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0. Introduction. Here we briefly sketch the background of the problem
to be considered, and refer to Folland-Kohn [4] for definitions and proofs.

Let X be the boundary of a strongly pseudoconvex region in a complex
manifold of complex dimension n+1, or more generally a real manifold
of dimension 2n+1 with a strongly pseudoconvex partially complex
structure. We then have the tangential Cauchy-Riemann complex
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where A%7 is the space of j-forms of purely antiholomorphic type. If we
impose a Riemannian metric on X, we can form the formal adjoint
9, of 9, and thence the Laplacian [J,=0,9,+9,0,. [J, is nonelliptic;
however, according to a theorem of Kohn, for 1=j=<n—1, [J, satisfies
the estimates

1) I$llssa = (108l + Idllo),  s=0,1,2,---,

for all ¢ € A* with compact support. (Here || ||, is the L? Sobolev norm
of order s.) These estimates imply that [, is hypoelliptic; moreover, if X
is compact, the nullspace 4 of [, is finite-dimensional and there is an
operator G on A%7 satisfying

1Gllors S e llpll, (peA™,5=0,1,2,-+")
and

GDb=DbG=I—P

where P is the orthogonal projection onto 4"
Kohn’s method unfortunately gives no clue as to how to compute G.
Our purpose here is to construct G (modulo smoothing operators) as an
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explicit integral operator and to derive sharp estimates for d, from this
representation. Our method will be to construct an exact fundamental
solution for [J, on a particular manifold—which incidentally yields some
interesting examples of hypoelliptic behavior—and then to transfer this
solution to a general X.

1. Analysis on the Heisenberg group. Let N<C"*! be the real hyper-
surface

v={recon: 3igr=1m )

N is the boundary of the generalized upper half-plane {{: >7 |{;12<Im {,},
which is holomorphically equivalent to the unit ball in C"+'. We take
(X1, " " s X Y1, °° " 5 Vms 1) as coordinates on N where x;=Re {,,
y;=Im {;, t=Re {y; we also write z,=x;+iy; and z=(zy, " - -, z,).

N is strongly pseudoconvex; moreover, N has a natural identification
with a nilpotent Lie group (the Heisenberg group; cf. [7]). The group law
is given by

(z,t)(z', t') = (z +z,t+t +2Im Z z,.z';).
It is easy to verify that '

0 0 0 0 0
X, =% +2,2, v,="-2,2, T=Z
o, T o oy, ot

form a basis for the Lie algebra of N. Also, the forms d7,, - - - , dZ, are a

left-invariant basis for the antiholomorphic one-forms on N.
d, is a left-invariant operator on N, and it is not hard to compute it
explicitly. If we set Z,=}(X,—iY,)=(0/0z,)+i%;(0/0t), then

Sb(z b dz*’) = > i (Zyby) dz, A dz7.
J J k=1

Here J is a multi-index and dz” denotes a wedge product of dz’s.

We impose the left-invariant metric on N which makes Z;,- -, Z,,
Z,,---,2,, T orthonormal. Straightforward computation shows that
the action of [J, on A%/ is given by

Db(z b dZJ) = "Z (& sibs) 427
N J
where, for o € C,

&, = %Z (Z.2, + 2,Z,) — iaT.
1
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The study of [, is therefore reduced to the study of the left-invariant
scalar operators £, a=n,n—2, -+, —n.

We introduce the norm function p(z, £)=(|z|*+2)'* on N, which
arises naturally in the study of singular integrals on N [6]. In [3]
Folland showed that there is a constant c,%0 such that cg'p~2" is a
fundamental solution for .%,. From homogeneity and symmetry considera-
tions it is then natural to search for a fundamental solution for Z, of the
form ¢,(z, 1)=p=2"(z, ) f (t/p?). The equation £,p,=0 (where 0 is the
point mass at 0) leads to an ordinary differential equation for f which can
be solved explicitly, and the candidate for a fundamental solution turns
out to be

$alz, 1) = (1 + i |2~ I3 —i |22~
THEOREM 1.

_ i—a22——2n 7Tn+1

P((n + )P(G(n — @)
COROLLARY. &, is hypoelliptic if and only if +os#n, n+2, n+4,: -+ .

Lob, = c,0 where ¢, =

For, if +a3n, n+2,n+4, - -, then ¢,50 and ¢, ¢, is a fundamental
solution for £, which is C* away from 0, whence %, is hypoelliptic.
Otherwise, ¢,=0, so that ¢, is a nonsmooth solution of £, ,$,=0.

The family of operators .Z, bears some resemblance to an example of
Grusin [5] which also involves hypoellipticity of an operator for ‘‘almost
all” values of a parameter.

The occurrence of the ““bad values” of « can be explained in terms of
the representation theory of N. According to the Stone-von Neumann
theorem, for each real 10 there is a unique irreducible representation
of N on L*R") such that =;(X;)=—0/0¢,, m,(Y,)=4ir&;, m,(T)=il
where &, -« -, &, are coordinates on R", and L?() is a direct integral of
these representations. (See [2].) Setting n=2|1|*/2§, we have

mA( 2 = 1 D [@ont) — o) + 7.

Thus 7,(%,) is invertible for (almost) all A if and only if 4« is not an
eigenvalue of the n-dimensional Hermite operator >7 [n—(02/073)].
But these eigenvalues are well known to be n, n+2,n+4, - - -.

If « is not an exceptional value, the equation £, u=f is solved for
reasonable f by u=fx (c;¢,), where * denotes convolution on the group
N. We can use this fact to derive sharp versions of the estimates (1) for Z,.
If UcNisopen, ISp=<co, keR, let Ly(U) be the L? Sobolev space of
order k on U. For k=0, 1,2, - - -, we define S{(U) to be the space of all
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S € L{j2(U) such that D’fe L?(U) for all |y| =k where
=(X19“” Xn’ Yla“', Yn)
S% has an obvious norm.

THEOREM 2. Given U= N, Voo U, ta#n,n+2,n+4, - and f a
Sfunction on U, let u be any solution of L u=f on U. If fe S3(U) and
1<p<oo then u e Sg.o(V); also, if fe L?(U), gt=p—(n+1)72, and
1< p<g< o, then u € L(V).

The essential point of the proof is the fact that the distribution deriva-
tives D', (|y|=2) and T4, are singular integral kernels a la Knapp-Stein
[6] (plus, perhaps, multiples of J), and the corresponding convolutions
are known to be bounded on L?, 1<p< 0 (cf. [1], [7]). The L*—L¢
estimates were announced in Stein [8].

2. General strongly pseudoconvex manifolds. Let X be a strongly
pseudoconvex (2n4-1)-manifold as in §0. We choose a nonvanishing real
vector field T which is complementary to the complex directions on X,
so that CTX=T, (X®T,,X®C - T. Replacing T by —T if necessary, the
Levi form ( , ) on T, (X given for Z,, Z, € C*(T, 4X) by

[Z,, Z,] = —2i(Z;, Z5) T modulo C®(Ty,0X & Ty 1X)
is positive definite. We extend ( , ) to a Hermitian metric on X by
requiring T, oX | Ty 1 X | Tand (T, T)=1, and consider the Laplacian ],
associated to this metric. We work locally and fix once and for all an
orthonormal frame Z,, - - -, Z, for T, (X. Further we denote the dual
frame for 770X by wy, "+, w,.

In this setup X looks locally like the Heisenberg group modulo small
error terms, in the sense provided by the following two lemmas.

Lemva 1. If =3, ¢,;&” € A%, then
Oub = 2, [—34 D (Zil + ZiZe) + (n — 2))iTN )07
J

modulo terms of order one and zero not involving differentiation in the T
direction.

LEMMA 2. For each & € X there exist local coordinates x5, -+ , x5,

yl, Ve, £ on a neighborhood U, of E, which are centered at & and
depend smoothly on &, such that with zy=x;+1iy;, on U, the vector fields
Z, and T take the form

& 0

0 0 0 0
Zk=5_5+lzk85+z(akm__§”+bkmégn) +cké?,

0 0 2
T__. —— ——n —
ot + Z( " 0z5, az'fn) + P
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where Q. Dims %y B> and y vanish to first order at &, and c, vanishes to
first order in t* and to second order in z5, and z5,, m=1,- - - , n.

These coordinates are constructed using exponentials of linear combina-
tions of Z;, Z,, and T. In case X is realized as a hypersurface in a complex
manifold M, we can also construct them by restricting certain distinguished
holomorphic coordinates on M to X.

We can now construct a parametrix for [J, on A%/, Sj<n—1. By
applying a partition of unity it suffices to consider forms supported in a
fixed compact set V. Let Q={(y, £) e XxX:n € U,}, and choose y €
Cg (£2) which=1 on a neighborhood of the diagonal in ¥'x V. Define the
double form K; € A%ix A2"+1=i by

K, &) = —clop(n, O(FE@) + i |25mP)Y ™"
X (E() — i 122D~ > &) ® (7).
J

Define the operator K on {¢ € A%:supp ¢ = ¥} by

K(n) = fg K &) A $(8),

and set S=I—[],K. With the Sobolev spaces S; =S; (V) defined as in §1,
we then have

THEOREM 3. K is bounded from Sy to Si, (1< p< ) and from L? to
Lt (g t=pt—(n+1)7, 1<p<g< o). S is bounded from SP to Sy,
(1< p< o) and from L? to L (gt =pt—i(n+1)7, 1<p<Lg<o0).

COROLLARY. [—[J,K(5¢" ™" S*)=S8™ is bounded from S to Si\m.

Thus we have a right inverse to [], modulo smoothing operators of
arbitrarily high order. The corresponding left inverse is obtained by
using the adjoint operator K*; the analogues of Theorem 3 and its
corollary hold here also. (The main point is to observe that the coordinates
of Lemma 2 are essentially symmetric in & and 7.)

It is also possible to obtain estimates for K and S in terms of the non-
isotropic Lipschitz norms introduced in Stein [8].

Details and proofs will appear in a later publication.
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