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The study of sums of independent random variables defined on a tree 
has not been treated systematically in the literature, except for the random 
tree generated by a Galton-Watson process (cf. [1], [4], [5]) and for the 
binary tree (cf. [3]). The purpose of this short note is to announce a 
generalization of the results of the above papers. 

1. A tree ZT will be here a collection of sequences T = (ii • • • ik • • • ) 
where the ij are nonnegative integers such that 

(a) if it = 0, then ik = 0 for all k > /. 
(b) I, ~\>-Zx. 
(c) for k > 1, ik = 1 • • • Zh...ik_x or 0, ^ . . . ^ Z , , . . . ^ = Zk. We 

require Zk ^ 1, 
Given a tree <̂ ~, we define ^fc, the family of size k of &~, to be the set of 

finite sequences xk = (il • • • ik) of length k which are the beginning of a 
sequence of the tree such that ik ^ 0. The cardinality of 3~k is Zk, We 
denote by a(n, k) the number of ordered pairs of the path of 2Tn which have 
exactly in common an initial path of length k. Let pnk = a(n, k)/Z%; we 
say that the tree is regular if l im^^ pnk = pk exists with £fcpk = 1. 
Let g be a nonnegative nondecreasing function defined on the integers. 

(a) We say that the tree &~ is g-regular if it is regular and if 

n oo 

lim % g(k)p{n, k) = £ (̂fc)pfc < oo. 

(b) We say that the tree &* is weakly ^-regular if 

n 

sup £ fif(fc)/Kw, fc) < oo. 

We consider a family of independent identically distributed random 
variables XXk indexed by (J^°=1 ^ . To simplify notations and the state­
ment of the theorems we assume the Z's to have mean 0 and variance 1. 
At each path xn = (ix • • • in) we associate the random variables 
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STn = Xtl + Xhi2 + • • • + Xh...in and S* - SWl|1/2. 

The finite set {SfJtne^n defines a random point distribution on the real 
line. By assigning to each point the weight 1/Zn we define a random 
probability measure 

where VB denotes the characteristic function of the Borel set B. We have 
studied the asymptotic properties of fin(B) and ^„(t) its random Fourier 
transform. 

2. Statement of results. Let <5> be the measure whose density with respect 
to Lebesgue measure is the gaussian function (27rp1/2e~*2/2. 

Let ck(n) == Zw=fc.Mn> k)ln and for any s > 0 let 

dE(n, k) = I\\X1 + • • • + Xk\ > n1/2e). 

We have obtained the following theorems. 

THEOREM 1. A necessary and sufficient condition for the convergence in 
mean square of ¥„ to e~t2/2 is that Y,l = 1 kp(n> &) = o(n) asn goes to infinity. 

THEOREM 2. Let &~ be a weakly g-regular tree with g(k) = k. If there is an 
increasing sequence kn such that 

(a) X„cfc>) < °°> 
(b) lim^^ kjn - 0, 
(c) l i m ^ (Zx + • • • + ZJ/n = 0, 

then \xn converges weakly to <l> with probability one. In particular the above 
conditions will be satisfied if ZT is weakly g-regular with g(k) = k1 +a , with 
a > 0 and if (c) is satisfied with kn ^ c log** n for some p larger than 1/a. 

THEOREM 3. If the tree &~ and the random variables Xtk are such that 
one can find a sequence kn | oo satisfying 

(a) E ^ J J " ) < °°> 
(b) Y, dE(n, kn) < co, for all e > 0, 
(c) l i m ^ ^ kjn = 0, 

then jan converges weakly to <I> with probability one. In particular the above 
conditions are satisfied if EX2 logy \X\ < oo with y > 2 and if ZT is weakly 
regular with g(k) = k1+* where a > 6/(y — 2). 

The proofs will appear elsewhere; the main tools are the use of the 
Fourier transform ^„(t) and the exploitation of the decomposition 

*F„ - e"'2'2 = (¥„ - £(T„ | JFk)) + (EOF. | #*)) - e'2'\ 

where J k̂ denotes the cr-field generated by XXi, xt e (J*=le^~.. 
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3. Application to Galton-Watson process. We consider random trees 
generated by a supercritical Galton-Watson process with finite variance. 
To avoid having to condition on nonextinction we will assume that 
extinction occurs with zero probability. It is easily seen that the random 
tree of the above process satisfies the assumptions of Theorem 2 with 
probability one. This strengthens the results of [4] and [5] and proves the 
conjecture stated in [2]. Moreover one can easily verify that the p(n, k) 
form a martingale for k fixed and n > k + 1. 
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