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Let 2tf be a separable, infinite-dimensional, complex Hubert space, 
and let JSf(J^) denote the algebra of all bounded linear operators on Jf. 
Furthermore, let JT denote the (norm-closed) ideal of all compact oper­
ators in J2?(Jf), and let 7r:JSf(^)->j5f(jf)/JT denote the canonical 
quotient map of ££(2/F ) onto the Calkin algebra. If T is any operator in 
jSf(^f), we shall denote by <g*(T) the C*-algebra generated by Tand 1^. 
Moreover, the C*-algebra TT($*(T)), which is clearly the C*-subalgebra 
of the Calkin algebra generated by TT(T) and 1, will be denoted b y ^ * ( r ) . 
If sé is any C*-algebra, an n-dimensional representation of stf is, by 
definition, a *-algebra homomorphism cp of se into the C*-algebra Mn 

of all nxn complex matrices such that (p(l)= 1. Such a representation cp 
will be called irreducible if (p(^)=Mn. 

The first objective of this note is to announce the following theorem, 
which gives, via the standard decomposition theory, a characterization of 
all finite-dimensional representations of a separable C*-algebra. See [2]. 

THEOREM 1. Let se be a separable C*-subalgebra of J£(<&?), and let cp 
be an irreducible n-dimensional representation of^/. Then, either 

(a) «s /n j fckerne l cp (equivalent ly, there exists an n-dimensional rep­
resentation cp of the C*-algebra 7T(S/) such that cp(A)=<P(TT(A)) for every A 
in stf), in which case there exists a projection P in ^(Jf) with infinite rank 
and nullity such that TT(P) commutes with the algebra ir(s/)9 and there exists 
a ^-algebra isomorphism \p from the C*-algebra TT(S^)TT(P) (={TT(A)7T(P): 

A e s/}) onto Mn such that (P(A)=IP(TT(A)TT(P)) for every A in s/, or 
(b) se C\3iC<t- kernel cp, in which case there exist a projection Q in se of 

finite rank that commutes with se and a *-algebra isomorphism rjfrom the 
C*-algebra s/Q (={AQ:A e s/}) onto Mn such that (p(A) = rj(AQ) for 
every A in sé. 
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In view of this theorem and the fact that the «-dimensional representations 
of the C*-algebras ^*(T) and ^(T) are determined by their values at the 
points Tand TT(T), respectively, the following definition is natural. 

DEFINITION. Let T be an operator in J§?(J4?), and let n be a positive 
integer. Then the reducing nXn spectrum of Tis the set Rn(T) consisting 
of all those matrices L in Mn for which there exists an «-dimensional rep­
resentation (p of ^*(T) such that cp(T)=L. Likewise, the reducing nXn 
essential spectrum of Tis the set R"(T) consisting of all those matrices L in 
Mn for which there exists an «-dimensional representation ip of ^ * ( J T ) such 
that %P(TT(T))=L. 

Since for a fixed T in JS?(jtf? ), there is an obvious homeomorphism 
between Rn(T) [R"(T)] and the topological space of all «-dimensional 
representations of <g*(T) [^*(T)] (with the pointwise convergence topol­
ogy), it is possible to study this set of representations by studying the set 
Rn(T) [Re(T)]. The second objective of this note is to announce some 
results of such a study. Other related results are simultaneously being 
announced in the Notices, since a new format requirement prevents their 
inclusion here. Proofs are given in [2]. 

It is easy to see that for every Tin <J§?(Jf), the sets Rn(T) and Rn
e(T)are 

compact, and Rn
e{T)^-Rn{T). Also, if Rn(T) [Rn

e(T)] is nonvoid, then 
Rkn(T) [Rln(T)] is nonvoid for every positive integer k. Moreover, it turns 
out (Theorems 2 and 3) that RX(T) and R)(T) are the reducing spectrum 
and the reducing essential spectrum of T, respectively, as defined in [1]. 

In what follows, Cn will denote the «-dimensional Hubert space of all 
(column) «-tuples of complex numbers, and elements of Mn will be 
regarded as operators on Cn via the obvious identification. 

THEOREM 2. Let T belong to 3?(ffî) and let « be any positive integer. IfL 
belongs to Rn(T) and either L is irreducible or L is a direct sum of irreducible 
matrices, no two of which are unitarily equivalent, then there exists a 
sequence {Bk}k==1 of isometries Bk : Cn->J4? such that 

(*) lim(|| TBkB* - BkLB*\\ + || T*BkB* - BkL*B*\\) = 0. 
k-*ao 

On the other hand, if L is any matrix in Mn and {Bk} is a sequence of iso­
metries Bk:Cn-^Jf such that (*) holds, then L e Rn(T). 

THEOREM 3. If T belongs to £?(&), « is a positive integer, and L= 
(^ij)lj=i belongs to Mn, the following conditions are equivalent: 

(a) LeRn
e(T); 

(b) there exists a sequence {Bk}k=1 of isometries Bk:Cn-^J4? with mutually 
orthogonal ranges satisfying (*); 

(c) there exists a sequence {Bk}k=1 of isometries Bk:Cn-+M? that con­
verges weakly to 0 and satisfies (*); 
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(d) there exist n* partial isometries {Wi:}}^j=i in £?{,$?) satisfying the 
following conditions: 

(i) WijWkm=-ôjkWim,\^i,j,k,m^n; 
(ii) Wf^W^l^iJ^n; 

(iii) g = 2 Wa has infinite rank and nullity and QT—TQ e X; 
(iv) WiiTWjj—XtfWij is a trace class operator with arbitrarily small 

trace norm, l ^ / , y = « . 

THEOREM 4. Let T belong to JSf(Jf), let n be any positive integer, and 
let Q be any open set in Mn containing Rn(T) [R"(T)]. Then there exists a 
positive number e such that if \\S—T\\<e9 then Rn(S)<^Cl [R^(S)^Q]. In 
particular, if Rn(T) [Rn

e(T)] is void, then Rn(S) [Rn
e(S)] is void for all S 

sufficiently close to T in the norm topology. 

THEOREM 5. For each positive integer n, let £$n denote the set of all 
operators in ££{£?) having an n-dimensional reducing subspace. Then the 
norm closure of the set U * - i ^ * coincides with {T e^(J^):Rk(T)^0 
for some 1 _A:=«}. 

THEOREM 6. Let T be an operator on X such that Rn(T)^0 
[Rn

e{T)^0], and let fn(T) [fn
e(T)] denote the closed ideal that is the 

intersection of the kernels of all n-dimensional representations of %>*(T) 
[Vt(T)]. Then the C*-algebra<e*(T)\fn(T) [K(T)lfn

6(T)] is ^isomorphic 
to a subalgebra of the C*-algebra of all continuous functions from the com­
pact set Rn(T)[R"(T)] into Mn. Ifn=l, the isomorphism is onto. 
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