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We will show that the Calderén-Zygmund inequality, IT,,l, < C(p, r)lwl,,
is not valid in the local field setting. A complete proof of the validity of this in-
equality in the case of singular integrals over R” can be found in Dunford and
Schwartz, Linear operators, Vol. 2. We use the theory of regular functions as de-
veloped by M. Taibleson [4] and the F. and M. Riesz theorem for local fields as
proved by J. Chao [1].

We assume the reader is familiar with elementary local field analysis and sin-
gular integrals in general. In the following work K will denote a local field (non-
discrete, zero-dimensional, locally compact field), B” = {x €K: Ix| <q™"},D" =
{x €EK: Ixl = ¢7"}, and &, the characteristic function of the set 4. Haar mea-
sure A is normalized so that A(B®) = 1 (A(B') = ¢!) and the prime 7 is chosen
so that mB® = B!. The fundamental character ¥ is trivial on B® and nontrivial on
Bl Coo and C;, denote the continuous functions with compact support and the
continuous functions that vanish at infinity, respectively.

DEFINITION. Forx €k, k € Z, let

0, k<2,

f(xs _k) = { .
E o) Zh , x(nx) ifk>2.

LEMMA 1. The function f defined above is regular.
ProoOF. A function g: K x Z — C is said to be regular if
g(x, k) = q""j gy —x,k—1)dy.
Bk
A straightforward calculation shows that f satisfies this equality. O

LEMMA 2.
N q_:l k 1 K
@ fe-R=1 3k, ) "4 Eiep1 @
®) ¢ =B, = {@- 1)k - 1)/q}* fork>2.

©  WC -, <{g-DE-D/gyrD7" fork=2, 2<r<ee,
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PRrROOF.

fle, k) = fDof(y, —k)XGey)dy

k k
= Lo > X —xp)dy - | o1 ]};2 X(7 = x)y) dy

j=2
(a)
k 1 k
= ]=Z2 E11"‘I'+B(:'(x) - 47]=22 E7|"‘J'+B_1(x)
-1 k 1 k
= qT]gz En_fﬂgo(x) B c’]—]=22 gn_f+D_1(x)'
(b) WG, = k)lly = IFC, =il = {(@ = D& - 1)/q}”* by (a).

(©) Let 2 <r <o, As f(,—k), f(-, k) € Cpp, IfC, — B, < IFC, —E)I
where 7' = 7/(r — 1). By (a), If¢, =k, = {(@ - )k — /g}~VD7. O

DEFINITION . For k > 2, let ', denote the set of w: K* — C such that

(i) w(x + B¥) = w(x) for x € D°

(i) w(ls) = w(x) for x EK*,j E Z,

(iii) fDOw(x) dx =0,
and T' = Uy—,T%-

We note each w €I is the kernel of a singular integral operator T, (see
[3]). These kernels correspond to C™ kernels in the real case. We denote the
multiplier of the operator T, by F(T,) and L ,-operator norm of T, by IT,,1,,.
By llwl,, we mean {f  olc(x)l" dx}'7 if 1 <r <o and sup__olw@)lif r = oo

LEMMA 3. If w €Ty, then

k
FT0) = j]:) oco(x).}:1 x(nIxy) dx fory €D°.
]:

Consequently F(T,,) is constant upon the cosets of B* in D°.

PRrROOF. See [2, Proposition 1 and Corollary 2]. O
For the next theorem we preclude the case of even q. The F. and M. Riesz
theorem as proved by J. Chao requires this restriction.

THEOREM 1. For 1 <p <o, 1 <r < oo, there is no constant C(p, r) such
that for all w €T,

IT, 1, < C(p, Nlwl,.

PrOOF. From the inequalitites IT,ll, <IT,,ll, and lwl, < lwl,,, we need
only show there is no constant C such that I7 I, < Cllwl,, for all w ET. We
will accomplish this if we find a sequence {w;} C T such that llw,ll, <2 and
1T,y = IF(T, Mo = IK(T,,, )(1)] — . To this end we define for x € DO,
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; G —KY (e, — )l if f(x, —K) # 0,
g(x’ —k)=

\ if f(x,—k)=0,
and f
=g(x,—k) - q—g—_ i Dog(x, —k) dx.

By the above definition, [ Dowk(x) dx = 0 and llw,ll, <2. Thus if we extend
wy, to K * by homogeneity, w, €. We have

K
F(T,,)Q1) = fD owk(x)zlx(ﬂ'ix) dx
j=

k
= _i

Lo ]_;2 X(7x)

By Lemma 1 the function f is regular. Thus if If(-, —k)I; <A <eo, then f is

the regularization of a finite Borel measure u {4, Theorem 8]. From Lemma 2(a)
and the fact that f(:, — k) — u in the weak*-topology of the dual of Cy,,

f=4-1ly 1y
H ].;2 £11480 q1§2 Erisp-1-

dx + 0(1) = If(, - kI, +0Q1).

q

Thus [ is supported on the cone ;> __n/(1 + B') and, therefore, u is absolutely
continuous with respect to Haar measure [1, Corollary 5.3]. So u is given by an
L, function h and & = fi. But i is not in C,, so 4 cannot be in L,. This contra-
diction gives IF(T)(1)] — . O

We now give a variation of Theorem 1 by excluding the case r = 0 in (1) and
allowing K to be any local field (no restriction on ¢g). The proof is greatly simpli-
fied and depends only on Lemma 2.

THEOREM 2. For 1 <p <o, 1 <r < oo, there is no constant C(p, r) such
that for all w €T, IT,,I, < C(p, r)lcl,.

PROOF. As in the proof of Theorem 1, we may restrict ourselves to T, .

Let B, (x) = f(x, — k) for x € DO and extend B to K * by homogeneity. Observe
B, €T,. We have

FT, )M = |

D

k —
oﬁk(x) le(n"’x) dx
i=

K
dx + fD Z (@7 = 7 Y)x) dx

=If¢, -3 = (¢ - Dk - 1)/q
by Lemma 2(b). Thus | Ty, I,/ 1B, 1, — o by Lemma 2(c). For 2 <r < oo, this
rate of growth is greater than {(g — 1)(k — 1)/g}'/". O
Theorem 2 is valid in the n-dimensional case with no changes except for
some constants in the proof. The proof of Theorem 1 can be used except one
must find another method to show lf(:, — k)l — oo, as the work of Chao is for
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dimension 1. One would expect If(:, —k)l; = o(log k) as in the case of the clas-
sical Dirichlet kernel. A direct computation in the case k is the 2-series field sub-
stantiates this conjecture.
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