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RESEARCH ANNOUNCEMENTS

The purpose of this department is to provide early announcement
of significant new results, with some indications of proof. Although
ordinarily a research announcement should be a brief summary of a
paper to be published in full elsewhere, papers giving complete proofs
of results of exceptional interest are also solicited. Manuscripts more
than eight typewritten double spaced pages long will not be considered
as acceptable. All research announcements are communicated by
members of the Council of the American Mathematical Society. An
author should send his paper directly to a Council member for con-
sideration as a research announcement. A list of members of the
Council for 1973 is given at the end of this issue.

INFINITE SUMS OF PSI FUNCTIONS!

BY P. F. JORDAN
Communicated by G. F. Carrier, January 12, 1973

A transformation. The reversible transformation, where 1 = A + 1,

& AC,
(1a) o1 =22 s (@A),

k=0 — K

% ZC21+1 : 1:
(1b) MCo =2 3, w5 22*L (timesif x = 0)

;,:o/I - K
has the properties[1]
2 2 Ca=0

k=0

if the set C,, ., converges at least like A7, t = 2, and
(3 S= 2 4+ 1)Cz4:1=0
A=0

if the set C,, converges at least like k™", r > 2.
Consider in particular the elementary sets

(4a) Co=1Ur), Coro=—x"" (r=234..)
which obey (2), and
(4b) Cozer =AY (t=23,4,...).

Forr = 2,thesum Sis S, = 7.
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Applying the transformations (1a, b) to the elementary sets (4a, b), one
has

&) Churi=+ Y (44
t=3,5,7,...

with

=2r+1—1) t<r

—4L* t=r (r odd only)
(52) A = ’ if

+1 t=r+1 (revenonly)

0 t>r+1

and, using the abbreviation {(n) = }.*_, (1/4") = (2" — 1) {(n), one has

(6) nCo =0t + 1), Cuzo=— X (B/x)
r=2,4,6,...
with
28t +1—7r) r<t
(6a) B, = 4L, if r =1t (teven only)
0 r>t.

Here L and L* represent the y-function and may hence be denoted as
logarithmic sets:

11 1
Ly=1+3+5+ 45— =30m+3) - Q)]
%) "
~ Ylogm + y) + log2 + 1/48m? + ---
(7a) L¥ =L, + 122m + 1) — log2.

Infinite sums. As one applies the summation (2) to the sets C%,,, one
regains the known values {(2n) (see [2, 23.2.16)), if ¢ is odd, that is, when

%« does not contain a logarithmic set. On the other hand, an intriguing
sequence of new formulas arises when ¢ is even. For t = 2,

®) 4% L/k* = 7((3).
k=1
The general formula is

© n—1
Ba) 4 % Lk ={@n+1) -2 2 L@vi@n + 1 - 2v).

v=1

In a sense, this formula can be considered a formula for {(2n + 1) which
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corresponds to the known formula [2, 23.2.16] for {(2n).

A companion sequence of formulas arises from forming the sum S for
the sets C%;, . In this case one recovers the known values {(2n) if r is
even. Forr = 3,

) 16 f L/2k — 1)* = 7¢(3) + 12¢(2) log 2
k=1
and generally
ni1 B Ly _7 7

(9a) 4n+! :;1 T {2n + 1) + 4({(2n)log 2

n—1
-2 {@vt@n + 1 - 2v).

v=1

The two sequences of formulas have considerable similarity. Both are
homogeneous in the sum of the arguments in each term if log 2 is written
asn(1) (see [2,23.2.19]).

NoTte. The subject reversible transformation arises in the linear theory
of a parabolic wing tip in lifting subsonic flow. The fact that it may pro-
duce logarithmic sets can be generalized, as follows: If the originating
set contains log", the logarithmic set in the transformed set is log"*! if
ris odd and if ¢ is even, and is log" ! if r is even and if t is odd. Detailed
derivations are given in [1].
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