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ITERATED PATH INTEGRALS!

BY KUO-TSAI CHEN

The classical calculus of variation is a critical point theory of certain
differentiable functions (or functionals) on a smooth or piecewise smooth
path space, whose differentiable structure is defined implicitly. Because of the
importance of path spaces to analysis, geometry and other fields, it is
desirable to develop a geometric integration theory or a de Rham theory for
path spaces. Having in mind this general goal, we are going to consider a
large class of path space differential forms, which can be constructed from
usual differential forms by a method of iterated integration.

Recall that the Poincaré lemma is proved through a process of integration,
which converts every closed p-form w on a manifold M locally to a (p — 1)-
form. The same process can be used to obtain a (p — 1)-form [w defined
globally on the total smooth space P(M) of M. More generally, given forms
w,...,w, on M, we may repeat the integration process r times in an
appropriate manner and obtain a differential form fw,---w, on P(M) of
degree —r + 2, c,degw,. Such path space differential forms and their
linear combinations will be called iterated (path) integrals.

Our objective is to determine the geometrical significance of such iterated
integrals. It turns out that they play a surprisingly interesting role in relating
analysis on a manifold (or differentiable space) to the homology of its path
spaces. For example, Theorem 2.3.1 implies that the real loop space cohomol-
ogy of a simply connected compact manifold is isomorphic to the cohomol-
ogy of the complex of iterated integrals as differential forms on the smooth
loop space QM. Iterated integrals are path space differential forms which
permit further integration. They also provide analytic interpretation or reali-
zation of algebraic topological notions such as bar constructions [34], [12],
Eilenberg-Moore spectral sequences [60], [61], Massey products [46], [S1] and
loop space cohomology classes of Kraines [47].

Our de Rham theoretical approach also produces computational tools,
which have the advantage of dealing with commutative differential graded
algebras of relatively simple structure. Examples will illustrate how our

An expanded version of an address delivered before the St. Louis meeting of the Society on
April 11, 1975; received by the editors April 5, 1976.

AMS (MOS) subject classifications (1970). Primary 58A99, 55D35; Secondary 53B15, 53C6S,
55H20, 49F05.

Key words and phrases. Differentiable spaces, differential forms, path space calculus, loop space
homology, fundamental groups, twisting cochain, bar and cobar constructions, Eilenberg-Moore
spectral sequence, fibration.

!Supported in part by National Science Foundation under MPS 72-04777.

© American Mathematical Society 1977
831



832 KUO-TSAI CHEN

methods can be used in the computation of homology and cohomology of
loop spaces and other path spaces.

We adopt a simple but very general notion of differentiable spaces, which
will be effectively and indispensably used.

D. Sullivan has an elegant and efficient theory of minimal models, which
can be regarded as a de Rham homotopy theory. Though his theory and ours
are differently motivated, their algebraic topological aspects are intimately
related by the fact that rational homotopy and the rational loop space
homology determine each other at least in the simply connected case accord-
ing to a theorem of Milnor and Moore [54]. On the analytical level, a precise
relation between the two theories has yet to be satisfactorily established. For
Sullivan’s theory, see [31], [37] and [66].

Iterated integrals of differential 1-forms are rather obvious generalizations
of line integrals in calculus and have long existed. See §1.1 for background
material.

The integral used by J. H. C. Whitehead [70] for Hopf invariants can be
taken as a kind of twice iterated integral. A homotopy group theoretical
approach to iterated integrals was given in [22]. It has been abandoned in
favor of the present path space approach, which is better adapted to analysis.

Chapter I covers the analytic aspect of this work. Chapter II is devoted
mainly to establishing de Rham type theorems. Chapter III describes a
method of computing loop space homology. The method involves a special
kind of generalized linear connections satisfying a twisting cochain condition.
Chapter IV relates the bar construction to iterated integrals and presents a de
Rham type theorem for pullbacks of the free path fibration. Among such
pullbacks are various subspaces of the free path space. The Appendix treats
the cobar construction for differentiable spaces and gives a proof of Adams’
theorem [1], which is instrumental in this work. Generally speaking, material
in the first three chapters summarizes, improves or supplements previous
works, while the last chapter contains mostly new material, which is included
to indicate both the scope and the future prospect of this work.

Our presentation will be in terms of smooth paths instead of piecewise
paths as in [24]. The symbol I will denote the unit interval. Every manifold
will be C* and paracompact. The symbol k denotes the field of real (or
complex) numbers. All vector spaces, linear maps and tensor products will be
over k unless otherwise stated. By a differential graded algebra 4, we shall
mean a graded algebra with a differential of degree 1 such that 47 = 0 for
p <0 and 1 € 4% By A being commutative, we shall mean that wo =
(—D)ou,Vu € A’,v € A%, p,q > 0.

I am indebted to R. Bott, W. S. Massey and J. D. Stasheff for their
valuable suggestions in connection with the loop space homology and the
cobar construction. I also wish to take this opportunity to thank and Institute
for Advanced Study for the stimulating environment during my visits, which
contributed a great deal to the subsequent progress of this work.

CHAPTER 1. PATH SPACE CALCULUS
After introducing iterated integrals of 1-forms on a manifold, we proceed
to treat differentiable spaces, define the notion of iterated integrals in general
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and discuss their properties. A substantial part of the material in this chapter
can be found in [24].

1.1. Generalization of line integrals by iteration. Let us first consider the
case of the real line R. A 1-form on R can be written as f(f)dr. Let [5f(¢) dt
denote the usual integral. For r > 1, define inductively

(1.L1) fabf,(t) d- --f.(1) dt =fa"(fa'fl (1) dr - -f_, (7) d'r)f,(t) .

When r = 0, set the integral to be 1. Such iterated integrals occur in the
Picard’s approximation of a system of linear ordinary differential equations.

If the real line R is replaced by the complex plane C and if fi(¢), ..., ()
are holomorphic functions of a complex variable ¢, then the iterated integral
(1.1.1) again makes sense. Par$in has considered iterated integrals of this type
on Riemann surfaces [56).

More generally, let w,, w,, ... be l-forms on a manifold M and let y:
I — M be a smooth path. Write

Y*w, = fi (1) dt
and define

1
Jowi o= [ firyde () dr,
¥ 0

which will be referred to as an iterated line integral. There are sufficiently
many such iterated line integrals to separate essentially distinct paths in the
manifold M. We state the following corollary of Theorem 4.2 [15]:

Let w,, ..., w,, be 1-forms on a manifold M, which span the cotangent
space at every point of M. Then two regular C* paths « and B having a
common initial point in M differ by a parametrization if and only if
JaWi s o owp = fgw, - ceow forr> L, ...,i=1...,m

Various aspects of iterated line integrals were considered in [13]-[22], [25],
[26], [30]. Ree observed the shuffle multiplication of iterated line integrals in
[S7]. For other related work, see Johnson [42] and Asada [6].

An obvious problem at this point is to study homotopy invariant (iterated
line) integrals, namely, linear combinations of iterated line integrals whose
value along each path depends only on the path homotopy class.

A simple line integral [w is homotopy invariant if and only if w is a closed
1-form. There are many other examples of homotopy invariant integrals. (See
[21].) If w, and w, are closed 1-forms such that w; A w, + dw,, = 0 for some
I-form w),, then the iterated line integral

(1.1.2) fW1W2 + w|2d=ef fw,w2 +fw12

is homotopy invariant. This can be verified by lifting the integral to the
universal covering manifold of M.

EXaMPLE 1.1.1. Let L, and L, be the two circles in R respectively given by
the equations
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and
22+ x2=4, y=0.
Let w;, i = 1,2, be a closed 1-form on R® — L, representing a generator of the
integral cohomology group H!(R® — L,) via integration. Since L, and L, are
unlinked, w, A w, must be exact on M = R®> — L, U L, so that w; A w, +
dw,, = 0 for some 1-form w,, and the integral (1.1.2) is homotopy invariant
in M.
Let y be a loop in M which traces » times around the ellipse:
x2/a+ y*/p2 =1, z=0,
with @ >3 and 0 < b < 1. It can be verified that [ w, = [ w, =0 and
Jywywy + wy, = £ n. The integer n represents a higher order linking number.
Such higher order linking numbers have been defined through Massey prod-
ucts in [50].

An iterated line integral can be taken as a functional in the sense of the
calculus of variation, and a homotopy invariant integral is then a locally
constant functional whose calculus-variational differential is everywhere zero.
We are now interested in a differential formula for iterated line integrals. It
will happen that the differential of an iterated line integral is again an iterated
integral, which, of course, involves 2-forms.

1.2. Differentiable spaces. There are two ways to define differentiable
structures. The first is through using charts, which identify open sets with
euclidean open sets, whose differentiable structure is known. The second is by
mapping euclidean sets (of various dimensions) into the manifold in consider-
ation. The latter approach is implicit in classical analysis in terms of parame-
trization. J. W. Smith [62] has defined and studied general differentiable
spaces from this approach. Using the same approach, we are going to adopt a
notion of differentiable spaces, for which no topology is needed.

The symbols U, U’, U,, . .. will denote convex sets. All convex sets will be
finite dimensional. They will serve as models, i.e. sets whose differentiable
structure is known.

If dim U = n, U can be linearly embedded in R”, which provides U with
coordinates £ = (¢!,..., ¢"). Since U has a nonempty interior in R", the de
Rham complex A(U) on U is well defined, and every (k-valued) p-form on U
can be written as

Day. . QdEN - N deh,

with a’s being (k-valued) C * functions on U.

DErINITION 1.2.1. A differentiable space M is a set equipped with a family
of set maps called plots, which satisfy the following conditions:

(a) Every plot is a map of the type U — M, where dim U can be arbitrary.

b)Ifo: U Misaplotand if §: U'— Uis a C* map, then ¢ o is a
plot.

(c) Every constant map from a convex set to M is a plot.
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(d) Let ¢: U— M be a set map. If {U,} is an open covering of U and if
each restriction ¢| U, is a plot, then ¢ itself is a plot.

DEerFINITION 1.2.2. A p-form on a differentiable space M is a rule that
assigns to each plot ¢: U— M a p-form w, on U satisfying the condition: If
0: U' - Uisa C* map, then

(1.2.1) Weg = 0%w,.

Define the addition, the k-action, the exterior multiplication and the
exterior differentiation through the formulas: (w; + w,), = wy, + wy,; (cw),
= cwy; (W) A\ W)y = Wy, /A Wy, and (dw), = dw,. Thus we obtain a com-
mutative differential graded algebra A(M) = {A?(M)}, which will be called
the de Rham complex of the differentiable space M. We call

Hpe(M)S H(A(M))

the de Rham cohomology of M.

ExampLE 1.2.1. Every manifold M (with or without boundary) is a differen-
tiable space, whose plots are C* maps of the type ¢: U — M. A usual p-form
w on the manifold M is identified with the p-form w on the differentiable
space M by setting w,, = ¢*w for every plot ¢.

ExampLE 1.2.2. Every subset S of a differentiable space M is a
differentiable space, whose plots are maps ¢ such that U Y, ScMisa
plot of M. (We shall call the differentiable space S a differentiable subspace
of M.) The de Rham complex A(S) reflects the richness of the differentiable
structure of S. For example, if S is the set of rational numbers, then, as a
differentiable subspace of the real line, S has a de Rham complex with
A?(S) = 0forp > 0, for every plot of S must be a constant map.

DEerFINITION 1.2.3. Let M and M’ be differentiable spaces. A set map f:
M — M’ is a differentiable map if, for every plot ¢ of M, f¢ is a plot of M.

Both homomorphisms A(M’) - A(M) and H}g(M’) — H}z(M) induced
by a differentiable map f will be denoted by f* when there is no ambiguity.

ProrosiTION 1.2.1. If f: M — M’ is a constant map, then f*. A?(M') -
AP (M), p > 0, are trivial.

This assertion follows from the fact that f factors through the singleton
differentiable space {0}, which has a trivial de Rham complex.

DEerFINITION 1.2.4. A predifferentiable space M is a set equipped with a
family of maps of the type U — M also called plots, which satisfies only the
conditions (a), (b), and (c) of Definition 1.2.1.

Differential forms on a predifferentiable space can be defined in the same
way as for a differentiable space.

Every predifferentiable space M has an associated differentiable space
structure, whose plots are set maps of the type ¢: U — M such that there
exists an open covering { U;} of U with each restriction ¢|U; being a plot of
the predifferentiable space M. It is easy to verify that M, as a differentiable
space, is well defined and that the de Rham complex of the predifferentiable
space M coincides with that of the differentiable space M.

Sometimes it is more convenient to define a differentiable space M through
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a predifferentiable space in the above manner. We shall call such a predif-
ferentiable space a defining predifferentiable space of M.
Hereafter M will denote a differentiable space.

1.3. Integration and chain complexes.

DEerINITION 1.3.1. A plot ¢: U — M of a differentiable space M is compact
if U is compact.

If wis a p-form on M and if ¢ is compact, define [,w = [,w, when
dim U = p and [,w = 0 otherwise. We shall often write {w, ) = [, w.

DEerFINITION 1.3.2. Let ¢: U—> M, i=1,...,1/, be plots on a common
convex set U. A linear combination

c= X nd;s nEZ,
1<i<!
will be called a plot chain of M on U.

If w is a differential form on M, define w, = Tnw,. If U is compact,
define {w, ¢) = [ w..

An n-simplex of M is a plot of the type o: A" — M, where A" is the
standard n-simplex. Define the boundary d¢ in the usual way. We have
{dw,6) = {w,d0). Denote by A(M) = {A"(M)} the free chain complex on
simplices of M. Then A"(M) consists of plot chains of M on A". Write
H, (M) = H(A(M)), which will be referred to as the homology of the
differentiable space M.

An n-cube of M is a plot of the type ¢: I” — M. An n-cube ¢, n > 1, is
said to be degenerate if ¢p(¢', ..., £") is independent of the first coordinate
§".

Let A I"" ' 1" 1 < i < n,e = 0,1, be given by

L. L8 g EL L e L ).

If ¢ is an n-cube of M, define

13.1) o= (=1) (oA — o\})
1<i<n
which is a plot chain of M on I"~!,

Denote by C,(M) the free chain complex on cubes of M with the
boundary operator (1.3.1) and by C,(M) the quotient of C,(M) over the
subcomplex spanned by all degenerate cubes of M. We shall call C,(M) the
normalized cubical chain complex of M. There is a natural isomorphism
H(C,(M))~ H, (M) which can be proved by an acyclic model argument.
See [40] and [41] for further detail on the cubical homology.

Every topological space can be regarded as a differentiable space whose
plots are continuous maps. If X is a topological space, then the chain complex
A(X) (resp. C,(X)) in the singular sense coincides with that in the differentia-
ble sense.

DEerINITION 1.3.3. A topological differential space M is a differentiable
space as well as a topological space (which will be denoted by M in order to
distinguish it from the differentiable space M) such that every plot of M is
continuous with respect to the topology.
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Manifolds are topological differentiable spaces. So are most differentiable
spaces we are going to consider.

For a topological differentiable space M, plots of M will be called smooth
plots while those of ;M will be called continuous plots. The same distinction
applies to simplices, cubes, maps, etc.

The next lemma gives a sufficient condition for the smooth and continuous
homologies to be identical.

LemMa 1.3.1. Let M be a topological differentiable space such that, for every
continuous simplex a: A" —M with smooth (n — 1)-faces, n > 1, there exists a
continuous homotopy

h A" X I - M

relative to the boundary A" of A" from o to a smooth n-simplex of M. Then the
canonical map M — M induces a chain equivalence

AM) - A(rM)
as well as a chain equivalence A(M), ~> A(rM),, where A(M), denotes the

subcomplex of A(M) spanned by simplices whose vertices are at a given base
point xo € M.

This lemma can be verified by a standard argument. For manifolds, the
above chain equivalences have been proved in [33].

1.4. The Poincaré operators. If M, and M, are differentiable spaces, then
M, X M, is a differentiable space, which has a defining predifferentiable
space whose plots are maps ¢, X ¢,: U; X U, - M, X M, such that ¢, and
¢, are plots of M, and M, respectively.

DerINITION 1.4.1. Let M’ be a differentiable space. A AP(M’)-valued
function » on 7 is an element of A?(I X M’) such that, for every plot ¢:
U - M/, the p-form u |, is of the type

Sy, (LOAEN -+ N dEb
where 1 = 1, denotes the identity map of I and ¢ = (£', ..., £") denotes the
coordinates of U.

For example, every element of A?(I X M’) that comes from A?(M’) is a
AP (M ")-valued function on I.

We shall often use u = u(¢) to denote a A?(M’)-valued function on I. Thus
for ty € I, u(ty) is the image of u under the homomorphism induced by the
inclusion M" = {t;} X M" Cc I X M".

If u is a A?(M')-valued function on I, define

b
f udte A (M'), abel,
a

such that

(fabu dt)¢= 2 (j;bail_._ip(t,ﬁ) dt)dg"n A - NdED.

Similarly define the A?(M’)-valued function du/dt on I such that (du/d¢), «,,
is obtained by differentiating the coefficients of u, ., with respect to ¢.
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The 1-form dt is well defined on I X M’. Every p-form v on I X M’ can
be uniquely written as

(14.1) v=dt ANV + 0"
where v’ and v” are respectively A?~1(M’)- and A?(M’)-valued functions on
I. Whenp = 0,setv’ = 0.

We shall write v’ = (9/9¢) v, which coincides with the usual notation for
an interior product in the case where M is a manifold.

Define a (differentiable) homotopy between differentiable maps in the
obvious way.

LemMMA 1.4.1. Let f, fi: M’ — M be differentiable maps. Then every homo-
topy F: 1 X M’ — M from f to f, induces a chain homotopy

[ A1) - AM)
F

given by w > [}(3/03r) 4 F*w) dt such that

dfF+de=f‘,"—f5*.

PROOF. Let d,,. denote the exterior differential in M’. If w € A?(M) and
F*w = v =dt \ v + 0", then

dfw+fdw fde dt+f( dy v’ +——v)dt
= v"(1) — v"(0) = ffw — fiw.
REMARK. In the special case where M = M’ is a convex set in R” and F

representing a contraction, the above lemma is the usual Poincaré lemma.
Therefore we call [ the Poincaré operator of the homotopy F.

1.5. Iterated integrals. By a path in M, we mean a plot of the type vy:
I - M. Denote by P(M) the set of all paths in M. For every set map a:
U — P (M), the suspension map of « is defined to be the map

1.s.1) oI X UM

given by (1,6 > a(§)(r). Then P(M) is a differentiable space having a
defining predifferentiable space whose plots are maps of the type a: U —
P (M) such that its suspension map ¢, is a plot of M.

For every ¢ € I, there is a differentiable map p,: P(M)— M given by
¥ > y(1). In particular, the maps p, and p, assign each path to its initial and
end points respectively.

Let v’ be the path such that y'(7) = y(¢r). Denote by g,: P(M)— P(M)
the differentiable maps given by y > y'.

Denote by n, the constant path at x in M. Denote by n: M — P(M) the
canonical differentiable map given by x - 7,. Then there is a homotopy

(1.52) I X P(M)— P(M)

from n o p, to the identity map 1,,, given by (#,y) t»y'. This is the
homotopy obtained by contracting each path along itself. Denote by
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(1.53) f : A(P(M)) — A(P(M))

the resulting Poincaré operator.

LEMMA 1.5.1. Let F denote the homotopy (1.5.2). If v € AP(P(M)), then
u = F*['vis a AP~ (P (M))-valued function on I, and

u(s) =f0s( % ..IF*v) da, s€l

ProOF. For every plot a: U— P(M), set o' = Fo(l; X @) and a” =
Fo(l; X a'): 1 X1X U-— P(M), which is given by a"(2,5,£)(1) = a(§)(ts7)
and can be factorized as

1 ,
IxIxU'STx uSpPm)

where p: I X I — I is such that (z,s) > ts.
Write v, = dt A\ v + v” in the sense of (1.4.1). Then v,. = d(st) A\ v'(st)
+ 0"(st) = dt N\ sv'(st) + (ds )\ to'(st) + v"(st)).

Hence
(F*f,v) = (f,v)al=j(;lsv'(st) dt=j:v’(t) dt.

I; Xa

COROLLARY. Under the hypothesis of the lemma, [’ [’ = 0.

For any element « in a graded vector space, write Ju = (— 1) %y,

Take note that, for any form w on M, ['p§w = 0 because the composite
map I X P(M) 5 P(M)3'M is given by (1, y) > 0y @and is independent
of ¢.

DEerINITION 1.5.1. For forms wy, ..., w, on M, define fw, = [p¥w, and,

forr > 1,
fwl C W, =f/(J|fw1 . ~~w,_1) A PIW,.

Set fw,- --w, = 1 whenr = 0and = 0 when r < 0.

Observe that fw, - --w, is of degree 2, ;. (—1 + deg w,) on P(M). Since
fwye -w, =0if degw;, = 0 for some i, | < i < r, it will be understood that
each w, is of positive degree.

Elements of the graded subspace of A(P(M)) spanned by all fw,- --w,,
r > 0, will be called iterated integrals.

PROPOSITION 1.5.2. For forms wy, ..., w,on M,

dfwl‘ cw= Y (“l)ifjwl' CIW AWy W,

I<i<r

- 2 (‘1)if-]w1' CIW (W AW Wiy oW,

1<i<r

—Piw, /\fw2~ cow, + (wa|~ ~~w,_,) A Piw,.
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Proor. The formula holds when r = 0. For r > 0,

dfw,- --w,=df'(wal- --w,_])/\p’l"w,

according to Lemma 1.4.1,

—f’d((wal- '-wr-l) /\PTW,) + (wal- --W,_‘) N piw,
—f,((dew,- --w,_.) /\p?‘w,)

(=) [wye - dw, i (aw,) + (wa, . ~w,_,) APiw,

Hence the lemma follows by induction.
In the cases of r = 1 and 2, we have formulas

dfw=—fdw—p(’,"w+p’,"w,

dfwlw2 = —fdwlw2 +wa,a’w2 +waI A\ Wy

—PsW /\fwz + (wan) N Piw,.

In §1.4 [24], a constructive definition of fw, - - - w, was given. We are
going to verify that the present definition agrees with that definition.

Write w; = (3/0r) 4 F*p¥w; and u, = F*fw, - - - w,, both of which are
A(P(M))-valued functions on /. Since F is a homotopy from n © py to 1y,
we have

u,(1) =fw| c W,
If a: U— P(M)is a plot, then
/ 0 0
(Wi)l,Xa= 'a_t-J(F*PTWi)l,Xa= o -J(Wi)%

which is w;(«, &) as defined in [24]. Therefore, in order that the two definitions
agree, it suffices to verify that

(1.54) of n ,
u(s) = J ( L [ dn ) Awgo dr,-,) AW (1) di,

Forr > 1, u, is a A(P(M))-valued function on 7 such that

u(s) = fo “o(1) dt

where
ey = & (s el )= 2 oot
l’(t) at—JF J wy Wi /\pl w, at-J(‘]ur—l(t)/\ plwr)‘

According to Lemma 1.5.1, u,_, is also a A(P(M))-valued function on I so
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that

o) = 4 () A5 SFPIw) = 40 () AW ().

Finally, (1.5.4) follows by induction.
ExampLE 1.5.1. Let w be a p-form on M and let a: U— P(M) be a
compact plot with dim U = p — 1 > 0. Write

Wo, = a(td)dt NdE' N - - - N dEPT!

so that
] 9 -

(GF), .= dwe = a0 A - pagr™

and
1
o) = Ldt|dev N - - - NdEPL
(fma) fu(foa(:g) z) EUA - Ade

Therefore

(S} =

ExAMPLE 1.5.2. A closed Riemann surface M of genus p can be represented
by a disc D whose boundary is represented by a product of loops at x, € M:

Y= 0(1,31(11-',31_1 T apﬂpap-lﬁp—l'
Construct a plot 6: I — P(M) with ¢(0) = n, and o(1) = y such that the
suspension map ¢, maps the interior of / X I homeomorphically onto the
interior of D.
Let w, and w, be closed 1-forms on M. Then

<fwlw2,8o> = <dfw,w2,o>
(fw,w2,80> = <—fw1 A wy — (pdw)) /\fw2 +fwl /\p’,"wz,o>.

Since pyo and p,o are constant plots, (p§w,), = (pTw,), = 0 and the r.h.s. of
the above equation becomes

<“fW1/\W2’°> = = (W N\ Wad,) = —f wy A\ Wy
M
On the other hand, do = (y) — (n, ), where (y) denotes the O-simplex (or

O-cube) of P(M) at y. Use formulas in [21] to compute the Lh.s. of the
equation, which becomes

(foims ) = S ( fims ('8
=S fonfa= L)

ie.
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We obtain the identity

3 (fmfonmole)

which is essentially the Riemann bilinear relation for M. (See [4].)

DEFINITION 1.5.2. Let a,8: U — P(M) beplots. Let7: I X U—>Ibea C*®
map with 7(0,§) = 0 and 7(1,§) = 1 V£ € U. Then B is a reparametrization of
a via 7 if

wal/\W2= -

1<i<p

BE(1) = a®)(r(f), V(@) eIXxU.

PrOPOSITION 1.5.3. If B is a reparametrization of a, then

() (o)

for any formswy, ..., w,on M,r > 0.

PrROOF. Let 7: I X U — I X U be given by (1,§) — (7(1,£).£). Write a form
tonl X Uast=dt At + ¢” witht' = (8/81) - . Then

Fro = (Ir(1,8)/00)di A\ 70 + o

where 7*v and 7*0” are also A(U)-valued functions on /. If w is a form on
M, then

(1.5.5) (F*piw)i,x = (37 (£:6) /)T (F*pI W)y, e

By using (1.5.4) together with (1.5.5) and observing that the iterated integral
(1.1.1) does not depend on the parametrization of the interval [a,b], we
conclude the proof of this proposition.

REMARK. This proposition will also hold when Definition 1.5.2 is weakened
by allowing 7(¢,£) to be piecewise C* with respect to the variable ¢.

The following formula for the exterior multiplication of iterated integrals
can be found in §4.1 [24]:

(1.5.6) fwl W, /\fwr+l C O W =280fwo(l) T Wolr+s)

summing over those permutations ¢ of r + s letters with
o)< <o (r), oNr+D<: <o N r+s),
wheree, = *+1dependsono andalsodegw, 1 < i< r+s.

1.6. Products of path space plots. We are going to define two related partial
multiplications of plots of P(M), which will assume an essential role in
uncovering the geometrical significance of iterated integrals.

DEFINITION 1.6.1. Let xg,x; € M. A plot a: U — P(M) is said to be from
Xg (resp. to x,) if a(£)(0) = x, (resp. a(§)(1) = x,) V€ € U.

Let a,3: U — P (M) be plots with a(§)(1) = B(£)(0) V&€ € U. Define the set
map

aff: U — the set of piecewise smooth paths in M

such that aB(§)(1) = a(®)(21) for 0 < 1 <3 and = B(HQr — 1) for 3 <1 <
1.
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Define the plot a~!: U — P (M) such that a = '(¢)(¢) = a(§)(1 — ?).
If a: U— P(M) is a plot to x and if a’: U’ — P(M) is a plot from the
same point x, define the set map

a X a’: U X U’ — the set of piecewise smooth paths in M
such that (a X a)&EE)N1) = a(()(21) for 0 < 1 < 3 and = &'(¢)(2t = 1) for

1<1<L

We shall say that the product plot af (resp. a X «’) is well defined, if the
map of3 (resp. a X a') is well defined and, furthermore, is a plot of P (M).

When the product plots a8 and a X a’ are well defined, the following
formulas can be verified as in §1 [24].

aen (furreom) = 3 (o) A(frerom)

aB o<i<r

(1.6.2) (fwl cee w,)“xu’= 2 (fw, S w,)ux (fw,»,r,- K W,)a!,

0<i<r
(1,6,3)<fw| s WL, X a'> = 2 <fw|- . . w,.,a><fw,.+,- . e w,,a’>,
0o<i<r

provided both « and &’ are compact plots.
(1.6.4) (fwl---w,) =0, r>1
aa”!

Recall that a plot chain of P(M) on U is a finite formal sum of the type
¢ = Zma; where n; € Z and each o;: U— P(M) is a plot. We say that the
plot chain c is reduced if Zn, = 0.

DEFINITION 1.6.2. A plot chain ¢ of P(M) on a compact convex set is of

order s if, for any forms w;,...,w, on M, {fw,...w,c) =0 provided
r<s.

DEFINITION 1.6.3. A plot chain ¢ of P(M) on U is strongly of order s if, for
any forms wy, ..., w,on M, (fw, ... w,). = 0 provided r < s.

For example, any compact plot a: U — P(M) with dim U > 0 is of order
1, because {l,a> = 0. On the other hand, « is not strongly of order 1, for
1, = 1 # 0. Every reduced plot chain of P (M) is strongly of order 1.

Let ¢ = Zne; and ¢’ = Znja) be plot chains of P(M) on U and U’
respectively. We say that the product plot chain

e X =Xnna X o
i
is well defined if each product plot o; X o with n;n/ % 0 is well defined.
Similarly, we say that the product chain

cc’ = nnj oo
iy
is well defined if each product plot o, with nn/ % 0 is well defined. The
following formulas are direct consequences of (1.6.1) and (1.6.3):
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(1.6.5) (fwl.”w’)cc'::o;m,(fwl‘”wi)c/\(fwi“”‘w’)c"
(1.6.6)<fw,~-w,,c><c’>=2<fw,~- ><fw CW,C >,

0<i<r

provided U and U’ are compact.
The above formulas lead to the next assertion.

LEMMA 1.6.1. Let ¢ and ¢’ be plot chains of P(M) such that the product plot
chain ¢ X ¢’ (resp. cc’) is well defined. If ¢ is of order r (resp. strongly of order
r) and if ¢’ is of order s (resp. strongly of order s), then ¢ X ¢’ (resp. cc’) is of
order r + s (resp. strongly of order r + s).

COROLLARY. If ¢y, . . ., ¢, are plot chains of P(M) of order 1 (resp. strongly
of order 1) and if the product plot chain ¢; X ... X ¢, (resp. ¢, ...c,) is well
defined, then it is of order s (resp. strongly of order s).

REMARK. We have not indicated a grouping for the multiplication in the
product plot chain ¢; X ... X ¢, (resp. ¢, . . . ¢,) for such a grouping will be
immaterial for our subsequent discussions owing to Proposition 1.5.2 and the
pertinent remark.

CHAPTER I1. LOOP SPACE COHOMOLOGY

Let M be a differentiable space, and let x, € M. We associate to every
differential graded subalgebra A of A(M) a differential graded subalgebra 4’
of A(P(M)). Denote by A} the restriction of 4’ on the smooth loop space
QM at Xo- Then 4} is a subcomplex of A(R2M) spanned by iterated integrals.
The main objective of this chapter is to determine the cohomology H (4, ).
Theorem 2.3.1 asserts that, under reasonable conditions, H (A4 ) is the real
loop space cohomology of M for the simply connected case. Theorem 2.6.1
characterizes H%A4.) in the nonsimply connected case. (In Sullivan’s theory
of minimal models, there are results of similar nature. See [66] and §3 [31].)
Recently, in analyzing maps from the bar construction of A(M) to A(P(M)),
Gugenheim [75] gives a proof of a more general version of Theorem 4.7.1 [24].

Most material in this chapter can be found, in essence, in [24] and [26].

2.1. Differential graded algebras of iterated integrals. Let 4 be a differential
graded subalgebra of A(M). Denote by A’ the subcomplex of A(P(M))
spanned by

pEw’ /\fw1 ceew, ApiwY, wow' w, ..., w, €A, r>0.

It follows from (1.5.6) that 4’ is closed under the exterior multiplication.
Indeed, A’ is the smallest differential graded subalgebra of A(P(M)) that
contains both p¥A4 and pfA4 and is stable with respect to the Poincaré
operator [’

The two maps 4 — A’ respectively given by w > pdw and p}w induce the
same cohomology homomorphism H(A) — H(A') because they are chain
homotopic via a chain homotopy given by w > [w.
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THEOREM 2.1.1. The differential graded map A — A’ given by w
p&w is a chain equivalence.

ProoF. If n: M — P (M) is the constant path map, consider the differential
graded map A’ — A given by u > n*u. Since n*p§w = w, it remains to show
that the differential graded map A" — A’ given by u > pdn*u is chain
homotopic to 1,. Hence this theorem is a consequence of Lemma 1.4.1 and
the definition of the Poincaré operator [’.

For xy,x, € M, denote by P (M;x,,x,) the differentiable subspace of P (M)
consisting of all paths from x, to x,. If a is a plot of P(M;x,,x,), then both
Do © @ and p, ° a are constant maps so that p§w = pfw = 0 for any form w
of positive degree on M.

Denote by [{lw,* -w, the restriction of fw, -'w, on P(M;xpx,). The
exterior differentiation formula becomes

dele ceew= Y ("UifXIJWl W dwwiy s,
(2.1'1) X0 | I<igr X
-2 (“l)lf Iwy e I (I AW Wit W
Xo

I<i<r

If 4 is a differential graded subalgebra of A(M), denote by 4; . the

restriction of A’ on P(M;xyx,). Then A} . is spanned by all [Jiw;- - w,
withw,,...,w, € 4,r > 0.

Write QM = P(M;x,,x,), which is the loop space of M at a given base

point x,. Set A, = A,

X0sX0"

X1

2.2, The smoothing property.

DEFINITION 2.2.1. A map a: U — P(M) is said to be in equilibrium about
(to,60) if, for (2,6) in a neighborhood of (7y,£y) in I X U, a(§)(?) = a(§)(ty). A
plot a: U— P(M) is said to end (resp., to start) smoothly if it is in
equilibrium about (1,£) (resp. (0,£)),V¢ € U.

LEMMA 2.2.1. Every differentiable space M satisfies the following property
(which will be called the smoothing property). For every continuous function a:
U—1 on a convex set U, if a map a: U— P(M) is in equilibrium about
(a(§).£), V& € U and if, for the suspension map ¢,, the restrictions

6, |{(tE) ET X U:0< t < a($)}
and

o J{(t§) EI X Ura(§) <t <1}
are both differentiable maps, then o is a plot of P(M).

ProoF. The restriction of ¢, to a sufficiently small convex neighborhood of
any point in I X U is a plot of M. Hence, according to the condition (d) of
Definition 1.1.1, ¢, is a plot of M.

COROLLARY. Let a,8: U — P(M) be plots with a(§)(1) = B(£)(0), V& € U.
Let a: U — (0,1) be a C* function. If a ends smoothly and if B starts smoothly,
then the map p: U — P (M) given by
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@) - a)(t/a(®), 0<i1<a(),
BEO([r-a®]/[1-a®]), a@®<t<l
is a plot of P(M).

LEMMA 2.2.2. If a, B and p. are plots as given in the above corollary, then

(o) = 3 (o) Ao ),

for any formsw,, ..., w,on M.

0<i<r

PROOF. Let 7: I X U— 1 X U be the piecewise C*® map such that,
V¢ € U, r maps [0,1/2] X {£} and [1/2,1] X {£} linearly onto [0,a(£)] X {¢}
and [a(§),1] X {£} respectively. Then the product plot B, as defined in §1.6,
is a reparametrization of . Hence the lemma follows from Proposition 1.5.2
and (1.6.1).

COROLLARY. Let a: U— P(M) be a plot ending smoothly to x, and o'
U’ — P(M), a plot starting smoothly from xq. If v: U X U’ — P(M) is a plot
given by
a(§)(t/a(tf)), 0<t<a(&y)

E)[1 - age)]/[1 - aEd)]), e <<

where a: U X U’ - (0,1) is a C* function, then

( [ "W’)f 0;( ( [ "W")ax ( [t w)

LEMMA 2.2.3. Let xy, x, € M. Given any forms w; and simplices o, of M with
degw, =degao,=n >0, 1 <i<s, there exists a compact plot chain ¢ of
P (M xy,x,) strongly of order s such that

(o)) (1)

PROOF. Let 6; be the (n; — 1)-cube of P(M) from x/ to x;” as defined in
§A2. Let v, (resp. v/, and y) be a O-cube of P (M) from x, to x] (resp. from x;’
to x, and from x, to x,), which starts and ends smoothly. Let

g: 1" ' P(M)

be the constant map whose image is the constant loop 7,. Then ¢; = v/ X 6,
X y/ — ¢ is a plot chain on I™~! which is strongly of order 1, and
W ) = [y Set ¢ = ¢; X -+ X, X vy, which is a compact plot chain
strongly of order s. Hence, according to (1.6.6),

<fW|"' >‘<fW1 W, --><cs><l,y>
RTM

r(§4)() = {
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PROPOSITION 2.2.4. The canonical homomorphism Hpg(M)— H*(M;k) via
integration preserves the cup product.

PrOOF. Let w' and w” be closed p- and g-forms on M, p,g > 0. Let o:
A" — M be a simplex, where n = p + ¢. Then

fow’/\w” = <fw’/\w",'> = (—l)p<dfw’w”,6>

by (A2.1) and Lemma 2.2.2,

= (“l)p<fw’w”,5a> —j(‘mwf

Oy

Hence, if z is an n-cycle in A(M), then
fw’ Aw" = —=(w Q@w'Az)
z

where A denotes the Alexander-Whitney diagonal, and the negative sign is
due to our sign convention for the formula (A2.1).

2.3. A theorem on loop space cohomology. Recall that k is the field of real
(or complex) numbers.

THEOREM 2.3.1. Let M be a topological differentiable space with a base point
Xxo and having the following properties:

(a) The underlying topological space M is simply connected with homology of
finite type.

(b) The inclusion A(M), C A(yM) induces an isomorphism H(AMM), ) =~
H, (M),
If A is a differential graded subalgebra of A(M) such that H(A) ~ H*(;M:k)
tia integration over (M), . then there is an isomorphism

(23.1) H(A,)~ H*QM:k).

REMARK 1. The above theorem has been proved in [24]. In his work [75],
Gugenheim gives a simpler proof without using the cobar construction. The
proof as given in §2.5 will enable us to include in the theorem the following
additional assertion: “If the inclusion induces an isomorphism

(232) H*(Q,M;k) ~ H*(QM:k),

then (2.3.1) is an isomorphism of graded algebra via integration.”

REMARK 2. Every simply connected mainfold M with homology of finite
type meets the conditions of the theorem including the isomorphism (2.3.2).

ExaMpLE 2.3.1. Let w be an n-form on §”, n > 1, so that fow = 1. Let 4
be the differential graded subalgebra of the de Rham complex A(S") spanned
by 1 € A%S") and w. Then each u, = Jiw« -+w (r times) is a closed
r(n — 1)-form on QS", where x, € S”". Thus H (A4} ) = A} . It follows from
the theorem that A} ~ H*(Q;S"). Since 4} has a basis c0n51stmg of 1, u,,
Uy, ..., the gth Bettl number of the topologlcal loop space of S” is equal to
1 when g = r(n — 1), r > 0, and is equal to 0 otherwise. As a matter of fact,
it will be shown in Example 3.1.1 that u,, r > 0, represent integral de Rham

cohomology classes. Consequently Ju, A u, = n,u,, . where n, is an integer.
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In particular, when n is odd, it can be seen through the formula (1.5.6) and its
detailed description in §4.1 [24] that n, = (";"°). (The cohomology ring
H*(Q2S") was determined by Serre [58].)

Let f: $2"~1— §", n even, be a differentiable map such that f(y,) = X
Then (Qf)*[Zoww = [0 f*wf*w represents an integral cohomology class. If «
is a cycle representmg a generator of H,, ,(2,:S%"""), then < [efrwfrw,ay is
an integer equal to the degree of the induced homomorphlsm
Hy, (78?1 = H,,_,(2;S") and is therefore the Hopf invariant of the
map f [41].

In [70], J. H. C. Whitehead computed Hopf invariants by using a twice
iterated integral. (See also [71].) Our version is essentially the same as his but
offers a systematic approach.

2.4. Filtration and Massey products. We shall subsequently prove Theorem
2.3.1 by pairing a cohomological spectral sequence arising from a filtration of
Ay and homological spectral sequence of the cobar construction F(A(M), ).
Let us discuss now the filtration of A} , which is itself geometrically meaning-
ful.

Let M be a differentiable space, and let 4 be a differential graded
subalgebra of A(M). For x, € M, the complex 4, has a descending filtration

k=A0)C  CA(-s)C- "

such that 4; (—s) is the subcomplex spanned by all [{ow, - - - W, wy, ..., w,
€A,0<r<s. SetA;(s)=0fors>0.
There is a linear map

4.0 A—- A (-1

given by w - [{'w. By using the same argument as for Lemma 4.2.1 [24] and
suitable reparametrization for smoothing plots, we can make the next asser-
tion.

PROPOSITION 2.4.1. Let M be path connected, i.e. H(M) = Z. Then the
kernel of the linear map (2.4.1) is A°® A' N dAAM).

In other words, if w is a p-form on M, then [{°w determines w uniquely
when p > 1 and up to the difference of an exact 1- form when p=1

Since df"gw — [X%dw, for any p-form w, p > 0, on M, w is closed if and
only if fow is closed. If u € A; (—s) and du € 4, (— 1), then there exists a
unique w ‘E A4 such that du = f "°w Moreover w is closed but not necessarily
exact. Therefore w represents a cohomology class. This is precisely the
situation where Massey products [46], [51] arise.

For illustration, we describe how triple Massey products are obtained in
our context: Let w,, w,, w; be closed forms in 4, and let w,,, w,; € 4 satisfy
the condition

Consider

X0 ,
u =f (Wywws + wiwy + wipwy) € A; (—3),
Xo
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whose differential is
X ’
du = [*(Iw, N wyy + Jwig Aws) € A (=1).
X0

The preimage of du under the map (2.4.1) is the closed form Jw; A wy +
Jw,, /\ w3, whose cohomology class is called a Massey triple product.
If the above Massey product is trivial in H (4), then

dwlz3 - le /\ W23 - Jle/\ W3 = 0
for some w,; € 4. We obtain a closed form
X0
f (wiwaws + wiwyy + wWipws + wiy)
Xo
in A4, (—3), which represents a differentiable version of Kraines’ cohomology
class for loop spaces [47].

2.5. Pairing with the cobar construction. As in the Appendix, let C =
A(M), . The cobar construction F(C) has an ascending filtration {F(C)}
such that F_ (C) is spanned by all [0,| - -*|g,}, r > s > 0, and F,(C) =
F(C) for s > 0. Denote by { E",d"},, the resulting spectral sequence. Then
E% =F_/(C)/F_,_,(C),and E? = O fors > 0.

Let C,_, be the chain complex obtained from the reduced chain complex
of C through lowering the degree by 1. That is (C,_;), = 0 for ¢ < 1, and
(Cy-1)g = G441, 9 > 0. There are homomorphisms

(25.1) ®35,Co1 > F_(C)/F_,_,(C), s>1,

givenby 0, ® - - - ® 0o, > [0} - - - |o,] + F_,_(C). Since

deloy] - - |o, ] =2 (= 1)'[Joy| - - [o,_1|30,|0,44] - - * |0, ]JmodF_,_,(C),
we may verify that (2.5.1) is a chain map, which induces an isomorphism
(2:52) H(®,C,_ )~ EL, s>0.

Note that E} = Z and E,! = O when s > 0.
The cochain complex B = Hom,(F(C),k) has a descending filtration

k=B@O)C--- CB(-s)C---

where B (—s) is the subcomplex of B orthogonal to F_,_,(C), and, fors > 0,
B(s) = 0. Let {E,.d,},, be the resulting spectral sequence. If H(C;k) is of
finite type, then (2.5.2) yields

E{ "~ @H*(C,_;k), s> 1L

Now the descending filtration {4} (s)} of A} also gives rise to a spectral
sequence {€,,0,},,, with

Co*=A;(—5)/A;(—s+ 1)
According to §4.3 [24], there are cochain maps
(2.5.3) ® (A A, (—5) /A (—s+ 1), s>1,
given by
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w®--- ®w5}—>fx°w,--~ws+A'(—s+l),
Xo

where the cochain complex 4°~! is obtained from A by setting (4* "' =0
whenp < 0,= 4'/dA° whenp = 0,and = 47*' whenp > 0.
Consider the pairing

2.54) A X F(C)—k
given by

(f Wy - walo] - ) <fw. w0 - - Ios]>’

where p is the chain map given in §A2. This pairing induces a cochain map
(2.5.5) 4, — Hom,(F(C),k).
In the remainder of this section, we are going to verify that the cochain

map (2.5.5) preserves filtration and induces, under the hypotheses of Theorem

2.3.1 except the 1-connectedness condition for M,
(2.5.6) C *~E *

r

for r = 1 and therefore for any r > 1.

LEMMA 25.1. If 0y, . . ., o, are simplices of C = A(M), , then the plot chain
peloy| -« - |6, is of order s (Defmmon 1.6.1).

PRrOOF. Recall that each pg[g;] = 6; (or 6, — (nxO) in case of deg o, = l)is a
plot cham of order 1. For s > 1, up[oll |o,] differs from the product
peloy « + « lo,_11 X pglo,] only by reparametrlzatlon of corresponding cubes
in the sense of Definition 1.5.2. If w,, ..., w, are forms on M, then Lemma
2.2.2 implies that

(fwl *« o o Wr) 3 (fwl * o o Wr) s
prlogl - - - lo)] weloyl - - fo Ixpela)

owing to (1.6.2),

=2(fwlo..wi) x(fwi+l...wrv) R
pelor] -+ - log_4] urlog]

It follows from the induction hypothesis that

(2.5.7) (w--'w,) =(w~‘w
J pelonl -+ lo] Joaeeom

Hence the lemma is proved.

)M‘lollx -+ Xpela,)

COROLLARY. Fors > r,

(2.5.8) (fw, C W, e a,| |os]> = 0.

Using the above corollary together with (2.5.4) and (1.6.6), we may verify
the next formula

(2.59) <fw1 < e o] - |os]> = (fmw,). e (fw)



ITERATED PATH INTEGRALS 851

Observe that (2.5.8) implies that the map (2.5.5) preserves filtration. More-
over (2.5.9) implies that the composite map

.. (253)
(2.5.10) R4 5 65— Ef*

sends w;, ® - - - @ w; to the cochain given by

[oy o, ]+ F_,_,(C) > (fo w,) e (fo‘ws).

LEMMA 2.5.2. Let M be a differentiable space with H (M) = Z. If A is a
differential graded subalgebra of A(M) with dA° = A' N dA%M), then the
cochain maps (2.5.3) are bijective.

For a proof of the above lemma, we simply remark that Lemma 2.2.3
makes the proof for Lemma 4.3.1 [24] also valid for the present situation.
Observe that (2.5.10) induces isomorphisms which are the composite maps

RHA ™ )Y>E*>E, s> 1

The above lemma implies that the first arrow is an isomorphism. Finally
(2.5.6) follows.

2.5. Proof of Theorem 2.3.1. Under the hypotheses of the theorem, we have
the following additional information:

(i) Since HYA ") = H'(4) =0 and G;*~ @ H(A" "), the spectral
sequence {€,,d,} converges to H (4y).

(i) Similarly, {€,,b,} converges to H*(F(C);k).

(iii) Theorem A4.1 implies an isomorphism

H*(Q M k) ~ H*(F(C);k).
It follows from (2.5.6) together with (a) and (b) that
H (A} ) ~ H*(F(C);k),

which establishes the isomorphism (2.3.1).
If (2.3.2) holds, then the naturality of . gives rise to a factorization of the
isomorphism (2.3.1):

H(A,)— Hpg (M) —» H*(QM;k) ~ H*(QpM;k)
which preserves the cup product. Hence the proof is completed.

2.6. The fundamental group. In the nonsimply connected case, the Oth
cohomology group H 0(A,’CO) does not, in general, determine the Oth homology
group Hy(Q;M;k), which can be regarded as the group algebra km,(;M) of
the fundamental group «,(;M) over k. In this section, we describe relations
between Ay and m(;M). It is necessary to explain first some group theoreti-
cal notions and facts.

DEFINITION 2.6.1. The torsion free nilpotent residue of a group G is the
normal subgroup that is the intersection of the kernels of all possible
epimorphisms from G to a torsion free nilpotent group. A group is residually
torsion free nilpotent if its torsion free nilpotent residue is trivial.

Among examples of residually torsion free nilpotent groups are free groups
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and fundamental groups of Riemann surfaces. (This follows from Baumslag’s
work [7].)

Let kG be the group algebra of a finitely generated group G, and let 4 be
the augmentation ideal of kG which consists of all elements Z¢g;, ¢; € k,
g € G, such that Z¢; = 0. It is known (Proposition 2.2.1 [30]) that the torsion
free residue of G consists of all g such thatg — 1 € N ,5,(J¢)-

For simplicity, assertions in this section will be stated for a connected
differentiable manifold M with a finite first Betti number. See [21] and [26]
for general statements or further results.

THEOREM 2.6.1. If A is a differential graded subalgebra of A(M) such that the
inclusion A ¢ A(M) induces a cohomology isomorphism, then

6 ~Hom(Y /X Nk),  r> |,
where § = %vr.(M)'
COROLLARY 1. For s > 0, H%(A'(—5)) ~ Hom(km,(M)/3+1,k).

COROLLARY 2. With respect to the pairing H 0(A,"o) X km (M) — k via
integration,

HO(A;o)J-= nr%r’
Observe that H%(A} ) C (4} )% For a loop y at x, denote by [y] the
corresponding element of (M ).

COROLLARY 3. An element [y] € w,(M) belongs to the residually torsion free
nilpotent residue if and only if

(u,(y)) =0, Yu€ H°(4}).
The next assertion is related to Stallings’ work [63]. (See also [64].)

THEOREM 2.6.2. Let f: M — N be a differentiable map with f(xy) = y,, where
N is also a connected differentiable manifold. If f induces an isomorphism
HJR(N) =~ HJr (M) and a monomorphism H}g(N)— HJr(M), then f induces
an isomorphism H%(B)) ~ H%(A, ), where A = A(M) and B = A(N).

Finally we mention that A; and H (A ) are graded Hopf algebras. The
ungraded Hopf algebra structure of A’?‘O and that of H(Ay) have been
considered in [21] and [26].

2.7. Function algebra extensions by integration. Let : M — M be the
universal covering projection to a connected differentiable manifold M. Write
Fy = 7*A°(M) and W, = 7*A\(M). Let F be an intermediate algebra be-
tween F, and A%M), and set W, = FW,,

We say that F’ is the extension over F by integration if the algebra F” is
obtained from F by adjoining all f € A% M) such that df € W.

Consider the sequence Fy C F; C ... C F, C ... such that F,, is the
extension over F, by integration, r > 0. Let F = U F,. The next two theo-
rems are stated under the assumption that M is a connected differentiable
manifold with H (M) of finite type.
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THEOREM 2.7.1. The function algebra F separates M if and only if the
Sfundamental group m (M) is residually torsion free nilpotent.

We say that the lower central series of a group G:
G=G0:) G]D-.oDG,D PR
stablizes modulo torsion if, for r sufficiently large, G,/ G, ., is finite.

THEOREM 2.7.2. The algebra F is finitely generated over F if and only if the
lower central series of m,(M) stablizes modulo torsion.

The above theorems have been proved in [30]. These theorems seem to
indicate the possibility of extending the classical Picard-Vessiot theory to
differentiable manifolds. The usual Picard-Vessiot theory treats functions of
one variable. In Kolchin’s differential algebraic version [45], there are theo-
rems relating extensions by integrals and nilpotent Galois groups.

CHAPTER III. Loop SpacE HoMOLOGY

We are going to present a method for computing the loop space homology.
The method provides the E! term of the spectral sequence of the cobar
construction with a new differential, which will induce the differentials of
subsequent terms E’, r > 1. A generalized notion of linear connections [44]
and a differentiable version of twisting cochains [11], [39] will be used.
Theorems 3.4.1 and 3.3.3 constitute the basis for this method.

Our present version of the method (of formal power series connections) was
introduced in [24] and improved in [27] and [30]. It should be mentioned that
our work in this respect can be traced back to [13], which is related to an
early work of Magnus [49].

3.1. An introduction to the method. Consider a simply connected manifold
M. Choose for H,(M;k) a basis 1, Z,, . .., , so that Z; € H,(M;k), p; > 0.
Let k[X] = k[X,, ..., X,,] be the graded free associative algebra generated
by the indeterminates X, ..., X,, with deg X; = p, — 1.

Write A(M)[X]= A(M)® k[X], which can be regarded as the free
associative algebra generated by X,, ..., X,, over A(M). The exterior dif-
ferentiation d and the operator J extend from A(M) to A(M)[X] by acting on
coefficients. Thus, for example, d(wX,X,) = dwX ,X,; J(wX,X,) =
(Uw) X, X,.

By a derivation of k[X], we mean a linear endomorphism 3 of the graded
vector space k[X] of degree — 1 such that, for homogeneous elements # and v
of k[X],

(3.1.1) 3 (uv) = (qu)v + (= 1)**“udo.

Thus 9 is uniquely determined by dX,, ..., dX,. We may extend d to a
derivation of A(M)[X] over A(M).
The next assertion will follow as a corollary of Theorem 3.4.1.

THEOREM 3.1.1. Let 0 be a derivation of k[X] and let
w = ZW‘X‘ + EWX.XJ + o

yri
be an element of A(M)[X] such that w,, . . ., w,, are closed forms on M (whose
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de Rham cohomology classes are) dual to the basis 2,, . . ., Z,. If
(3.1.2) 0w+ dw — Jo Aw=0,
then (k[X1,9) is a differential graded algebra (whose differential 0 is of degree
— 1), and there is an isomorphism of graded algebras
H, (QM;k) ~ H (k[ X],9),
which is induced by the chain map
0: C, (M) - k[ X]

such that
c b L)+ <fwi,c>X, + 2 <fwiu1j + w,.j,c>X,.Xj

+ 2 <fWinWk T Wy + ww + wijk’c>XinXk + o

REMARK. If H, (M) is free, we may choose Z,,..., %, to represent an
integral basis for H,(M). Suppose that
X, =2 cfXX, (s€Z1<k<m
According to Theorem 3.6.1, if H(Z[X],9) is torsion free, then there is an
isomorphism of rings

(3.1.3) H, QM) ~ H(Z[X],3).

ExaMmPLE 3.1.1. Let X be an indeterminate corresponding to the fundamen-
tal class £ € H"(S"), n > 1. Then k[X] is the usual polynomial algebra of a
single generator of degree n — 1. Let w be an n-form on S” with [¢w = 1.
Let w = wX and let @ be the trivial derivation of k[X] such that 0X = 0.
Then (3.1.2) holds, and there is an isomorphism of rings ©,: H (QS") ~
Z[X). (This ring isomorphism was first determined by Bott and Samelson
91

Let ¢ € C,_,(RS") be a cycle such that ¢ is the generator of the ring
H, (2S") with ©,(¢) = X. We may demand that ¢ is an integral linear
combination of cubes of QM c P(M), each of which starts and ends
smoothly so thatc” = ¢ X ... X ¢ (r times) is well defined. Write

u, =fw e w (r times).
Since O, is a ring isomorphism, we obtain

X7 =0, = 0(c")

={l,c"y + <fw,c’>X + <fww,c’>X2 + ... =u,c"HX’

so that {u,,c”) = 1. Therefore 1, f5ow, [°ww, - - - represent integral cohomol-
ogy classes dual to 1, ¢, é2, . .

EXAMPLE 3.1.2. The complex projective n-space CP”", n > 1, has an integral
homology basis 1, Z,, . . ., £,, whose dual cohomology basis is represented by
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Lw...,w'=wA -+ Aw (n-fold), where w is a closed 2-form on CP".
Choose « and 9 such that w = 3, ,,w'X; and 3X; = 2, ., ., X; X;_;, 1 <j <
n, with X, = 0. Observe that (3.1.2) holds. Thus

H, (QCP™k) ~ H(K[ X, ..., X,],9).

As a matter of fact, one may verify that 0Z[X,, ..., X,] is a direct summand
of Z[X,, ..., X,]so that there is a ring isomorphism

H,(QCP")~ H(Z[X,, ..., X,].8).

(The homology of QCP" is known. See Ganea [38].)

ExaMpPLE 3.1.3. Let M be an (n — l)-connected closed differentiable 2n-
manifold, n > 2. Choose a basis for H, (M;k), which gives rise to inde-
terminates X, ..., X,, X,,,, where b = b, is the middle Betti number, and
deg X, ., = 2n — 1. Choose closed n-forms w,, ..., w, and a closed 2n-form
w,, SO that they represent the dual cohomology basis. For i,j=1,...,b,
there exist (2n — 1)-forms w; so that

JW AW, = —cwy,y + dwy, ¢; € k.

Set aXl = oeee =aXb = 0, aXb_',] = 21<i,j<bcininv and w = 2]<i<b+]wiXi +
Z1<ij<pWyX;X; and observe that (3.1.2) holds. Hence

gt
H (OM:k) ~ H(K[ X}, ..., X,0,],8).

ExAMPLE 3.1.4. Let M be a simply connected closed differentiable 5-mani-
fold. Let b = b, = by be the middle Betti number. Choose a basis for
H,(M;k)andlet X,, ..., X,,,, be corresponding indeterminates with deg X;
=]1for 1<i<b=2"for b<i<2b and =3 for i =2b + 1. Choose
closed forms wy, ..., w,,,;, which represent the dual cohomology basis.
Write p; = deg w;. For 1 < i,j < b, there exist 3-forms w; so that dw; — Jw;
A w; = 0. When p, + p; = 5, let w; be a 4-form with

dwy; — Jw, AN w; = cWypry, € € k.
For 1 < i,j, k < b, Jw; A\ wy + Jw; /\ w, is a 5-form representing a Massey
product so that, for some 4-form wy,,
AW = I, N wye = Iw; AW = CuWapiys G € k.

ijk
Set
w= X wX, + X wXX+ X wu XXX,
1<i<2b+1 pi+pi<$ 1<ijk<b
and
X4y = 2 Cinin + 2 ciijinXk
pitpi<5 1<ij.k<b
with X, = ---=09X,, = 0. Then (3.1.2) holds, and

H (QM:k)~ H (k[ X}, ...\ Xpp41]:0)-

3.2. Transport. In order to give a full account of Theorem 3.1.1, the free
associative algebra A[X] needs to be completed to a noncommutative formal
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power series algebra k[[X]], whose elements are infinite formal sums of the
type
ag+ 2 aX; + o+ Ea,-l.,,,.X“- X+

r

with @’s in .

For this section, the indeterminates X,, ..., X,, will have no attached
geometrical significance. If M is a differentiable space, let A(M)[[X]] be the
completion of A(M)[X], i.e. the noncommutative formal power series algebra
of the indeterminates X, . . ., X,, over A(M).

We consider also the algebra A(P(M))[[X]]. The Poincaré operator [’, as
given by (1.5.3), can be extended to a map

[ A@@)[[X1]- AP ) [X]]

by acting on coefficients. Recall the map p,: P(M)—> M, 0 < ¢t < 1, given by
Y b y(1). Extend also p*: A(M) — A(P(M)) to
pr AMO[[X]] > AP (M)[[X]]-
Ifu,...,u € A(M)[X]], we likewise define

ful---u,=f’(qu1---u,_,)/\p;"u,.

The differential formula in Proposition 1.5.1 becomes also valid for
AP (M)H)[[X]]- So do the formulas (1.6.1)-(1.6.6).

DEerINITION 3.2.1. A formal (power series) connection on a differentiable
space M is an element of A(M)[[X]] of the type

(3.2.1) w=2wX, + -+ 2W1,~--i,Xi, e Xk

where the coefficients are forms of positive degree on M. The curvature of w
is the element k = dw — Jw /\ w of A(M)[[X]].

Let the symbol w” stand for w * - - w (r times). Let the Poincaré operator [’
act on the coefficients of each element of A(P(M))[X]. Define fw = ["pfw

and, for r > 1,
fw’ =f’(.lfw’_’) N pio.

DEFINITION 3.2.2. The transport of a formal connection w is the element

T=1+fw+fw2+---+fw’+-~-

of A(P(M))[X]].
Write the transport 7 in the form of

(3:2.2) T=1+3TX +2T;XX + .

iyt

Verify that
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To=fw,  T,=[(ww+w)

T =f(w,ijk + wiwy + ww + wy), ... etc

Thus our present definition of the transport coincides with that given in §2.1
[27]. Observe also that T is the unique solution of the equation

(323) T=1+[(TApto)

REMARK. This equation can be used to define more general connections in
the sense of [27].

By making use of Proposition 1.5.2 and its extension to A(P (M))[[X]], one
may verify that

dT=—fx+(—fxw+wa:c)+-

+ 2 f(Joo)ixwf+--~ - pfw AT+ JT A\ plo.

i+j=r—1

(3.2.4)

Let a: U — P(M) be a compact plot. Define

(B25)  (Ta) =(lLay + Z{T,a)X, + X <Tij’0‘>Xin +oee
It follows from (1.6.6) and its extension to A(P(M))[[X]] that, if a’: U' >

P(M) is another compact plot such that the product plot a X o’ is well
defined, then

(3.2.6) (T,a X a'y = {T,a){T,a’>.

The above formula gives rise to a multiplication preserving “generalized
holonomy map”

(32.7) 0: C . (AM) > k[[X]]

given by ¢ > (T, ¢), where C,(2M) is the normalized cubical chain comp-
lex of QM.

Material in this section can be found in [24] with a slightly different
presentation.

3.3. Twisting cochains. Our problem in this section is to equip k[[X]] with a
suitable differential 9 so that the map ® becomes a chain map.
Recall that every element of k[[X']] can be written as

(33.0) a=a,+2aX, + - +2a. X X + e

Let ¥ be the augmentation ideal of k[[X]], which consists of all elements a
such that g, = 0. The sth power ' of J consists of all a such thatg, ..., =0
forr <s. '

A derivation 9 of k[[X]] is a linear endomorphism of k[[X]] satisfying the
following conditions:

(a) If u and v are homogeneous elements of A[[X]], then

3 (uv) = (du)o + (—1)*E“udo.
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(b) For 1 < i < m, dX, € ¥~
(c) For any a € k[[X]] as given in (3.3.1),

da=adX,+ - +2a_,0(X, X))+

Every derivation of £[[X]] can be extended to a derivation of A(M)[[X]] in
the obvious sense.

THEOREM 3.3.1. Let w be a formal connection on a differentiable space M,
and «k, its curvature. If 9 is a derivation of k[[X]] such that

(332) dw+ k=0
holds, then
(3.3.3) dT =0T — ptwo N\ T + JT A pto.

PROOF. Substitute k by — dw. Then (3.2.4) becomes (3.3.3).

COROLLARY. Under the same hypothesis as the theorem, if T|q,, denotes the
restriction of T on @M, then

(3:34) dTlgy = 03T|g,,

REMARK. The condition (3.3.2) can be written in the form of (3.1.2) which is
a differentiable version of the condition for a twisting cochain [11], [39].
Strictly speaking, w may not be called a twisting cochain at this moment,
because 90 is not necessarily trivial.

From now on, we assume that M is a differentiable space with H(M) = Z
and H, (M) of finite type. Let 1,7,,...,Z, be a basis of H, (M;k) with
Z; € H,(M;k). For simplicity, assume that m is finite. The corresponding
indeterminates X, . . ., X,, are such thatdeg X; = p, — 1.

DEerINITION 3.3.1. A formal homology connection on M is a pair (w,d)
consisting of a formal connection w as given by (3.2.1) and a derivation 0 of
k[[X]] satisfying the twisting cochain condition (3.3.2) such that

(a)w,, ..., w,, areclosed forms dual to Z,, . . ., 2,

(b)degw; ..., =py+ - +p—r+Lr>1

.
m°

ProposITION 3.3.2. If (w,d) is a formal homology connection on M, then
09 =0.

The above assertion follows from the fact that the associated “generalized
holonomy map” ® has a dense image in k[[X]] and the fact that 00<T,c) =
{T,99c) = 0,c € C,(QM).

Let A4 be a differential graded subalgebra of A(M). We shall consider a
direct sum decomposition of A of the type

(3.3.5) A=9DdB DOW
where (a) © is a graded subspace of closed form of 4; (b) W is a graded
subspace of 4 containing no closed forms other than 0. Then  ~ H (4).

THEOREM 3.3.3. Let M be a differentiable space as described above. Let A be
a differential graded subalgebra of A(M) such that H(A) ~ H*(M;k) via
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integration. Then, for every direct sum decomposition of A of the type (3.3.5),
there exists a unique formal homology connection (w,d) with w being given as in

(3.2.1) such that w; € & and WisWiigs + + « € W,i,nk,...=1,...,m

The proof for Theorem 1.3.1 [30] is also valid for the above theorem, which
is in a more general setting.

See also the remarks to Theorem 1.3.1 and Proposition 1.3.3 [30] regarding
consequences of the uniqueness property of (w,0). In particular, w and « are
both “Lie elements”.

Let [w;] denote the cohomology class of the closed form w;. Verify that the
twisting cochain condition (3.3.2) makes

(336) aX, = zcj'kX[Xk + ..,

where the coefficients ¢’s are determined by cup products [Jw; A w,] =

Ecjlk[W:]

3.4. A theorem on loop space homology. Let (w,0) be a given formal
homology connection on M. Make k[[X]] graded by assigning deg X; = p, —
1,1 < i < m.In (3.2.1), we have consequently

deg Wi, = 1 + deg X, X,

The twisting cochain condition (3.3.2) forces the derivation 9 to be a graded
map of degree —1.

Equip k[[X]] with an ascending filtration by powers of the augmentation
ideal . Then (k[[X]),0) is a filtered chain complex, whose spectral sequence
(6", D},50 is such that €% = /¥ *, s> 1, 6) = k[[X]]/I~k, and
€% = 0 for s > 0. Since X, € J?, we have

CL, =¥ /X"~ @Y/~ QH,_(M;k), s>1

If each JX; is of degree > 0, then the free algebra k[X], as a subalgebra of
k[[X]], is stable under 0 and is therefore also a filtered chain complex. The
associated spectral sequence, being isomorphic to {€",0"},,, will be also
denoted by {€",0"},, In this case, the spectral sequence converges to
H (k[X],9).

THEOREM 3.4.1. Let M be a topological differentiable space with a base point
Xxo and having the following properties:

() The inclusions A(M),, C A(M) C A(yM) induce isomorphisms

H(AM),) ~ Hy (M)~ H,(:M).

(b) H, (M) is of finite type.
If (w,0) is a formal homology connection on M and if {€",d"} is the spectral
sequence of F(A(M), ) as defined in §2.5, then the chain map

G41) F(AM),) 5 cy@m) Sa[[x]]

induces isomorphisms
E'Q, k=€, r

A%
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PROOF. Use an argument similar to that in the proof of Lemma 2.5.1 and
show that the chain map (3.4.1) preserves multiplication. Since pz[o] € <5, the
chain map (3.4.1) preserves filtration and gives rise to spectral sequence
homomorphisms E” ® ;k — €', r > 1.

When r = 1, we have

E',®,k~ QH,_ (M;k) =¥/ =6, s>1
The theorem then follows.

COROLLARY. Under the same hypotheses as the theorem, if M is simply
connected, then there is an isomorphism of algebras

H, (2:M;k) ~ H, (k[ X],9).

DEerFINITION 3.4.1. A formal homology connection (w,d) is quadratic if
X, =S¢t XX, 1 < i< m.

If (w,0) is quadratic, then the differential 0 is determined by the cohomol-
ogy cup product according to (3.3.6), and the chain complex (k[[X]],0) is

therefore intrinsically defined for the differentiable space M.

LeEMMA 3.4.2. Under the same hypotheses as Theorem 3.3.3, if a direct sum
decomposition A = £ © dB © W of the type (3.3.5) is such that dB & W is an
ideal of the differential graded algebra A, then the uniquely associated formal
homology connection (w,d) is quadratic.

PrROOF. For w € A4, let w denote the coset w + (48 @ ) and write
w =2“—’iXi +2‘—‘."inX} + "'=2W,'X,--
Since dw + k = 0, we have

20X, =06 = Jo N @ = 2 ckw X, X,.

Hence 3X; = Scj X X,.

The simplest case for which the lemma applies is that of 4 = §. This case
includes compact symmetric spaces. All but one of the examples in §3.1
exhibit manifolds having a quadratic formal homology connection. The above
lemma applies to those examples. In the next example, m is no longer finite.

ExaMPLE 3.4.1. Consider £S”, n > 2, as a topological differentiable space.
Recall the isomorphisms (A2.6). Use Lemma 1.3.1 to establish the canonical
chain equivalence

ARS"™ ), — A(2S”
where 7, is the constant loop at the base point x, € S”".

According to Example 2.3.1, A(2S") has a differential graded subalgebra
Ay, with a basis consisting of closed forms 1, uy, ..., u, ..., where

)T'lo

x ry o

u, =fx°w- <w (rtimes) and Ju, \ u; = n,u,, .
Xo
There is an isomorphism 4; ~ H*(QS";k).
Let X|,X,, ... be indeterminates corresponding to the dual basis of
H,(R28";k) so that deg X; = (n — 1)i — 1. Let (w,0) be the quadratic formal
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homology connection such that w = 2, ,u,X; and 0X; =3, _;n X, X, i >

1. Then the Corollary to Theorem 3.4.1 applies, and there is an isomorphism
of algebras

H,(;99S8"k) ~ H (K[ X}, Xy, . . . ],9).

Take note that QQS” is of the same homotopy type as the twice iterated
continuous loop space QQ2,S".

For compact Kdhler manifolds [69], there is a remarkable result in [31],
which can be translated into our setting.

THEOREM 3.4.3 (DELIGNE-GRIFFITHS-MORGAN-SULLIVAN). Every compact
Kdéihler manifold M has a quadratic formal connection.

ProOF. Let A(M) be the de Rham complex of complex valued forms on M.
The exterior differential can be written as a sum d = d’ + d” so that, for
f € AqM), d’'fis a (1,0)-form. Recall the d’d”-lemma:

Kerd’  NImd” =Kerd”"NnImd =Imd'd”.
Set A = Ker d’, which is a differential graded subalgebra of A(M). Using the
d’'d”-lemma, verify that the inclusion induces an isomorphism H (A4)~
Hyp(M).

On the other hand, the d’d”-lemma also implies that d4 = d"A C d’A(M)
so that d’A(M) is a differential graded ideal of 4. The induced differential of
the quotient A/d’'A(M) = H(A(M),d’) is trivial. The d’d”-lemma is again
used to verify that the quotient map induces an isomorphism H(A4)~
A/d'A(M).

Let B be a direct summand of d’A(M) complementary to dA4 so that there
is a direct sum decomposition 4 =  © T @ W which meets the require-
ment of Lemma 3.4.2. Hence the theorem follows.

3.5. On the nonsimply connected case. In this section, we discuss the role of
the degree 0 component of a formal homology connection in relation to the
fundamental group. Since our aim is to convey a general idea, we shall
assume, for the sake of simplicity, that M is a connected differentiable
manifold with a finitely generated fundamental group.

Let (w,0) be a formal homology connection on M with w given as in (3.2.1)
such that deg X; = 0 for 1 < i < my,=1 for my < i < my+ my, and > 1
for my + m; <i < m. Write Y, = X, ,, for 1 < i < m,. Denote by k[[X]],
the degree g component of the graded algebra k[[X]]. Then k[[X]], =
Kl[Xys - oo s X )

Write % =0k[[X]],. Since 0X; =0, 1 < i < my,, each element of N is a
(finite or infinite) sum of elements of the type adY,b with a,b € k[[X]], and
1 <i<my.

Denote by w, the degree 0 component of the formal connection w. Then all
coefficients of w, are 1-forms so that w, can be taken as a k[[X]],-valued
1-form on M. Its curvature k, = dw, + wy /\ W, is a k[[X]],-valued 2-form on
M. The transport T, of the formal connection w, is precisely the degree 0
component of the transport T of w. For any path y in M write T(y) =
(To()) = TV

The degree 0 component of the twisting cochain condition (3.3.2) is
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3.5.1) dw, + k=0
where w; = I ¢, W+ V- Let @ be the k[[X]},/R-valued 1-form obtained
from the k[[X]])-valued 1-form w,. Then the curvature of @, is ky = — 3w, =

0. This means that @, is locally flat, and the associated holonomy map
reduces to a multiplicative homomorphism

By: Wl(M)“’k[[X]]o/% = Ho(k[[x]]’a)‘

given by [y]> T(y) + R.
The next theorem is a corollary of Theorem 2.1.1 [30].

THEOREM 3.5.1. If (w,0) is a formal homology connection on M, then the

kernel of the above homomorphism © is the torsion free nilpotent residue
(Definition 2.6.1) of m,(M).

COROLLARY 1 (STALLINGS). If H,(M) =0, then =, (M) contains a free
subgroup of rank m,,

COROLLARY 2. If M has a quadratic formal homology connection and if the
cup product H'(M;k) @ H\(M;k) — H*(M;k) is trivial, then m,(M) contains
a free subgroup of rank m,,.

Under the hypotheses of both corollaries, we have N = 0 and 0 7,(M) —
k[[X)o- The argument for the proof of Theorem 4.1 [22] will lead to the above
corollaries.

COROLLARY 3. If M is a Riemann surface, then ©, is injective.

This corollary follows from the fact that = (M) is residually torsion free
nilpotent.

3.6. Integral homological applications. The spectral sequence of the cobar
construction F(A(M), ) ®; k is {E" ®, k, D" ®, 1}. There is a canonical
map E"— E" ® ,k.

If E" is Z-free and if E" ® ;k = E"*! ® ,k, then the above map is
injective, and d" =0 so that E" = E"*'. Thus, if E’ is Z-free, then a
collapsing E" ® ,k = E*® @ ,k implies a collapsing E” = E*.

In §3.3, we may demand that the basis {1, Z,,...,Z,} of H (M;k) be
integral; i.e. it is also a Z-module basis for the image of the canonical map
H (M)— H,(M;k). Thenwy, ..., w, represent integral cohomology classes.
In this case, the associated indeterminates X, . . ., X, are said to be integral.

If (w,0) is quadratic, then Z[X], as a subring of k[X], is stable under 0,
and gives rise to an integral chain complex. If H (M) is free, then

E'~Z[X], E*~H(Z[X]}).

THEOREM 3.6.1. Under the same hypotheses as the Corollary to Theorem

3.4.1, if (w,d) is a quadratic formal homology connection as described above and
if both H (M) and H(Z[X,, ..., X,),0) are Z-free, then

H (M)~ H(Z[X,, ..., X,]d).

ProOOF. Since (w,d) is quadratic, the spectral sequence of k[X] has a
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collapsing &2 = H (k[X],0) = €*. Therefore, according to Theorem 3.4.1,
E? ®, k = E® ®, k which implies E? = E*, and the theorem is proved.

This theorem has been applied in Examples 3.1.1 and 3.1.2. The next
theorem illustrates how a formal homology connection determines certain
“leading” terms of the spectral sequence {E’,d"}, which are sometimes
geometrically meaningful.

THEOREM 3.6.2. Under the hypothesis of Theorem 3.6.1, let (w,d) be a formal
homology connection, whose indeterminates are chosen to be integral. Let r > 2
and q > 0. If H,(M) is Z-free for ¢’ < q, and if deg X; < q implies

(3.6.1) X, €I
then, for each indeterminate X, of degree q,

=Xk, X, - X, mod It
such that each coefﬁczent c .., isan mteger Moreover E”,, , ,_, is isomorphic
with the quotient of the free Z-module on the set of monomials X; « - - X,
with deg X+ -+ X, =q— 1 over the submodule spanned by all
SchX X with deg X, = q.

PRrROOF. The condition (3.6 1) implies

+ 1 ’
) c (¥t )q'—l’ q9 <4q,
so that
@l—ss+q ..... @r-_s]s+q = (%s/%s+l)q, ql < q
and
@l—l,l+q == @r—_lfl+q = (%//%2)‘]'

Since H, (M) is Z-free for ¢’ < g, so is E!

—s5s+q"
argument at the beginning of this section leads to

El ,="'—Erl q/<q’

—855+q —-ss+q"

A refinement of the

and

In the commutative diagram

Er__l A+qg 1 JA+q (3/32)
O
E L rrq-1 T rta—1 ~ &1 Dy

the image of the upper horizontal arrow is spanned by all X, + J* with
deg X, = g, and the image of the lower horizontal arrow is spanned by all
XX, +3 X! with deg X;, + X, = g — 1. The theorem then follows.
EXAMPLE 3 6.1. Let L be a link having two components L, and L,, which
are smoothly embedded circles in S3. Let M = S3 — L. Then H (M) has a
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basis {Z,,Z,} where z; is represented by a circle around L, i = 1,2, and H,(M)
is free cyclic with a generator Z,. Let X,,X,,X; be the corresponding inde-
terminates so that deg X; = deg X, = 0 and deg X, = 1.

Choose a direct sum decomposition of 4 = A(M) of the type (3.3.5), which
gives rise to a formal homology connection (w,d) with

W= Wle + W2X2+ W3X3+ MR
According to Proposition 1.3.3 [30], w and each d.X; must be Lie elements. Let
[ , ] denote the Lie bracket. Then
KO = dwo + (IJO/\COO = (dwlz + Wl /\ WZ)[Xl’XZ] + e
and
aX3 = clz[X],Xz] + try

where ¢, must be an integer according to Theorem 3.6.2. The condition
(3.5.1) yields [w, /\ wy] = — c¢,[ws], which implies that the integer ¢, is, up
to a difference in sign, the linking number of L, and L,.

N2
/
ém—Z
m-1
FIGURE 1

Figure 1 shows the projection of a link L with ¢;, = 0. Without giving a
detailed computation, we just mention that, in this case,

Xy = (m = D[[[X,X,].X,].X,] + .

This example indicates a need to relate Theorem 3.6.2 to Milnor’s in-
variants [52] and Massey products [50].

CHAPTER 1V. BAR CONSTRUCTION AND FREE PATH FIBRATION

Let M be a differentiable space with x, € M. Let 4 be a differential
graded subalgebra of A(M). We first show that, under mild conditions, the
reduced bar construction B(A4) is isomorphic to 4, . We then consider the
free path fibration P(M)— M X M given by y > (y(0),y(1)). Denote by E;
(the total space of) the pullback via a differentiable map f: N> M X M. A
subcomplex A; of A(E)) is constructed from 4" and A(N). The algebraic
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structure of A; is determined and is closely related to the two-sided bar
construction [12], [60]. We state Theorem 4.3.1 which gives an isomorphism
H (Af) =~ H*(E;k) when H (A) ~ Hpr(M) and M and N are manifolds with
M simply connected and having homology of finite type.

In order to illustrate the significance of this theorem, we mention the
following examples:

@) If f: Ny X N,> M X M is an inclusion, then E; is the space of paths
from Nyto N, in M.

(b) If f: M - M X M is the diagonal map, then E; is the free loop space of
M.

@Iff=pXf:1E" XM — M X M, p being a fibration, and if E/, is the
pullback of the fibration p: E’— M via f': M" — M, then E; and E; are of
the same homotopy type.

In particular, the last example points out that Theorem 4.3.1 provides an
analytic realization of a theorem of Eilenberg and Moore [35]. (See [65] for a
general discussion on fibrations and path spaces.)

4.1. The bar construction. Let 4 be an arbitrary differential graded algebra
with a differential 4 of degree 1 such that A”? = 0 for p < 0 and 4° = k. The
multiplication will be denoted by A, and our primary example is the case of
A being a differential graded subalgebra of the de Rham complex of a
differentiable space.

Let W’ and W" be respectively differential graded right and left 4-mod-
ules. Let w,w,w,, . .. denote (homogeneous) elements of 4 *, and let x and y
denote respectively elements of W' and W”. We use A also to denote the
action by 4.

Let B(W ,AW") =3 @ B"(W',A,W") be such that

B" (W AWy =W Q(QA4*)® W”
for r > 0,= W @W"” for r =0 and = 0 for »r < 0. Thus B"(W',A,W") is
spanned by elements of the type x[w,| - - -|w,]y, whose degree is defined to
be

degx + (—1+degw))+ ---+(—1+ degw,) + degy.
The differential dj is given by
dy (x[wil- -] y) = x[wif o]y = dx Aw [l -]y
+ > (—l)in[lel' < JIW g | AW W | -~|w,]y

1<i<r

= S (I P A el < ]y

I<i<r
+J(x[w,|- . ~|w,_,])w, Ay + J(x[w,|- : °|w,])dx.
There is a filtration F of B(W',A,W") with
F*B(W',A,W") =3 B"(W'.AW").

r<s

Then W' @ W” = FB(W ,AW")ycC FT'B(W,AW")C ..., and
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FB(W' ,A,W"”) =0 for s > 0. Therefore the filtration is complete. The
resulting spectral sequence is known as the Eilenberg-Moore sequence. (See
[61], [73].) Its E, term, as a chain complex, is isomorphic to
B(H(W'),H(A),H(W")), where H(A), H(W’),H(W") are equipped with
trivial differentials.

With some difference in the sign convention, our definition of
B(W’,A,W") is identical to the one used in [60].

Regard k as a differential graded 4-module, whose 4-action is induced by
the augmentation 4 — k. Then B(A) = B(k,A,k) is known as the reduced
bar construction of 4. The bar construction of W” over 4 is B(4,A,W")
[48].

If the differential d of A is trivial, then B (A4,4,k) is acyclic and is therefore
the usual bar resolution.

Based on the differential formula in Proposition 1.5.1, we give a definition
of B(W’,A,W") where A is a differential graded subalgebra of A(M) where
AC is not necessarily k.

The next theorem follows from Lemma 2.5.2.

THEOREM 4.1.1. Let M be a differentiable space with H(M) = Z. Let A be a
differential graded subalgebra of A(M) with A° = k and A' N dA%(M) = 0.
Then, for any x, € M, the map B(A) — A, given by

X0
[Wll DY IWI‘] '__)f Wl o« . wr
Xo

is an isomorphism of differential graded algebras.

This theorem makes available methods of homological algebra for comput-
ing H(4;).

ExaMPLE 4.1.1. Consider the case of M and A satisfying the hypotheses of
the above theorem such that 4 has a trivial differential and is isomorphic to a
graded polynomial algebra on n generators of respective even degrees
e, ...,e, By using a Koszul resolution, we conclude that

H (A, )~ H(B (4)) = Tor,(k.k)

which is isomorphic to an exterior algebra on n generators of respective odd
degreese, — 1, ..., e, — 1. (See Theorem 2.2, Chapter VII, [48].)

4.2, The free path “fibration”. The terms “fibration” and “pullback” will
not be defined in generality. The differentiable map (pg.p,): P(M)—> M X
M given by ¥ > (v(0),y(1)) will be referred to as the free path fibration of
the differentiable space M. Let N be also a differentiable space. For every
differentiable map f: N - M X M, there is a “pullback” diagram

~

Ef PM)
“.2.1)
1'"]' 1(1’0’ Pl)
f

N———MxM

such that (a) E; is the differentiable subspace of N X P (M) consisting of all
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(v, ) such that fr = (y(0),y(1)); (b) m is given by (»,y) > y; and (¢) f is
given by (y,y) > v. Thus ¢: U — E; is a plot if and only if both m; > ¢ and

f o ¢ are plots.
For every differential graded subalgebra 4 of A(M), write A; = m*A(N) A\

f*A’ which is a subcomplex of A(E)).
REMARK. Let W be a subcomplex of A(N) such that f*p*4 c W, i=0,1,
where p;: M X M — M, i = 0,1, are the two projections. Then

fprA = arfprd capw, =01

Sometimes, it will be convenient to consider the more general notion of
(4, W)f-— T W N A

For s > 0 deflne Af(—s) to be the subcomplex of Af spanned by all
771>/\j“‘fw1 W, W, ..., W, EA, r< s, vEAN). SetAf(s) 0 when
s > 0. Then {Af(s)} isa complete descending filtration of A;.

We shall attempt to determine the algebraic structure of the cochain
complex Af.

Equip the tensor product A(N) ® B(A) with a differential d such that

d(v ® [wl|- ~|w,]) = dv ®[w1|- --|w,] +Jo® dg[wl|~ --|w,]
422) =Jo A\ fogwi ® [wyl- -+ |w,]
+ (= DJo A fforw, ® J[wl|~ ~-|w,_,]
where dg denotes the differential of the reduced bar construction and
v = (deg w,)(deg [wy|- - |w,_,]).

We do not verify that dd = 0. For cases of our interest, this will be a
consequence of the next theorem.

THEOREM 4.2.1. Let M be a differentiable space with H (M) = Z. Let A be a
differential graded subalgebra of A(M) such that A° = k and A' N dA"(M) =
0. Then there is an isomorphism of cochain complexes

4.2.3) A(N)® B (4) ~ 4;
given by v @ [w| - - - |w,] > 7fr A w - ow,.

Proor. The formula (4.2.2) is designed so that the map (4.2.3) commutes
with the differential. If A(N) ® B(4) is equipped with the filtration {A(N)
® F°B(k,A,k)}, then the map (4.2.3) also respects the filtration. It suffices to
show that the associated graded map is an isomorphism, or, equivalently,
that, for s > 1, the map

“4.24) A(N) ® B (k,A,k)—> A;(—s)/A4;(—s + 1)
given by ¢ ®[w]- - |w] > 7t ASESw o + Ai(—s+ 1) is an
isomorphism.

Since the map (4.2.4) is evidently surjective, we are going to establish its
injectiveness. Let y, € N and fyq = (xp,x;). We claim that, given any p-sim-
plex : A” —» N and any compact plot chain ¢ of P(M;xgx,) on U strongly
of order s, there exists a compact plot chain ¢ of E; such that
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0 whenr < s,

4.2.5) <77f*” /\f*fwl' --w,,E> = <u,o><fw]- . ~ws,c> when r = s.

(See Definition 1.6.3.)

There are sufficiently many p-simplices of the differentiable space N to
separate elements of A?(N) via integration, and there are sufficiently many
compact plot chains of P (M;x,,x,) strongly of order s to separate elements of
B°®(k,A,k) owing to Lemma 2.2.3. Therefore it remains to verify the men-
tioned claim, which implies that the map (4.2.4) is an injection.

By reparametrizing the plot chain c if necessary, we may assume that c is a
linear combination of plots of P(M;x,x,), each of which starts and ends
smoothly. Construct a p-simplex § of P(N) which ends smoothly such that
6(£)(0) = o(%) and 6(§)(1) = y, V& € AP. Let 6, and G, be p-simplices of
P (M) such that, for £ € A and ¢ € [,

(F8®)(1) = (G®)(1:6:(6)(1 = 1)-

Let 7: A? X U — A? denote the projection. Then both 6, X ¢ and 6, ° 7 are
well-defined plot chains on A? X U. Furthermore ¢’ = (6, X ¢) - (6, °c m)is a
well-defined plot chain on A? X U. (See §1.6.) Observe that ¢ = (o ° 7,c')is a
plot chain of E; C N X P(M)on A? X U.

Write u = 7o A\ f*fw, * + - w,. We may assume that deg u = p + dim U.
As a form on A? X U,

= 70 [ )

where (7}0v); = v, X 1 and, according to (1.6.1) and (1.6.2),

(f*fwn' ..ws): (fwl. w)
5 (e < (o) (),

0<i<j<r

Since the plot chain c is strongly of order s, (fw, ;- -*w), =0if i >0 or

J < rordegw, - --w, > dim U. On the other hand, v, = 0 if degv > p. In
summarizing, we obtain

u = vox(fw,~ --ws)c when deg v = p,

0 when deg v # p.

Repeating the above argument, we also conclude that, for r < s,

(wf*v /\f“fwl- --w,)_= 0.

Hence the theorem is proved.
REMARK. In case of 4° containing k properly, demand that d4° = 4! N
dA%(M). Choose a differential graded subalgebra A4 of 4 such that A% = k
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and A' = 4! @ dA°. Then the above theorem gives rise to an isomorphism
(4.2.6) A(NY®B(A)~ 4} = 4,

The fact that A_f’ = A; follows from formulas (4.1.2)-(4.1.4) [24]. (For this
purpose, f(x,) and f(x,) in those formulas need to be replaced by f o p, and
[ o p, respectively.)

COROLLARY. Under the hypotheses of the theorem, the E, term of the spectral
sequence of Ay is isomorphic to Hpr(N) ® B(H (A)).

4.3. A theorem on the pullback cohomology. The next assertion can be
proved by using the Serre spectral sequence and Weil’s work [68]. A proof in
detail will appear elsewhere.

THEOREM 4.3.1. Let M and N be manifolds with M being simply connected
and H, (M) of finite type. Let A be a differential graded subalgebra of A(M)
such that the inclusion A C A(M) induces an isomorphism H(A) ~ H}g(M).
If E; is the pullback of the free path fibration via a differential map f:
N> M X M as in (4.2.1), then there is an isomorphism

H(Af) ~ H*(E;k)
through integration over simplices of E,.

Wu [72] has treated the pullback cohomology of a simplicial fibration
through minimal models. Our construction of 4; is analytical.

APPENDIX. THE COBAR CONSTRUCTION

Let M be a differentiable space with x, € M. Assume that H(M) = Z
Recall that A(M), is the chain complex spanned by simplices of M whose
vertices are at x,. For simplicity, write C = A(M), .

The cobar construction F(C) is the graded free associative ring generated
by the set of simplices of C excluding the 0-simplex.

Let 0, ..., 0, be simplices of positive degree of C. Denote by [o,] the
generator of F(C) corresponding to the simplex o, We assign deg [a;] = — 1
+ deg o; and write [o] - - *|6,] = [0,] - - -[0,]. Set [oy] - **|o,] = 1 when r =
0.

There is an augmentation &z: F(C)— Z given by &g[o,|* +|o,J=10r 0
according asr = O or > 0.

Equip F(C) with a differential dr, which respects the multiplication such
that, for any n-simplex o of C,

defo] =[] = X (=1)[wolow-n]
I<i<n
where 0 and o) are respectively the first i- and the last j-faces of 0.
The purpose of this Appendix is to construct a natural chain map
pet F(C) > C,(@M)

(on the category of pointed differentiable spaces), where C, denotes the
normalized cubical chain complex. (Recall that our convention specifies
degeneracy with respect to the first coordinate.)
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Theorem A4.1 is an adaptation of a theorem of Adams [1] that, for a
simply connected topological space M,u, induces a homology isomorphism.
The naturality of ur makes such an isomorphism differentiably meaningful
for topological differentiable spaces. For example, if M is a simply connected
manifold, then the isomorphism

wr,: H(F(A(M),)) ~ H, (M)

becomes valid in the smooth sense.

Our construction of pu, differs technically from that of Adams in order to
take care of differentiability requirements and to allow possible applications
to certain nonsimply connected cases. On the large, we follow Adams’
original work, which is geometrical and suits the needs of this Appendix. A
recent result of Dwyer [32] seems to indicate that Theorem A4.1 can be
improved to include the case where 7,(M) acts nilpotently on H, (QM).

Al, Moore paths. A usual Moore path is a map [0,a] - M, where a > 0.
Moore paths possess the advantage of having an associative multiplication. In
the same spirit, we define a Moore path of a differentiable space M to be a
pair (y,a), where y: I — M is a (smooth) path, and a is a nonnegative number
which can become zero only when v is a constant path. Denote by P (M) the
differentiable subspace of P(M) X R consisting of all Moore paths of M.

If (y',a’) and (y”,a”) are Moore paths of M with y'(1) = y”(0), define the
product

(,Y,a) = (,Y/’a/) % ('Y”,a”
such thata = a’ + a” and

_[v(at/a), fort €[0,a’/a],
YO (- @)/a) toreela/al],

provided @’ > 0 and @” > 0. When @’ = 0 (resp. a” = 0), define y = y” (resp.
v"). Of course, the product exists only when the map y: I — M is indeed a
plot of M.

Let QM (resp. P(M;—,x,), P(M;xy—)) be the differentiable subspace of
P (M) consisting of all Moore paths (y,a) with y € QM (resp. P(M;—,x,),
P(M;xy,-)).

Every plot a: U — P (M) can be taken as a pair («,a) where a: U — P (M)
is a plot and a: U — R is a nonnegative valued function on U. We say that a
plot a = (a,a) of P(M) is smoothed if a is strictly positive and if the plot a
starts and ends smoothly. (See §2.2.)

Let a: U— P(M) and o’: U’ — P(M) be smoothed plots with a(§)(1) =
xo = a'(§)0), V(£,¢) € U X U’. Let  and 7’ be projections from U X U’ to
U and U’ respectively. Define

axa' =(fa+a)UXU —-P(M)

by (££) > a(§) * a'(§). According to Corollary, Lemma 2.2.1, B is a plot of
P (M) resulting from the plots a ° 7, &' © #’ and the function a/(a + a’).
Moreover, the plot 8 starts and ends smoothly. Thus there is an associative
multiplication for the set of smoothed plots of @M. In particular, if « and o
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are smoothed cubes of QM, verify that
(AL.1) d(a*a)=0a*a + (—1)%% * da".

Write 1,, = (1,,,0) € @M. Then the 0-cube (n, ) serves as a unit element
for the multlphcatlon » of smoothed plots of QM.

Let vy, ..., v, be the vertices of the standard n-simplex A", which is
embedded in R""’l so that v, = (1,0,...,0), v, =(0,1,0,...,0),...,0, =
©,...,01).

In the remainder of this section, we are going to construct, inductively on
n > 1, cubes §,: 1""! - P(A": vy,v,), which will be used to construct the
chain map p.

A cube ¢: I" - U C R™ is said to be constant along normals to I” if, if

there exists ¢ > 0 such that, for any £ € I", 3¢/9¢° = 0 when either ¢’ < ¢
orl —¢<el<i<n.

LEMMA Al.l. Let U be a convex subset of R™. Let {: I"*'— U be a
continuous map such that its restriction to each n-face of I"*! is smooth and
constant along normals to its boundary. Then { can be extended to a smooth
map ¢: 1" > U.

PRroOF. First extend ¢ to a neighborhood N of I"*Vin I"*! such that ¢ is
constant along normals to /"*!. Choose x, € U and set

¢(€) = (1 = xOW(E) + x(¥)xo
where x: I"*!'— I is a C* function such that x(¢) = 1 about ["*!. This
proves the lemma.
Let f, [": A’ — A" be respectively the first and the last i-face injections and
let 3;: A"~ ! — A" be the ith face injection. Let Af: 1" 2> ["", 1<i<n-—
1, e = 0,1, be the ith front- and aft-face injections given by

(sl’ AR ] é" AR gn_l) |_) (gl’ e ’si-l7€,£l+l’ . 9£”—I )‘
Denote by a,: P(A") — R the energy function given by

a() = [ S[ax' (v /d) e

We embed P (A") in P(A") by identifying the path y and the Moore path
(v.a,(y)). In this sense, the multiplication * makes sense for plots of P (A").

Choose a C*® function §{: I—1I such that {(¢) =0 (resp.1) for ¢
sufficiently close to O (resp. 1).

LEMMA A1.2. For n > 1, there exist cubes 0,: I"~' — P (A";vy,0,) satisfying
the following conditions:
@PForl<i<n-—1,

6,°N = P(3,)0,-, and 6,°N = P(f")8,* P(I"_)8,_,

(b) The A™-valued function &, is constant along normals to I

PROOF. Let 8, be given by
0.(0)(1) = (1 = §(n))vo + § ()0,
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For n > 1, we need to construct ¢, : I" = I X I"~!— A" whose restrictions
to the (n — 1)-faces are determined inductively by the following require-
ments:

(i) ¢, (0,8) = vyand ¢, (1,6) = v, for ¢ € I,
(@i)yForl1 <i<n-1,

g, (1), L ETL0E, L e =0,0,¢E . L8N

and
¢0n(t’£l’ CoETLLEL L g

= (PG, &) * P2 )0, (o 877))(0)
Verify that these requirements are consistent on the (n — 2)-faces and that
the restriction of ¢, to each (n — I)-face is constant along normals to its

boundary. Hence we may apply Lemma Al.1 to complete the proof.
Observe that /', =9, and f]'_; = 9, so that, for n > 2,

09, = 2 (= 1)'(\¥, — A'6,)

w12 o2, (CUP@y = P = (=P -

= 2 (=D)PU I P )b,-

0<i<n

LEMMA A1.3. For every n-form w on A",

-

PROOF. Write w = du, u being an (n — 1)-form on A”. Observe that Aje,,
e = 0,1, are constant cubes and that the image of each A}, 19, = %“%."
1 < i < n - 1,lies in the (n — 2)-skeleton of 7”. Hence '

f% j;%u-' —1)"fiomu+fmu+(—1)"f¢ u

M - 16
=] u=|w
aar A
COROLLARY. As a continuous map of pairs,

d,: (I1") — (47A7)

1<i<n—1

is of degree 1.
A2. The natural chain map p,. For every n-simplex o: A" > M, n > 1,
denote by 6 the (n — 1)-cube
6, P(0)
I""'SPA") - P(M).

Then, for any n-form w on M, {fw,6) = [ w.
Denote by o the smoothed (n — 1)-cube (6,a, ° 8,) of P(M). It follows
from (A1.2) that
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dg = Z ("‘l)ia(i) = O~ ~ (“])" (n-1)0
0<i<n -

- 2 (=) @O * 04y
0<i<n
where o) =9; o o denotes the ith face of o.
Let C,(2M) be the (unnormalized) cubical chain complex of the Moore
loop space @M. Define a graded ring homomorphism

fir: F(C) > CL(2M)

such that fiz[o] = ¢ — (1, ) or g according as deg 6 = 1 or > 1. Recall that
(n,,) serves as the unit element for the multiplication * of C(2M). Denote
by pr the composite map

F(c) Bcy@m) - c,@m)

where the second arrow is induced by the forgetful map QM — QM. Then p,
is natural on the category of pointed differentiable spaces. The formula
(A2.]1) implies that

aﬂp[o ] = fipdg[ o]
so that p, is indeed a chain map.

We shall be interested in the case of M being a topological differentiable
space with an underlying topological space ;M such that the inclusion
A(M),, C A(zM),,, induces homology isomorphism. There are two chain
maps p-(M) and p-(M), which give rise to a commutative diagram

aEeon, ) —2 s b
(A2.5) ~
HED (M), ) aCal H(QM).

If u-(+M), is an isomorphism, then p-(M), is only a monomorphism. If,
moreover, H, (M) ~ H, (2 M), then pg(M), becomes an isomorphism.

For a topological differentiable space M, there are three loop spaces at a
given base point x;, namely,

(a) the differentiable loop space QM;

(b) the underlying topological space QM with compact open topology;

(c) the continuous loop space QM.
In the case of M being a differentiable manifold, there are canonical isomor-
phisms

(A2.6) H, (QM)~ H,(;QM) ~ H (2:M).

The first isomorphism can be obtained by applying Lemma 1.3.1, and the
second isomorphism follows from the known result that the inclusion QM C
QM is a homotopy equivalence. (This can be proved by using the proof of
Theorem 17.1 [53].)
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A3. The acyclic twisted tensor product F(C) ® ,C. The remainder of this
Appendix is devoted to a proof of Theorem A4.1. Hereafter, M will denote a
topological space. Then C = A(M),, is the usual singular chain complex with
all vertices at the base point x,. We are going to equip F(C) ®,C with a
differential 4, so that the chain complex is acyclic. Our main effort in this
section is to extend the natural chain map p, to a natural chain map

p: F(C)®,C— C (PM)

where PM = P(M;x,—).
Let 0,04, . . ., 0, be simplices of C, where 0, . . . , 6, are of positive degree.
Then F(C) ®,C has, as a basis, all elements of the type

Lol ~“loJo =[o1] -+]o,] ®z0

whose degree is equal to deg[o,| - - -|o,] + deg o.

Define the differential 4, so that

dy (u ®7 0) = (dpu) ®z 0 + (—1)***udy ([ o),
and, when n = deg o > 0,
df Jo=[1oo - X (-1)[wolow-
0<i<n
When n = 0, we have ¢ = (x,) and d,[ ](x,) = 0. Define the graded map of
degree 1
s F(C)®,C—> F(C)®,C

such that s; ([0, * **|0,J0) = 0 or [0,] - - |6,_,]o, according as n > 0 or = 0.
Verify that d;s; + s;d;, =1—¢, and d,d;, = 0, where ¢, is the obvious
augmentation of F(C) ®,C. Therefore the chain complex F(C)®,C is
acyclic.

Write PM = P(M;x,—). It will follow from Lemma A3.1 that, for every
n-simplex o of C, we can construct an n-cube

¢: I" > PM
such that, when n = 0, ¢, = (n,, ), and, when n > 0,
(A31) = X (D= X (=D)'E(00) * Gy,
0<i<n 0<i<n

Define i, : F(C) ®,C — C,(PM) such that

i([on] ~lo]Jo) = fe[ar] - +]o,] * <.

Then (A3.1) becomes 9fi, ([ ]o) = {i, d,[ lo. It follows from (Al.1) that i, is a
chain map. Define , to be the composite map

canonical

F(C)®,c5 cu(pm) "B ¢ (PM).

Let P(A";vy,—) be given the compact open topology. For any y.,y” €
P(A"v5,—)and 0 < s < 1, define

Yo =(—s)Y +sy" € P(A"04—)
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such that y,(¢#) = (1 — 5)Y'(¢) + sy”(¢). Then the arc length a,(y,) depends
continuously on s.
LEMMA A3.1. There exists a family of continuous maps
7,0 I" = P (A% 00, —), n>0,
such that, for (1,£) in a neighborhood of {0} X I",
(A.32) 7,(8)(1) = vy,
and, for 1 < i < n,
Ty o N = P(8;)7, 13
T, o N = P(f")0,+ P(L/_ )70
where 8,,0,, . . . are as defined in §Al.

PrOOF. The map 7, is uniquely defined. For n > 1, the condition (A3.2)
ensures that 7, o \! are well-defined maps into P (A"; 0, —).

Verify that the conditions (A3.3) are consistent on the (n — 2)-skeleton of
1" so that the restriction 7,|I" is well defined through the induction hypothe-
sis. Qhoose Y € P(A"v5,—) and §, € I" — I". Define 7, such that, for any
§el”,

(A3.3)

7,((1 = $)é + s&) = (1 = s)y + s7,(§).

Then a, © 7, is continuous. Hence the lemma is proved.

If 0: A" —> M is an n-simplex, define ¢, = P(o)7, and ¢, = (c,.a, ° 7,).
Then (A3.1) follows.

REMARK. Since every vertex of 7, must be a path from v, to some vertex of
A", each vertex of the cube ¢, must lie in M.

A4. The Adams theorem. Our adaption of the main theorem of Adams [1]
reads as follows:

THEOREM A4.1. If M is a simply connected topological space with a base point
X, then the chain map
pe F(A(M),) > C,(@M)
induces an isomorphism
H(F(AM),))~ H,(QM).

ProOF. For this proof, C (PM) will denote the subcomplex of the normal-
ized cubical chain complex of PM spanned by those nondegenerate cubes
whose vertices are in @M. Then C,(PM) is acyclic and has the usual
filtration F such that F,C,(PM) is the subcomplex spanned by all nondegen-
erate n-cubes a of PM such that either n < p or a(¢', ..., £")(1) depends
only on the last p coordinates. This filtration gives rise to a Serre spectral
sequence {S",d"},., with

Sy, ~H, (QM)®,C,  (where C =A(M),)
and
Sy~ H, o (M:H, (QM)).
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(See [59] or [41].)

On the other hand, the chain complex F(C) ®,C also has a filtration F
such that F,(F(C)®,C) is_the subcomplex spanned by all [g)] - - +|o,]o,
r > 0, with deg ¢ < p. Let {§",d"},,, denote the resulting spectral sequence.

Verify, in a standard manner, the isomorphism

(A4.1) Spa™ Hyuqg(C:H,(F(C)),  pg > 0.

Owing to a remark in the last section, the natural chain map p,: F(C)
®,C — C, (PM) is well defined with C,(PM) being spanned by cubes with
vertices in M. We assert that p, respects the filtrations. In fact, let p:
C.(PM)— C,(PM) denote the canonical chain map. Then for any p-simplex
o and simplices 0, . . . , 0, of positive degree in C,

p([onf <10, Jo) = o( @[ o] +-|o,] * <)
is a linear combination of (n + p)-cubes a, n = deg[o,| - - -|s,], such that

a8l o)D) = (0. P)(D).

Therefore p, (F,(F(C) ®C)) C F,C(PM).
The chain map p, induces spectral sequence homomorphisms. Among
these homomorphisms, there are homomorphisms

(A4.2) H,(C)~S2,— S:,~H,(M), p>0,
which are induced by the natural chain map
»: C=AM),— C, (M)

given by o > p, * p, ([ ]o). (Recall that p;: PM — M is given by y > y(1).)
The method of acyclic models can be used to establish the maps (A4.2) are
isomorphisms. _

Now both spectral sequences {S”} and {S”"} converge. Since both chain
complexes C,(PM) and F(C) ®,C are acyclic, g, induces trivial isomor-
phisms
(A4.3) Spa =~ Sy p,q > 0.

Pq’

Appealing to the comparison theorem (see, e.g. Theorem 11.1 [48]), we obtain
the isomorphisms

H,(F(C))~ 83,553~ H,(@M), q>0.
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