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We study harmonic forms on a noncompact rank one symmetric space
M; that is, differential forms satisfying the equations dw = 0, 6w = 0. We
define “Hardy spaces” HP of harmonic forms on M and study their bound-
ary behavior. Fractional and singular integral operators are introduced on an
Iwasawa group N of M, and used to characterize the boundary values of
forms in HP, setting up an explicit isomorphism between these spaces and the
ordinary LP spaces on N. In this sense, these operators play a similar role
to that of the Riesz transforms on Euclidean spaces and compact Lie groups
associated to the “conjugate systems™ of harmonic functions studied by Coif-
man, Stein, and Weiss [1], [7].

1. Some vector fields on M, Let G be the identity connected com-
ponent of the group of isometries of M; fix an Iwasawa decomposition G =
KAN of G,andlet N = 0N, where 0 is the Cartan involution of G asso-
ciated to K. Let g, f,n,T, a be the Lie algebras of the groups G, K, N,
N, A. Now define a right-action 7 of the solvable group S =NA on M=
G/K as follows: since G = SK, each x €M can be written uniquely as
x=5"0,where 0= {K},sES; thenfor s’ €S let 7(s')(s *0) =s5* 0.
For X € 8, considered as a left invariant vector field on S, define a vector
field X on M by Xs,., = r,(Ad@1)X),7 €N, a € 4, where 7, denotes
the infinitesimal action of & on M induced by 7. Since the action 7 is
free, X — X maps a basis of § onto an everywhere defined frame of vector
fields on M. Moreover, [X, Y]~ = [X, Y] whenever X and Y are both
in 1 and [X’, ?j =0 if X € a. Note that the integral curves of 3'(, X€Eaare
geodesics in M which are orthogonal to the family of submanifolds Na - o0,a €A.

AMS (MOS) subject classifications (1970). Primary 43A85, 53C35; Secondary 35H0S.
Key words and phrases. Harmonic forms, Lie groups, fundamental solution, singular
and fractional integrals.
! partially supported by NSF grant GP 29704 A3.
2Partially supported by NSF grant GP 28448.
Copyright © 1975, American Mathematical Society

128



HARMONIC FORMS FOR RANK ONE SYMMETRIC SPACES 129

Let A, be the set of positive restricted roots of ad @ associated to
the Iwasawa decomposition chosen above. Then T = Z,c, , 8q» Where @,
is the root space corresponding to the root — a, and the decomposition § =
at+zZ, A+§a is orthogonal with respect to the inner product (X, Y) =
—B(X, 0Y), with B denoting the Killing form of g. Set p = %X a4 Ma%
where m,, is the multiplicity of the root a.

Note, in general, §w = 0 = dw does not imply that the functions
w(f), X € 8, are annihilated by the Laplace-Beltrami operator A. The follow-
ing result, however, provides an opening for the application of Fatou type
theorems to the present context:

PrROPOSITION 1. If dw = 0= 8w and X belongs to the center of
i, then Aw(X) = 0.

2. Riesz transforms on N. Henceforth we assume that rank M = 1.
We can then choose a root @ € A, such that either A, = {a} or A, =
{a, 2a}, 5o that A =@, +§,,. Set m =m, + 2m,,; in order to avoid
technical complications it will be convenient to assume that m > 3 (see the
remark at the end).

If XeEg,let |X1=(X, X)%. Now, for € >0, define the function

(M, = X1* +€%)? + Y],

where AEN, 7 =exp(X +Y),X€EG,, Y € §,,; n denotes the constant
(o, @)/8 = (16(m, + 4m,, ))!.

Consider now the differential operator D = }'JiXi2 on N, where
X, Xy, , Xma is an orthonormal basis of §,; this operator is clearly
independent of the choice of the basis {X}.

PROPOSITION 2. DY, =D/% = — (m — 2)m neX(my (M +2)/4,
The proof is a straightforward computation using the following

LEMMA (arbitrary rank). Let [ be a restricted root and {X;} an
orthonormal basis of gg. Then, for X € 8p Yeg, 8

@ E."[X. Xi]|2 = 2m25(ﬁ, ﬁ)lX|2;

i Z(, [X X,1)* =26, HIX1*I11>.

Now put
cl=-my(m-2n- fN @M+ gn
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and define the function
G@) = nyyim=2)/4
on N.
ProPoSITION 3. G(n) is a fundamental solution for D.

ReMARKS. (1) The operator D is not elliptic except, of course, when
824 = (0). Proposition 3 shows, however, that D is always hypoelliptic.
This is also a consequence of the fact that the root space @, generates the
Lie algebra 1 (see [3]).

(2) For the Heisenberg group this fundamental solution was obtained by
Folland [2].

Now, for each element Z € T, define the associated “Riesz kernel” 7,
and the “Riesz transform” R, on N by

ra® = Z6@, Ry f@=[xr;0= [ r@r "M
A straightforward computation gives, for Z € g,
rz(@) = %2 — m)cmg (MDA - 2nIXIP(X, 2) + 1/2(Y, [X, Z])),
and for Z€ §,,,
rz() = %2 — me@; MY, 2),
where 7=exp(X +Y),XE€q,, Y E F,,.

THEOREM 1. The Riesz transform R, is

() @ bounded operator from LP(N) into LP(N),1<p <o, if
Z € §,,, and

(ii) @ bounded operator from LP(N) into LI(N), 1<p <q < o,
g l=p'-mif Z€g,.

For the proof, observe that the functions r, are singular integral
kernels (if Z € §,,) and fractional integral kernels (if Z € §,). They
satisfy the following homogeneity properties under the “dilations” of N in-
duced by A4:

r,(@ 'na) = e"(m—Dellosd) ., 7y (Z€7,),
rz(a—lna) = ¢g~malloga) . "z(ﬁ) (VAS iza),

and are odd for Z in §,,-
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General theorems about these type of operators on nilpotent groups
have also been obtained by Koranyi-Vdgi [S] and Stein [6].
Observe that the Riesz transforms satisfy the following relations:

IZ.Xi °R x;= identity ({X;} an orthonormal basis of §,).
3. Boundary values of harmonic forms. Let H be the unique element

in a such that a(H) = 1, and define the vector field W on M by
[

na

L= G eF ae )

For each p,1<p <m,let HP be the space of all 1forms «w on M such
that:

(@) dw=0=0dw,

) (W), o(¥)ELP (Y € q,,),

(© WX)EL? XEF,q ' =p ' ~m™).

With N regarded as a boundary for the symmetric space M (see e.g.
[4]), we can now state the following results.

THEOREM 2.~Let fELP(N), 1 <p <m, and define a 1-form wy on
M by letting w,(W)=F+ WP +G), 0 (X)=Ff+Pary, XEN. (P is
the Poisson kernel, G is the fundamental solution of D, ry the kernel con-
structed above.) Then

) wf i HP.

(ii) wf(l/) converges in LP and almost everywhere to f.

(i) w(X) convergesin L% (respectively LP) and almost every-
where to fxry if X € g, (respectively X € §,,).

THEOREM 3. If w € HP, then there exists a (unique) f € LP(N) such
that w = Wy

REMARK. In order to obtain analogous results when m < 3 (real
hyperbolic spaces of dimension 2 or 3), one must modify the definition of the
corresponding HP spaces and Riesz transforms; in dimension 2 this leads to
the classical connection between conjugate harmonic functions in the upper
half-plane and the Hilbert transform in the line.

A (etailed version of these results will appear elsewhere.
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