then for any set A with
0 < m(A4) < o we have

k-1
(a) Jim m(LSJ0 TA) = o,
1 k—1
® oK '"(}_JO TA) =0
1 k—1
© lim -+ m(U T"*A)>0.
ko k i=0
PRrROOF. We let
oo
A*= U T4.
i=0

Since the set B = A* — TA* is a wandering set for the transformation 7, and
T is ergodic we have TA* = A*. Then (a) is an immediate consequence of the
fact that m(X) = oo.
To show (b) we let
n
B,=J T4 forn=0,1,2,...,
i=0
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Co=ByandC,= B, — B,_,forn=1,2,....Itfollows that

- -] o0 o0

a*=U 14=U B,=U C, (dis)),
i=0 n=0 n=0

{T™"C,Jn=0, 1, 2,...} is a monotone decreasing sequence of sets of

positive measure contained in 4, and

o0
cC=() T "C,
n=0
is a wandering set for 7. Therefore, m(C) = lim,_, . m(7T ~"C,) = 0 which
implies that lim, . m(C,) = 0. Since the sets C, for n =0, 1, 2,... are
mutually disjoint, it follows that

1 k3l 1 k-1
O=lm ok 2 (Gl m( A C»)
1 k-1 i k~1
- (U 2= oY )
To show (c) we let D be a weakly wandering set of positive measure under
the sequence U = {n]i =0, 1,2, ...} for the transformation 7 and let 4 be
any set of positive measure. Since 7 is ergodic it follows that there exists a

positive integer p > 0 such that the set B = T?D N A has positive measure.
Since B C T?D it follows that B is also a weakly wandering set under the

same sequence U for the transformation T. For k = 1, 2, ... we then have
k—1 k—1 k=1
m( U T""A) > m( U T""B) = > m(T"B) = k- m(B).
i=0 i=0 i=0

Dividing the above expression by £ we obtain

k-1
71(- m( U T"fA) > m(B) >0,
i=0

and this completes the proof of the theorem.

We observe from Theorem 1 that when T is an ergodic measure preserving
transformation defined on an infinite measure space then the proof of (a) says
that the union of the successive images under the transformation T of any set
A of positive measure grows in size to fill up the space X. From (b) on the
other hand, we see that this growth cannot be too fast and must be slow
enough to satisfy the ergodicity of 7. However, (c) shows that there exists a
lower bound to the rate of this growth which is independent of the set 4 of
positive measure but is related to the “thickness” of the weakly wandering
sequences of 7. Since the above properties are preserved under spatial
isomorphism of transformations, it is possible to make these general observa-
tions more specific. As mentioned in [14] employing these ideas one can
construct examples of ergodic measure preserving transformations defined on
an infinite measure space which are not isomorphic to each other.

In another development [1] similar ideas have been considered and applied
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successfully in the study of random walks on the integers. By slightly refining
the definition of a weakly wandering sequence one obtains the interesting
notion of an eventually weakly wandering sequence; namely, let T be a
measurable transformation defined on the measure space (X, %, m), and
assume that m(X) < oo. Then {n]i =0, 1, 2,...} is an eventually weakly
wandering sequence for the transformation 7 if for any set A of positive
measure and every &€ > 0 there exists a positive integer p > 0 and a set
A’ C A with m(A4’) < e such that the set B = A4 — A’ is a weakly wandering
set under the sequence {n;]i > p} for T. In [1] eventually weakly wandering
sequences were introduced and studied in some detail. In [2] examples of such
sequences were constructed, and it was shown that they possess a number of
novel properties.

As noted above, the “density” of a weakly wandering sequence influences
the rate of growth of the union of the successive images of a set 4 of positive
measure under the iterates of the transformation 7. It is clear that if 7 is an
ergodic measure preserving transformation defined on an infinite measure
space then T admits weakly wandering sequences but not wandering
sequences; stating it differently, a weakly wandering sequence for an ergodic
transformation must be “sparse”. In fact, it can be seen from the literature [6]
and from Theorem 1 that the density of a weakly wandering sequence
{n]i=0,1,2,...} for an ergodic measure preserving transformation de-
fined on an infinite measure space must be zero; or lim,_,i/n;, = 0. How-
ever, a more general result is true.

THEOREM 2. Let T be a recurrent transformation defined on the measure space
(X, B, m),and let W = {n|i =0, 1,2,...} be a weakly wandering sequence
for T. Then there exists an increasing sequence of positive integers V' = {k;|i =
0, 1,2,...} such that the sequence W + V ={n + k|i=0,1,2,...,j=
0,1,2,...} is adirect sum of the sequences °U and V' in the following sense: if
n+k=n+kfornn € UW,andk, k' € Vthenn=nandk = k'

In order to prove Theorem 2 we first prove the following lemma:

LEMMA. Let T be a recurrent transformation defined on the measure space
(X, B, m),and let W = {n|i =0,1,2,...} be a weakly wandering sequence
Jor T. Then there exists a positive integer k > 0 such that { + k} N W =
@ and {W + k} U O is again a weakly wandering sequence for T, where
(W + k}y={m+k|li=012,...}.

PROOF. Let 4 be a set of positive measure and weakly wandering under the
sequence W = {n|i =0, 1,2,...} for T. Since T is a recurrent transforma-
tion there exists an integer k > 0 such that the set T4 N A4 has positive
measure. We let B = T"%4 N 4 and C = B — T*B. Since B is contained in
A it is also a weakly wandering set, and therefore m(C) > 0. It follows then
that {W + k} N W = @, and C is a set of positive measure which is weakly
wandering under the sequence {W + k} U . This completes the proof of
the lemma.

PrROOF OF THEOREM 2. Let U = {n|i =0, 1,2, ...} be a weakly wander-
ing sequence for the transformation T, and let U, = °Uf. By the lemma we
obtain a positive integer ky > 0 such that {U, + ko} N W, = @ and U, =
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{Wy + ko) U U, is a weakly wandering sequence for 7. We note that the
integer k > 0 specified in the lemma can be chosen arbitrarily large. There-
fore, using induction we choose an increasing sequence of positive integers
V={kli=1,2,...}, and for each i = 1, 2,... we define the sequence
W, = {W;_, + ki_} U UW,_, such that {W; + k;} N W, = @ and U, , =
{; + k;} U AW, is a weakly wandering sequence for 7. Finally, we let n,
n €W and k, k' € V. We assume that kK < kK’ and k' = k, for some
positive integer p > 0. We thenhave n + k € W, and ' + k' € {W, + k,},
and this completes the proof of the theorem.

An interesting property of weakly wandering sequences of an ergodic
measure preserving transformation 7 is reflected in the frequency of visits to
a set A of the images of a point x under the iterates of 7. In particular, it is
shown in [5] that if {n,|i =0, 1, 2, ... } is a weakly wandering sequence for
the ergodic measure preserving transformation 7 defined on the infinite
measure space (X, %, m) and 4 is any set of finite measure, then the suborbit
{T"x|i =0,1,2,...} of almost all points x € X intersects the set 4 at only
finitely many points. We call sequences with such a property dissipative.
More generally, we have the following definition.

DEFINITION 1. Let T be a measure preserving transformation defined on the
measure space (X, B, m). A sequence of integers {n|i =0, 1,2, ...} is said
to be a dissipative sequence for the transformation T if for any integrable
function f € L,(X, %, m) we have

o0
> |f(T"x)|< o almost everywhere.
i=0

It is not difficult to show that a weakly wandering sequence {n,|i =0, 1,
2,...} is also a dissipative sequence for an ergodic measure preserving
transformation defined on an infinite measure space; see [6]. The converse
however, is not true. We show this with an example that is constructed by
slightly modifying the example in [11].

ExampLE. We consider the one sided infinite direct product measure space
of two point spaces; namely, (Xq By, m) = [[2(Y,, F;, m) where Y, =
{0, 1}, ; consists of all subsets of Y;, and m;(0) = m;(1) =1/2fori =0, 1,
2,.... We also assume that we have removed from the measure space
(Xo, By, m) all the dyadic rationals; namely, the countable set consisting of
all points x = (yg, ¥}, - - - ) € X,, with the property that y, € Y; are constant
for all i > p, where p = p(x) is a nonnegative integer. We consider the
rectangular sets

) A,,={xEXO|x=(1,...,1,0,y,,+,,...)}

n-times

forn=0,1,2,..., and defined Tpx =(©0,...,0, 1, y,,,...)forx € 4,
n=0,1,2,.... It is clear then that T}, is an ergodic measure preserving
transformation defined on the measure space (X, By, m) with m(X,) = 1.
We note that T is also what is referred to in the literature [9] as a von
Neumann transformation. We now construct a measure space (X, %9, m) and
a transformation T which is built up from the transformation 7}, on top of the
set X, via the skyscraper or stacking method; see [8]. We let f(0) = 0 and
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suppose that an increasing sequence of positive integers { f(n)ln =1,2, ...}
has been defined (we shall soon define such a sequence inductively below).
Forn=0,1,2,... welet(4,, 0) = 4, as defined in (1) and let (4,, i) be an
isomorphic copy of 4, for 0 < i < f(n). We denote by the same letter S all
the isomorphisms:

S(4,,i)=(4,,i+1) fori=0,1,...,f(n)—l,andn=1,2,....

We next consider the measure space (X, B, m), where
o f(n)

x=U U (4, (i)
n=0 i=0
% is the extension to the space X of the o-field B, of the “Lebesgue
measurable” subsets of X, and m is the corresponding extension to the
measure space (X, B ) of the measure m defined on (X,, B); see also [11] for
a similar construction. Finally, we define the transformation 7 on the
measure space (X, b, m) by:

Sxifx € (A4, i)fori=0,1,...,f(n)— 1, andn=12,...,
Tx =
TS /Pxif x € (4,,f(n)) forn=0,1,2,....

It is clear then that T is an ergodic measure preserving transformation
defined on the measure space (X, B, m).

We now choose the increasing sequence of positive integers { f(n)|n = 1,
2,...}) mentioned above, and at the same time choose another sequence
W ={n|i=0,1,2,...} of positive integers inductively as follows: Let us
consider the sets

00 f(k)

B =UJ U M, fork=12....
ek i=f(k=1)+1

We let f(0) = 0 and n, = 0. Looking carefully at the images of the set X, by
the transformation T it is clear that if the integer f(1) > 0 is chosen large
enough, then there exists some other positive integer n; > 0 such that the sets
T™X, and T™*'X, are both contained in the set B,. Therefore, we choose the
integers f(1) > 0 and n;, > 0 with that property in mind. Next we suppose
that the integers 0 = fO) < f() < - - - < f(k)and 0 =ny < nm <--- <
n, have been chosen with the property that fori = 1,2,...,k

) T"X, U T"*X, C B,

Then it is similarly clear that we can choose the integer f(k + 1) > f(k) large
enough such that for some other positive integer n,,, > n, (2) is satisfied for
i = k + 1 also. In this way we are able to define inductively the sequence of
integers { f(n))n =0, 1, 2, ... } and simultaneously choose another sequence
of positive integers {n,]i = 0, 1, 2, ... } such that (2) is satisfied for all i = 1,
2,.... Since the sets B, for n =1, 2,... and the set X, are all mutually
disjoint, from (2) follows that X, is a weakly wandering set under the
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sequence W = {n]i =0, 1, 2,...} and also under the sequence U’ = {n;
+ili=0,1,2,... ) for T.

It is clear from the above example that the sequence V' = W U W’ is a
dissipative sequence for the transformation 7 since Y is the union of two of
its weakly wandering sequences. However, the sequence V is not a weakly
wandering sequence for 7, in fact, ‘¥ cannot be a weakly wandering sequence
for any recurrent transformation. This is a consequence of the following
observation:

Suppose A4 is a set of positive measure which is weakly wandering under the
sequence V for a recurrent transformation 7. Then for any two integers p,
q€ V,p# q, TPA N TA = Q@ implies that T?794 N A = @. Also from the
construction of the sequence V = U U U’ it is clear that V — V = {p —
q|p, g € V} consists of the set of all integers. These two facts imply that the
set A is in fact a wandering set of positive measure for 7, and this is a
contradiction to T being recurrent.

In view of the above example it is clear that there exist dissipative
sequences which are not weakly wandering sequences for an ergodic measure
preserving transformation. However, we do not know of any other method by
which we can construct a dissipative sequence for an ergodic measure
preserving transformation defined on an infinite measure space other than by
taking the union of a finite number of its weakly wandering sequences. In
fact, in this direction we are not able to show whether a dissipative sequence
for such a transformation must be of density zero or not.

Closely related to the weakly wandering and dissipative sequences of an
ergodic measure preserving transformation 7 defined on an infinite measure
space are the recurrent sequences of 7. These sequences were first introduced
and discussed in some detail in [6]. A sequence R = {r]|i =0,1,2,...}isa
recurrent sequence for a transformation T if the intersection of the sequence
%} with any weakly wandering sequence U of T consists of a finite number
of integers. Unlike weakly wandering or dissipative sequences however,
recurrent sequences do not always exist for ergodic measure preserving
transformations defined on an infinite measure space. For example, ergodic
measure preserving transformations that are of type zero do not accept
recurrent sequences, while those that are of type positive always have them.
The type of an ergodic measure preserving transformation was first discussed
in [10]. For a real number a with 0 < a < 1 a transformation 7 is of type a if
lim sup,,_,,, m(T"4 N A) = am(A) for all sets 4 with 0 < m(4) < co0; and
more generally, a transformation T is of type positive if lim sup,_, , m(T"4
N A) > 0 for all sets A of positive measure. In [12] examples of ergodic
measure preserving transformations are constructed on an infinite measure
space which contain transformations of type a for every a with 0 < a < 1.
We refer to [17] also for a discussion of ergodic transformations of type zero
or type positive. Recurrent sequences are shown to exist for the ergodic
measure preserving transformation 7' constructed on the infinite measure
space of the real line in [11], where a complete description and a listing of all
the recurrent sequences of that example are described.

Let us suppose that T is an ergodic measure preserving transformation
defined on a measure space (X, N, m). From the fact that any measurable
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function which is invariant under T has to be a constant almost everywhere
follows that if two measures are equivalent and invariant under 7" then one
must be a constant multiple of the other. From this it is easy to conclude that
if a measurable transformation S commutes with 7 then there exists a
constant K > 0 such that m(S4) = Km(A) forall 4 € % . In case (X, B, m)
is a finite measure space then the situation simplifies slightly, and any
measurable transformation S which commutes with an ergodic measure
preserving transformation T defined on a finite measure space (X, B, m)
preserves the same measure m also. In case m(X) = oo however, the situation
is more complicated. The transformation constructed in [11] is an example of
an ergodic measure preserving transformation T defined on the infinite
measure space (X, N, m) of the real line. Among other properties of the
transformation 7 it is shown that if S is any measurable transformation
defined on the same measure space (X, B, m) which commutes with T, then
S must preserve the same measure m also. The crucial property that T
possesses in the above example happens to be reflected in some special
weakly wandering sequences. In order to clarify these ideas and show their
effect on some related results we introduce the following definitions:

DEFINITION 2. A weakly wandering sequence W = {n]i =0, 1, 2,....}
for the measurable transformation T defined on the measure space (X, B, m)
is said to be an exhaustive weakly wandering sequence for 7 if

o0
X=U 1B (disj)
i=0
for some set B € 9. In this case we also say that B is an exhaustive weakly
wandering set under the sequence U for 7.

DEFINITION 3. A weakly wandering sequence U = {n]i =0, 1,2, ...} for
the measure preserving transformation T defined on the infinite measure
space (X, B, m) is a weakly wandering sequence of infinite type for T if there
exists a set A of infinite measure which is weakly wandering under the
sequence . In case the weakly wandering sequence °Uf is not of infinite
type then we say that it is a weakly wandering sequence of finite type.
Finally, we say that the weakly wandering sequence °Uf is of bounded type if
there exists a constant K > 0 such that if 4 is any weakly wandering set
under the sequence U then m(4) < K.

There are two results in the literature that are quite general in nature and
relate directly to these definitions. In [4] it is shown that every ergodic
measure preserving transformation defined on an infinite measure space
possesses weakly wandering sequences of infinite type. In [16] it is shown that
every ergodic transformation 7 defined on a measure space (X, B, m) which
does not admit a finite invariant measure y equivalent to m possesses
exhaustive weakly wandering sequence. However, the example of the ergodic
measure preserving transformation T' constructed in [11] is more restrictive.
The example possesses some special properties that are not shared generally
by ergodic measure preserving transformations defined on an infinite measure
space. The following theorem explains one such property.

THEOREM 3. Let T be an ergodic measure preserving transformation defined
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on the infinite measure space (X, B, m). Let B be a set of finite measure which
is an exhaustive weakly wandering set under the sequence U = {n|i =0, 1,
2,...) for T. Then O is a weakly wandering sequence of bounded type for T;
moreover, any measurable transformation S which commutes with T must
preserve the same measure m also.

In order to prove Theorem 3 we first prove the following lemma:

LEMMA. Let T be a measure preserving transformation defined on the measure
space (X, B, m). Let B and C be two weakly wandering sets under the same
sequence W = {n|i =0, 1,2,...} for T, and assume that

¢ c U 71B(dis).
i=0
Then m(C) < m(B).

ProoF. From the hypotheses follows that

o0
c=U 71BN C (di)).
i=0
Since T is a measure preserving transformation we have

0 o0
3) m(C)=> m(T"BN C)= m(Bn T "C).

i=0 i=0
It is clear that the set C is also weakly wandering under the sequence
W' ={-nli=0,1,2,...}; therefore,

@ § m(B N T™"*C) = m( G BN T"*C) < m(B).
i=0 i=0

Combining (3) and (4) we conclude the proof of the lemma.
PrROOF OF THEOREM 3. Suppose there exists a set B with m(B) < oo such
that

o0
X=U 1B (disj)
i=1
for the weakly wandering sequence U = {n]i =0, 1, 2,...}. From the
lemma follows that 9 is a weakly wandering sequence of bounded type for
the transformation 7.

Let S be a measurable transformation which commutes with the ergodic
measure preserving transformation 7T defined on the infinite measure space
(X, B, m). Since T is ergodic it follows that there exists a constant K > 0
such that m(SA4) = Km(A) for all 4 € % . If S does not preserve the measure
m then, by possibly interchanging S with its inverse, we may assume that the
constant K is greater than 1. It is also clear that if B is a weakly wandering set
under the sequence W = {n]i =0, 1, 2, ...} for the transformation T then
the set SB is also a weakly wandering set under the same sequence °Uf for T.
Combining these observations we conclude that m(SB) > m(B). This is a
contradiction to the lemma and completes the proof of the theorem.
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The example constructed in [11] possesses such special weakly wandering
sequences as described in Theorem 3. However, this fact is not shared by all
ergodic measure preserving transformations defined on an infiniite measure
space. In [7] examples of ergodic measure preserving transformations 7" are
constructed on the infinite measure space (X, %, m) of the real line which are
unlike the transformation constructed in [11]. Namely, the ergodic measure
preserving transformations constructed in [7] commute with measurable
transformations that do not preserve the same measure m. The examples
constructed in [7] seem to have a number of other interesting implications;
see [8] and [15]. However, an immediate consequence of the above discussion
is that the exhaustive weakly wandering sequences for the transformations
constructed in [7] must be of infinite type.

It is possible to make a few statements that relate the weakly wandering
sequences of a transformation T and the full group [T] of T. However, these
are only fragmentary observations at best; and at present, without relying
heavily on the known results from the literature, we are unable to give direct
and simple proofs of such statements. Nevertheless, there seems to exist
helpful information in the structure of the weakly wandering sequences of a
transformation 7 which ought to describe whether T admits a o-finite
invariant measure p equivalent to m or not. We present a sample of such
results in the following Theorem 4 which contains no new information, but is
merely a rephrasing of known facts. The full group [T] of a transformation T
can be regarded as a generalization of the cyclic group generated by T.
Namely, the full group [T] of a transformation T defined on the measure
space (X, B, m) consists of the set of all measurable transformations S
defined on (X, B, m) such that for all x € X, Sx = T"x for some integer
n = n(x).

THEOREM 4. Let T be an ergodic transformation defined on the measure space
(X, B, m), and let [T be the full group of T. Then

(a) If T does not accept any weakly wandering sequences then any transforma-
tion S € [T] does not accept weakly wandering sequences either.

(b) If T accepts an infinite invariant measure . equivalent to m then any
ergodic transformation S € [T accepts weakly wandering sequences.

(¢) Let T accept weakly wandering sequences, and suppose there exists an
ergodic transformation S € [T] which does not possess weakly wandering
sequences. Then there exists an ergodic transformation T’ € [T] such that any
ergodic transformation S’ € [T’] accepts weakly wandering sequences.

ProOOF. We would like to mention once more that the above statements are
no more than disguised forms of other known results. For that reason we
shall only mention the results from the literature that translate to these
statements; we leave it to the interested reader to complete the details.

Parts (a) and (b) follow from Theorem 1 of [10]; for part (b) it helps to
notice that S is an ergodic transformation preserving the same measure u that
T preserves. Part (c) is another way of stating part of the Corollary to
Theorem 1 of [8].

It is possible that a direct proof of statements of the above nature may
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contain some new and useful ideas; however, we leave such a discussion for
another time.
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