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THE FACTORIZATION PROBLEM FOR NONNEGATIVE
OPERATOR VALUED FUNCTIONS

BY MARVIN ROSENBLUM AND JAMES ROVNYAK!

Introduction. Let F be a function defined on the circle T
={e?:0<60< 27} or line R=(— », «) whose values are nonnegative
operators on a separable complex Hilbert space. We are concerned
with the problem of finding conditions that F=G*G a.e. where G is
the strong boundary value function of a suitable operator valued
analytic function defined in the disk |z| <1 or half-plane y>0.
Mainly we are interested in special classes of functions in which such
a factorization is always possible.

Our study is motivated by the Fejér-Riesz theorem on the factor-
ization of nonnegative trigonometric polynomials, and Ahiezer’s
version [1] of its generalization to entire functions of exponential type
which are nonnegative on the real axis. Both results generalize to
operator valued functions, and, in fact, both appear as special cases
of a very general result (Theorem 3.1).

More generally we present a unified treatment of the factorization
problem, and thus much of §1 is expository. There we develop the
theory of a corresponding abstract factorization problem for non-
negative Hilbert space operators. Both the results and methods of §1
are purely operator theoretic. In §2 we show how the abstract theory
relates to the theory of operator valued functions defined on the circle
T or line R. The main applications to the factorization problem for
nonnegative operator valued functions are deferred to §3.

The factorization problem arises in the prediction theory of sta-
tionary stochastic processes. For this connection see Helson and
Lowdenslager [11], Rozanov [27], and Wiener and Masani [28].

We wish to thank Professor Loren Pitt for calling our attention to
the paper by E. Robinson [23]. We have extended Robinson’s results
in §2.
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1. Shift analysis and factorization. By a shift operator we mean an
isometry .S on a Hilbert space such that S*»—0 strongly as n— .
In this section we fix a Hilbert space 3¢ and a shift operator .S on 3C.
We write € =ker S*. The dimension of € is called the multiplicity of
S. The projection mapping 3¢ onto € is denoted P, For any
j=0,1, 2, - - -, the projection mapping 3¢ onto S‘C is given by
P;=S8i(I—SS*)S*. Since the projections Py, P1, P2, * - - are pairwise
orthogonal and sum strongly to the identity operator on 3¢, we have

=, @ Ssic.
0

It is easy to exhibit the reducing subspaces of S in terms of this de-
composition. If 3o is a subspace of 3¢ which reduces S, then Sy=.5 I 3Co
is a shift operator on 3Co. Hence

3 = 2 D Sie,
0

for some subspace €, of €. Conversely, any subspace 3Co of 3¢ of this
form reduces S.

We write ®&(3¢), ®(3¢, @), for example, for the spaces of bounded
operators mapping JC into 3C, respectively JC into €.

We associate with each TE®(C) a semi-infinite matrix, T~[4 ],
with entries 4 xE®(€), 7, k=0, 1, 2, - - - . The action of T is deter-
mined by the matrix according to this rule: Tf =g where f= D _¢ Sia;,
g=2.¢ S, and

Ao Aor Aoz - Qo bo

A An Ay - - a _ by

A Aox As - - - az 2
Explicitly,
1) Aju = PS*ITS*Po| €, j,k=0,1,2,+-.
If Ti~[4x], Te~[Bi], then T1T;~[Cj] where, for each
5 k=0,1,2,- ., Cp= Z;".,o A ;B with convergence in the strong
operator topology. This follows from (1) and the fact, already noted,
that the projections P,=.S?PS*?, p=0, 1, 2, - - -, sum strongly to

the identity operator on JC.
1.1. DEFINITION. Let TE®(3C). We say that T is
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(i) S-Toeplitz if S¥*TS=T,

(ii) S-analytic if TS=ST,

(iii) S-immer if T is S-analytic and partially isometric,

(iv) S-outer if T is S-analytic and CL(T3C) reduces S.

It is easy to see that T is S-Toeplitz or S-analytic if and only if its
matrix has the form

Ay A A, Ay O 0

A1 Ao A_l ot Al AO 0
or

A, Ay 4o - - - A, A1 Ay

respectively. Then

A; = PS*iTP,| @, j=0,1,2,--,
and
A_j = PTSiPyl €, j=1,2,3,-",
by (1).
We will usually denote S-analytic operators by letters 4, B, - - -.
Then without further explanation we will write (4;)g, (Bj)g, * - - for

the corresponding operators in B(€) which appear in the matrix repre-
sentations as above.

Notice that the initial space of any S-inner operator B reduces S.
In fact ker B is invariant under S since B.S =SB, while for any f&H,
Bfl| =|Ifll implies ||BSA|| =||SBfl|=||BA|| =|lfll =|| 57| On the other
hand, the final space of an S-inner operator B reduces S if and only if
B* is also S-inner. In this degenerate case, By is a partially isometric
operator on @, and B is completely determined by B, according to
the formula

B ( 2. S"G;) = 2 S¥(Buc)),
0 0
where (c;)¢ is any sequence in € such that Do |c,~| 2< o0,

If A is an S-analytic operator on 3¢, then T=4%*4 is S-Toeplitz
and nonnegative. We are mainly concerned with the problem of find-
ing conditions on a nonnegative S-Toeplitz operator such that it will
be of this form.

It is convenient to begin with a characterization of products 44*
where A4 is S-analytic. This characterization is implicit in de Branges
and Rovnyak [4]. See also Sz.-Nagy and Foias [21].
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1.2. THEOREM. Let T be a nonnegative operator on 3¢. Then T=AA*
for some S-analytic operator A if and only if T —ST.S*=J*J for some
JE®(3C, @). In this case, A is determined by T up to a trivial right
Sfactor. More precisely, if A and C are two S-analytic operators such
that T=AA* and T=CC*, then A =CV, C=AV* for some operator V
such that both V and V* are S-inner, with initial spaces Y g @ SiC4
and D5 @©SiCc respectively, where C4=CL(PA*%) and C¢
=CL(P,C*3e).

Proor. If T'=A4AA* where A is S-analytic, then T —STS*
=AI—SS*)A*=APA*=J*J where J=P,A*E®R(3C, C).

Suppose T'—STS*=J*J for some JE®(3, €). On iterating this
identity we obtain

T — STTS*H = 3" SIT*TSH
0

for all#=0, 1, 2, - - - . Therefore, if we regard J as an operator from
3C to 3¢, we have

<Tf’ g — (SmHTS*ntYf, g) = Zn: <]S*{f’ JS*ig)
0

= < > SiIS*if, > SkJS*kg>
] 0

for allf, g&€3¢,n=0,1,2, - - - . Define AE®(5C) by A*= D 5 SiJS*i,
It is easy to see that the series converges in the strong operator topol-
ogy, 4 is S-analytic, and by the last identity, (T7, g) =(4 A *f, g) for
all f, g&gc. Therefore the condition in the theorem is both necessary
and sufficient.

Now let 4 and C be two S-analytic operators such that 44*=CC*.
If T is the common value of 44* and CC* then

APyA* = T — STS* = CP,C*
as above. In particular there is a unique partial isometry V,E®(C)

with initial space @4 =CL(P,4*3C) and final space C¢=CL(P,C*3¢)
such that

Vo:PoA*f—) Poc*f, fe JC.

The operator V, has a unique extension to an S-analytic operator V
on 3¢, determined by

VSic = SV, c&e =012 ---.
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Clearly V and V* are S-inner with initial spaces Yo @ S@4 and
e DSiee respectively. By construction Ac=CVc whenever
c¢=P,A*f for some f&3. We find at once that Ag=CVg for every
gED T D Siey If gl s @Sicy and g= D5 Sbj, bo, by, by, -
& @, then

0 = (g, S'PoA*f) = (4bj, f)

for all f&3e. So Ag= D ¢ SiAdbj=0=CVg. Hence A=CV. Applying
a similar argument with the roles of 4 and C interchanged, we get
also C=A4 V*. This completes the proof.

As an application we derive the standard characterization of the
invariant subspaces of .S in terms of S-inner operators.

1.3. THEOREM. A4 subspace I of IC is invariant under S if and only
if M =B3IC for some S-inner operator B. In this case B is determined by
I up to a trivial right factor as in Theorem 1.2.

1.4. LEMMA. If Q is a projection operator acting on a separable Hil-
bert space X, then

dim Q% = 3 ||Qe4|®
€T

for any orthonormal basis {qS;} jer for K.
PROOF OF 1.4. Let {{+}:ex be any orthonormal basis for Q. Then
2 llosi2 = 22 3 | Qe v |?
jEJ SET kEK

=2 X [ @

kEK jEJ

= > |[wll? = dim 0x.
kEK

Proor oF 1.3. The range of an S-inner operator is clearly a closed
invariant subspace for S.

Suppose IN is a subspace of 3¢ which is invariant under S, and let
P be the projection mapping 3 onto 9. We show that P satisfies the
condition in Theorem 1.2. Since P is selfadjoint, idempotent, and
PSP =SP, the operator Q=P —SPS* is selfadjoint and idempotent.
Hence Q is also a projection operator. We claim that dim Q3¢ =dim €.
If @ is infinite dimensional, then 3C has the same dimension as @ and
the inequality is trivial. If € is finite dimensional, then 3C is separable.
Let {ei}iex be any orthonormal basis for €. Then the vectors
Stex, k€K, j=0, 1, 2, - - -, form an orthonormal basis for 3C. By
Lemma 1.4,



292 MARVIN ROSENBLUM AND JAMES ROVNYAK [May

> i {QSier, Ser)

dim Q3¢ =
kEK j=0
= > 2 {(P — SPS*)Sier, Stex)
kEK j=0
= lim ) (PS"e, S"ex)
n—o kK

< > |led|? = dim e.
kEK

Hence dim Q3¢ =dim @ in any case.

It follows that there exists an isometry V mapping Q3C into €,
But then P—SPS*=Q=J*J where J=VQE®(3¢, €). By Theorem
1.2, P =BB* for some S-analytic operator B. Since P is a projection
operator, B is S-inner. By construction 9 =PJC=BjC.

The uniqueness assertion follows from the corresponding part of
Theorem 1.2.

We proceed to a characterization of products 4*¥4 where 4 is an
S-analytic operator on 3C.

1.5. DEFINITION. A nonnegative S-Toeplitz operator T on JC is
called factorable if T=A*A for some S-analytic operator 4 on 3C.

1.6. DEFINITION. Let T be any nonnegative S-Toeplitz operator
on 3. We write 3¢y =CL(T"/23¢) for the closure of the range of T/2,
considered as a Hilbert space in the metric of 3¢. We write Sr for the
unique isometry on JCr such that Sr(7T/%f) =T*/25f for each fEJC.
We put €y =ker S7.

The definition of Sr is meaningful because for each f in 3¢,

| 22| |2 = (S*TSF, £y = (T, 1) =|| T3] |~

1.7. THEOREM. Let T be a nonnegative S-Toeplitz operator on 3C. The
following are equivalent:

(i) T is factorable,

(ii) Sr is a shift operator on 3Cr,

(iii) there is a dense subspace Cq of @ such that

lim {sup[| (Te, )| : f € 3¢, (TS, /) = 1]} = 0

for each c&Cq. In this case we can write T =A*A where A is S-outer
and 4,20.

The theorem is a version of Lowdenslager’s theorem [17] as pre-
sented by Rosenblum [25]. Technically it is different because 3Cr
is now defined without a change from the norm of 3C.
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Proor. (i)=(iii). Let T=4*4 where 4 is S-analytic. If cE€¢,
fE3e, and (T, f)=1, then

| (Te, Sy |2 = | (4*4c, S*f) |2 = | (S*nde, Af)|?
< [|s*acl|| 47]]* = ||S*4d| (T, 1) = ||S*" 4]

It follows that (iii) holds with @,=@€.

(iii)=(ii). Suppose (iii) holds. For each c€€pand =0, 1, 2, - - -,

*n _1/2
[|Sz"T""¢|| = sup[| (Te, )| : f € 3¢, (TS, ) = 1].

This follows from the fact that (T¢, S*f)={(TV2%, T1V2S*f)=(T"%,
SpTVf)y=(S3"T %, T'?%), and, the set of vectors TV?, fE3e,
(Tf, f)=1, is dense in the unit sphere in 3¢r. Therefore if (iii) holds,
then

) lim ||S7"g]| = 0

for any g in 3Cr of the form g=T"2%, cE@,. If g=T2S*, for some
cEey and k=0, 1, 2, ..., then Si'g=Si"T1/2Sk =S"ShT %
=S¥ "*T1% if only n = k; hence (2) holds for such g. By linearity and
approximation, (2) holds for all g in 3¢r. Hence Sy is a shift operator
and (ii) holds.

(ii)=(i). Assume that Sy is a shift operator. Define JE®(€Cr, @) by
Jk=T2% k& Cy. To see that TV/2@; C @, note that by the definition
of Sy, TV2Sjg=S*T1%g, gC3er; hence if EECr=kerS7 then
T2k & e=ker S* Thus J is well defined. Clearly J is one-to-one.
Therefore in the polar decomposition J=RV, R=(JJ*)!/?, V is an
isometry mapping @r into €. Since we assume that Sy is a shift
operator, each g& 3¢y has a unique representation

g= 2 Srhi
[}
where k;ECp,j=0,1, 2, : - - . Therefore we can define an isometry K
mapping 3Cr into JC by setting
Kg = > Si(VE).
0

We have then KSr=SK. Now define A E®(3C) by Af =KT'/?, fE3€.
Forany f&3¢, ASf=KTV2Sf=KSs TV =SKTYf=SAf, and (Tf, f)
= (T2, TVf)=(KT'?, KTY*)=(Af, Af). Thus 4 is S-analytic
and T'=A4%*4, so (i) holds.

It is easily checked that for the operator 4 just constructed



294 MARVIN ROSENBLUM AND JAMES ROVNYAK [May

CL(43) =CL(KT'23) =K3Cr reduces S so A4 is S-outer. Also
A0=P0AP01 C€=R=z=0. This completes the proof.

The condition 4,20 was used by Masani [18] to discuss unique-
ness of factors.

1.8. THEOREM. Let T be a nonnegative S-Toeplitz operator. If T 1is
factorable, then there is a unique S-outer operator A such that T=A*A4
and A,=0.

We make use of a second uniqueness result.

1.9. THEOREM. Let T be a nonnegative S-Toeplitz operator. Suppose
T 1s factorable and let T=A*A4 and T =C*C be two representations
where A and C are S-outer operators. Then A and C are equivalent in
the sense that A = VC, C= V*A where V is an operator such that both V
and V* are S-inner with initial spaces CL(C3C) and CL(A3C) respec-
tively. Conversely if A and C are equivalent S-outer operators then
A*A4 =C*C.

1.10. LemMa. If A 14s an S-outer operator, then CL(43C)
=5 @DSICL(4,C).

Proor orF 1.10. If f=AgE A5, we can write f=Ac+ASS*g for
some ¢&C. Then Pof=P,AcEA,C because A0=P0APOI ¢ by (1).
Therefore PoAGCnge and Po CL(ACFC)QCL(Aoe)gPo CL(ASC),
hence Py CL(A43¢) =CL(4,@). Since 4 is S-outer, CL(43C) reduces
Sso

CL(43¢) = i @D S7C,
0

where €=ker (5*| CL(43¢)) =P, CL(45) =CL(4,C).

ProOFs oF 1.8 AND 1.9. Let 4 and C be S-outer operators such that
A*A=C*C. Define V on C3C to 3¢ by VCf=Af, fE3C. Since 4*4
=C*C, V is well defined and has a unique extension to a partial
isometry on 3¢, also denoted V, with initial space CL(C3¢C) and final
space CL (43C). We find at once that both ¥V and V* commute with
S, so both are S-inner. The first assertion in Theorem 1.9 follows; the
second is verified by direct calculation.

Suppose now that 4,=0, Co=0. Since 4=VC, C=V*4, we
have Ao=V,Co, Co=Vado Hence Ai=CoVyV,Co<C; and Ci
=A0V0V0*A0§A(2), SO A(2)=C(2) Since Aogo, CO;O, we have A0=Co.
Since 4Ao=VCo, V, is the identity on CL(Co@). Hence V is the
identity on CL(Co@). Since V commutes with S and CL(C3c)
=Y ¢ @S5iCL(C,€) by Lemma 1.10, it follows that V is the identity
on CL(C3¢). But 4 = VC, so we get A =C. This proves the unique-
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ness part of Theorem 1.8. The existence assertion follows from
Theorem 1.7.

1.11. THEOREM. Let A be an S-analytic operator. Then A has a
unique factorization A = BC where C is S-outer, Co =0, and B is S-inner
with initial space CL(C3C). For this choice of C, C¥*C=A*A. On the
other hand, if C is any S-outer operator such that C*C=A*A, then
A =BC for some S-inner operator B with initial space CL(C3C).

Proor. Consider any S-outer operator C such that C¥*C=4%*4. By
Theorem 1.8 there is a unique such C with Co=0. But for any such
C there is a unique partial isometry B on 3¢ with initial space CL(C3¢)
such that B(Cf) =Af, fE3C, i.e. A=BC. If g=Cf&C3¢ then BSg
=BCSf=ASf=SAf=SBg. Since C is S-outer, CL(C3C) reduces S.
Therefore if g L C3C then Sg LC3¢ and BSg=0=.SBg. It follows that
B is S-inner. The assertions of the theorem follow quickly from these
facts.

The S-outer operators are distinguished from more general S-ana-
lytic operators by their extremal properties. Our first result in this
direction is motivated by work of Lax [15] and Masani [18].

1.12. THEOREM. Each of the following conditions is mecessary and
sufficient for an S-analytic operator C to be S-outer:

(i) CL(C3e) =25 © S CL(Coe),

(ii) for each cE e, (Cy Coc, ¢) =infrege (C*C(c—Sf), c—Sf),

(iii) Ce*Co=Ag Ao for every S-amalytic operator A such that C*C
=4%*4.

Proor. Let (o) be the condition that C is S-outer.

(o) (i). Sufficiency is obvious; necessity follows from Lemma 1.10.
(o)=(ii). If C is S-outer and ¢& @, then S*Cc&ECL(C3) and the
vector g =S*Cc minimizes ||Cc—Sg||. Hence

inf (C*C(c — Sf),c — Sf) = inf ||Cc — SCF]|2
7€ IEX

(]

inf ||Cc — Sg||2 = || PoCc]|?
gECL(CK)

= <C:Coc', C).

(if)=(iii). If (i) holds and 4 is S-analytic with C¥C=4%*4, then,
for any cE @,

(CoCoc, ¢

inf (4*4(c — Sf), ¢ — Sf) = inf ||4c — SAf||?
TEX TE3C

v

inf || 4c — Sg||? = || Po4d||? = (Ao A o6sc).
gEI
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(iii)=(i). Assume (iii) holds. Factor C=BA where 4 is S-outer and
B is S-inner with initial space CL(43C). This is possible by Theorem
1.11. Then C*C=A*4, so by (iii), CqCo=A*A4o But Co=DBod,
where ||Bo| <1. Hence CyCo=A4q4,. It follows that B, is isometric
on A,@. Since By =PoBPo| @, B agrees with By on 4,C, and therefore
BS7 agrees with S’By on CL(4,€),7=0,1,2, - - - . Hence

BS7 CL(4,€) = SiBy CL(4,€) = S CL(C,€),
CL(C3) = B CL(A%) =B ( i‘, ® 57 CL(AOG)) = i‘ ® S/ CL(CoC).
0 0

Therefore (iii) implies (i), and each of the conditions (i)—(iii) is
equivalent to C being S-outer.

Some interesting variants of condition (iii) in Theorem 1.12 are
suggested by a result of Robinson [23] (see Theorem 2.6). We now
extend Robinson’s ideas.

1.13. THEOREM. Let C be an S-analytic operator. Let W be any subset
of the double commutant of S such that the weakly closed linear span of W
and the identity operator contains S. Let § be any subset of 3C such that
PTF spans a dense subspace of C. Then C is S-outer if and only if

3) [wcs| = ||[w*4f]|

for all WEW, fEST, and every S-analytic operator A such that A*A
=C*C.

In particular if C is S-outer, then (3) holds for every operator W
in the double commutant of S, all fE 3¢, and every S-analytic operator
A such that 4*4 =C*C. The proof shows more, and for reference
purposes we isolate some additional facts in

1.14. LEMMA. Let B be an S-inner operator with initial space M.
(1) If g€ and W is any S-analytic operator which commutes with
B, then
@) [w*ell = [|w*Bg|

with equality if and only if BW*g=W*Bg.

(ii) Let W be any set of S-analytic operators which commute with B
such that the weakly closed linear span of W and the identity operator
contains S. Let G be any subset of I such that PG spans o dense sub-
space of Po. If equality holds in (4) for all WEW and all gEG, then
B* is also S-inner.

In Theorem 1.13 or Lemma 1.14 we could choose W= { V‘}¢>o,
where V‘=exp[—t(I+S)(I—S)"‘] for each ¢>0. The exponential is
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defined to be the strong limit of exp[—#(I+7S)(I—rS)~1] as 7 /1.
See Sz.-Nagy and Foias [21]. A short calculation gives

S =1— Zf”e“ exp[—t(I + rS)(I — r5)~] dt
0

for 0 <r<1, where the integral is taken in the weak sense. It follows
that

S=1I-— 2f etV dt.
0

The last integral can also be taken as an improper Riemann integral
with convergence in the uniform operator topology. In particular, the
weakly closed linear span of W= {V*}, and I contains S. See
Theorem 2.6.

A different choice of W leads to

1.15. THEOREM. Let C be an S-analytic operator. Then C is S-outer
if and only if

(5) Sciciz Y 454, n=01,2,---,
0 0

for every S-analytic operator A such that A*A =C*C. More generally,
(5) holds if A and C are any S-analytic operators which are related by
A =BC for some S-inner operator B whose initial space contains
CL(C30).

Proor oF 1.14. Let g€ and let W be any S-analytic operator
which commutes with B. Then B*Bg=g and so

[[W*gll = [|w*B*Bel| = || B*W*Bg|| = ||[W*Bg|.

Since B* is a partial isometry, equality holds only if W*Bg= Bk for
some A& IM. Then B*Bh=h, and since W commutes with B, we get
W*g=h. Hence W*Bg=BW%*g. Conversely if W*Bg=BW?*g then
||W*Bg|| =|| BW*g|| <||W*g|| || W*Bg||, and equality holds through-
out. This proves (i).

To prove (ii) note that, by (i), BW*g=W*Bg for all WeEw,
gESG. By our assumptions on W it follows that BS*g=S*Bg, g€g.
Multiply this by S and use the fact that Py=I—S5* to get BPg
= P,Bg, g&G. If we set Co=PIN, so that M= Y ¢ D Sy, then our
assumptions concerning § imply that Bc=PyBc for all ¢E€, and
hence for all cEe. But then B agrees with Bo=P,BP| € on € and
so BS? with S‘Byon S’¢, =0, 1, 2, - - - . It follows that B, is a par-
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tially isometric operator on @, and B(D ¢ Sic;)= 2 ¢ Si(Boc;) for
any sequence (c;)g in @ such that 2 .o |c,-|’< o, We quickly de-
duce (ii).

Proor orF 1.13. Suppose that C is S-outer, and let 4 be any S-
analytic operator such that 4*4 =C*C. By Theorem 1.11, 4A=BC
for some S-inner operator B with initial space CL(C3¢). If W is any
operator in the double commutant of S and f is any vector in 3¢, we
get (3) from (4) on setting g =Cf.

Conversely suppose that (3) holds for all WEwW, fEF. Factor
C=BA where 4 is S-outer and B is S-inner with initial space
M =CL(43¢). By Theorem 1.12 (i), P9 =CL(4,@). Set §=P,F.
Since PoAf=AP.f, fEC, our assumptions on F imply that PG spans
a dense subspace of Pod. By (3), ||[W*Bg|| <||w*g|| for all wew,
g&G. Since the reverse inequality holds automatically by Lemma
1.14 (i), by Lemma 1.14 (ii), B* is also S-inner. It follows that
CL(C3¢) =B CL(A443¢) is the initial space of an S-inner operator,
hence CL(C3¢) reduces S and C is S-outer.

PrOOF OF 1.15. In Theorem 1.13 choose W = {S**+}; and F=e.
Thus C is S-outer if and only if

[[s*=+1¢c]| < [|s*+14d]

for each =0, 1, 2, - - -, ¢EGC, and every S-analytic operator 4
such that A*4 = C*C. Thus C is S-outer if and only if, for each such
Aandn=0,1,2,-- .,

P CHSntiS*ntiCPy < PoA*SnHiS*st14 Py
or

POC*( - SiPoS*J) CP, < P.,A*( - SfPoS*f) AP,.

0 0
This last inequality is equivalent to (5). It is clear from the proof
that we can verify (5) for any S-analytic operators 4 and C such that
A =BC for some S-inner operator B whose initial space contains
CL(C3e).

We turn again to the problem of giving conditions on a nonnegative
S-Toeplitz operator T that T be factorable. Theorem 1.7 gives condi-
tions which are both necessary and sufficient. It follows, for example,
that if T is S-Toeplitz and T"= 47 for some §>0, then T is factorable.
For then 3¢y =3C and Sr= T'/2ST-/2; hence S3"—0 strongly and Sr
is a shift operator. Thus T is factorable. However, the conditions in
Theorem 1.7 are not always so easy to apply. Itis therefore of interest
to have sufficient conditions which are useful for applications.
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The next result is central in our work.

1.16. THEOREM. Let T be a nonnegative S-Toeplitz operator. Suppose
that there exists an operator V£0 in the double commutant of S such
that TV is S-analytic. Then T is factorable. Moreover if T =A*A where
A is S-outer, then A*V is also S-analytic.

1.17. LEMMA. Let V20 be an operator in the double commutant of S.
Then V has a factorization V= UW where U is an isometry in the double
commutant of S and W is an S-outer operator in the double commutant
of S.

Proor oF 1.17. Let V~[V,_;] where V;=0forall j=—1, —2, - - - .
Since V is in the double commutant of S, there exist scalars v; such
that V;=v;I, j=0, +1, +£2, - - -. Let S® be a shift operator on a
Hilbert space 3¢V such that €™ =ker S®* has dimension 1. Con-
struct an S®M-analytic operator V® such that V®~[v;_;]. Factor
VO=UDWD where U® is SW-inner and W® is SM-outer. Let
UO~[uj], WO~[w;_] where uj=w;=0 for j=—1, —2,--.
Then there exist operators U, W on % such that U~[Ujw], W
~[W;_] where U;=u;I, Wj=w;I for all j=0, +£1, £2, - -, and
these operators have the required properties.

Proor or 1.16. Using Lemma 1.17 we can reduce the theorem to the
case where V is an isometry.

Suppose then that V*V=I1. We show that V*TV=T. Since
T+I1z1, by a previous remark we can write T+I=A4*4 where 4
is S-analytic. Since V*V=I and AV=VA by hypothesis, V*TV
=V*A*AV—-V*V=A4A*4—1=T, as claimed.

Since TV is S-analytic, (TV)S*=SYTV) and S*V*T =V*TS*»
for each =0, 1, 2, - - - . Hence if c€ @ and f&E3C, (Tf, f)=1, then

(Te, S*f) = (§*Tc, ) = (S*"V*TV¢, f)
= (V¥*TS*Vg, f) = (T':§*V¢, TVVf),
)
| (e, "N | < || [|s*vel| || T*v]|

= ||| [ls*vel[<Ts, )

=[| 72|| ||s*vell.
Therefore T satisfies condition (iii) of Theorem 1.7, so T is factorable.

Let T=A4*A where 4 is S-outer. Since [(4*V)S—S(4*V)]4

=A*AVS — SA*AV = (TV)S — S(TV) =0, we have (A*V)Sf
=S(A*V)f forall fEA3C. Butif f 1 A3C then Sf 1 43¢ and V.Sf L 43¢C
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because CL(A43C) reduces .S and hence also V. Therefore (4*V)Sf=0
=SA*V)f for f L A3C. Hence A4*V is S-analytic.

We prove next a comparison theorem which is adapted from
B. Moore [19]. Similar results were obtained by Lowdenslager [17]
and Douglas [7].

1.18. THEOREM. Let T4, Ty be nonnegative S-Toeplitz operators such
that T1= Ty Assume that
Hm (Tofn, fo) = 0
n— 0
for every sequence (fn) tn 3¢ such that imp psu{To(fa—Ff), fa—Ffr) =0
and liMnsw(T1fr, fa) =0. Then if T11s factorable so is Ts.

Proo¥. Since || TY%||2=(T3f, f)<(Tof, f)=||T¥*|2 fE%, there is
a unique operator C mapping 3¢r, = CL(T%/25¢) into 3¢z, = CL(T}%5C)
such that
=1 jE®
Our assumptions imply that C has zero kernel and hence C* has range
dense in 3r,. For any f&5C and =0, 1, 2, - - -,

cSp,T2"f = ¢13"S"f = 11°S"f = s7.13°F = S7.CTY .
Hence CS7,=S3,C and S;;‘C*= C*S;;' for each =0, 1, 2, .- -.
If T, is factorable then Sy, is a shift operator on 3¢z, by Theorem 1.7.
But then ||S77g||—0 for each g in the range of C*. Since the range of
C* is dense in 3Cr,, S7"—0 strongly, so Sr, is a shift operator and T}
is factorable by Theorem 1.7.

2. Operator valued functions on a circle or line. In the rest of the
paper, € will denote a fixed separable Hilbert space. We write | |
for the norm in both € and ®(@). By a vector or operator valued func-
tion we mean a function with values in € or ®(@) respectively. We
are mainly concerned with functions defined on the unit circle
I'= {e"’ :0§0<27r} in the complex plane or the real line R. Unless
otherwise stated, we use the weak definitions of analyticity and
measurability for vector and operator valued functions and integrals
of such functions. Measure theoretic notions always refer to the Borel
subsets of I' and R, normalized Lebesgue measure on I', and Lebesgue
measure on R. In general we do not distinguish functions which differ
only on a null set.

We take for granted (1) basic complex function theory, as presented
in Hoffman [12] or Privalov [22], (2) elementary properties of Fou-
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rier series and integrals for vector valued functions, and (3) the defini-
tions and basic properties of the Lebesgue and Hardy classes L%, H%
and Lg(e), Hgey on both T' and R. We recall, at least, the definition
of Hg(e: this is the class of all FE Lg () such that FH;C Hz. We have
then FEHg (") (respectively FEHg(ey(R)) if and only if F is the
a.e. strong boundary value function of a bounded operator valued
analytic function defined in the disk Iz] <1 (respectively the half-
plane y>0). There is a similar characterization of Hz on I' or R.
Thus, although the elements of Hy and Hg ey are functions defined
on I or R, we can and frequently will refer to values of such functions
in the disk |z| <1 or half-plane y>0.

Henceforth .S will denote the standard shift operator “multiplica-
tion by ¢#” in He(T') or “multiplication by (x—1)/(x+1)” in H3(R).
In Hi(T), ker S* is the set of constant functions, and in H3(R),
ker S* is the set of functions of the form k(x) =¢/(x+17), cEC. In
either case .S has multiplicity equal to the dimension of €. In fact
there is a natural way to identify ker S* with @ in either case.

An operator TE®(H3E) is S-Toeplitz if and only if Tf = PFf, fE He,
for some FELg ), where P is the projection mapping L2 onto Hae.
In this case F is essentially determined by T and we write T'=Tp.
We have Tj=Tg*, and Tr=0 if and only if F=0 a.e. An operator
AE®(H2) is S-analytic if and only if 4 =T¢ for some GEHg ),
in which case

Af = Gf, fE He.

If FELZ () and GEHg (e, the relation F=G*G a.e. is equivalent to
Tr=T§T ¢. These facts are more or less well known. See, for example,
Brown and Halmos [5].

A function GE Hg e is called snner (resp. outer) if A =T g is S-inner
(resp. S-outer). In connection with this it should be noted that a
subspace 91 of Hg reduces S if and only if 9 = H§ for some subspace
® of €.

For any GEHg (o), the values associated with G in the disk |z| <1
or half-plane y>0 have a norm-convergent representation

©) 6 =3 A, 5] <1,

or

) 6@ =3 AJC—{;{) >0,
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for some sequence (4;)q in ®(C). If we make the natural identification
between @ and ker S*, the sequence (4;); also appears in the
matrix representation of T'g¢, namely T g~ [A j__k] where A_;=0,
j=1,2,3, .. In particular 4o=G(0) or 4,=G(z) depending on
the case.

It is already clear how to translate many of the results in §1 into
corresponding theorems for bounded operator valued functions on
the circle or line. However, bounded functions do not offer the natural
generality for such results. Henceforth, the functions which we treat
are possibly unbounded.

2.1. DEFINITION. (i) An operator valued function G on I' or R is
said to be of class 9t if there exists a bounded scalar valued outer
function ¢ (5£0) such that ¢GEHg (o).

(ii) Operator valued inner functions are defined as before: G is
inner if GE Hg () and multiplication by G in Hg is a partial isometry.
In this case, the initial space of multiplication by G in Hg has the
form H% where ® is a subspace of @€, and we write ® = ®in(G).

(iii) An operator valued function G on I or R is called outer if G
is of class 9tt, and for some (and hence any) ¢ chosen for G as in (i),
¢G is outer in the sense previously defined for functions in Hge),
i.e. CL((¢G)Hg) reduces the standard shift operator S. In this case
CL((¢G)H?%) = Hg for a subspace ® of € which is independent of the
choice of ¢, and we write B = ®out(G).

Definitions and theorems concerning operator valued functions
apply in particular to scalar valued functions (specialize to the case
dim €=1 and interpret operators on C as scalars). In this case our
definitions of inner and outer functions are consistent with the
classical definitions. In the scalar case we are permitted to think of
inner and outer functions as defined on the circle I' or line R, or on
the disk |z| <1 or half-plane y>0. We show that the same is true for
operator valued functions of class 9.

An operator valued analytic function G(z) defined in the disk
lzl <1 or half-plane y>0 is said to have a scalar outer majorant if
there exists a scalar valued outer function y¥(2) such that IG(z)|
= lgl/(z)l in the disk or half-plane.

2.2. LEmMA. (i) Let G(2) be an operator valued analytic function
which has a scalar outer majorant in the disk [z[ <1 or half-plane y>0.
Then G(2) has an a.e. strong boundary value funciion

®) G(e®) = lim G(re®) or G(x) = lim G(x + y).
r1 y\O

If G(2)#0 then IogIG(e“’)IELl(O, 2r) or (1+4x2)-1! logIG(x)l
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ELY(—w, ), and |G()| < |¢(2)| where

1 pe?+ 2 .
© W = e {- [ G og] 6 | oo
for |3 <1, or
B 1 =141z log| GO |
(10) ¥(2) = exp {;;f_w I~ itp dt}

for y>0 respectively.

(ii) An operator valued function G(e®) or G(x) on I’ or R is of class
Nt if and only if it is a.e. equal to the boundary value function of an
operator valued analytic function G(z) which has a scalar outer majorant
in the disk lzl <1 or half-plane y >0 respectively.

Proor. We give the proof for the circle case only. If G(2) is an op-
erator valued analytic function with a scalar outer majorant in the
disk | 2| <1, then
1) log| Gre®) | < — f " 1- log (e dt

g T 2rdy 1 —2rcos(§—¢) 4 2 &
for 0=r<1, 0=560<2m, where k(e?*) 20 a.e. and log k(ei*) ©€L(0, 27).
Construct a scalar valued outer function ¢(z) such that

—logl o(re®) I = if " -7 log* k(e®) di
2rdo 1 —2rcos(@—1t) + »?
for 0=57<1,0=0<2w. Then ¢(2) and ¢(2)G(2) are bounded functions
in the disk |z| < 1. Since every bounded operator valued analytic
function in the disk has a strong boundary value function, G(e%)
exists a.e. Clearly G(e®) is of class 9t on I'. We have proved the exis-
tence of (8) in (i) and the sufficiency part of (ii).

Suppose G(e?) is any operator valued function of class 3+ on T,
and set Fy(e®) =¢(e?®)G(e®) where ¢(e?) is chosen for G(e?) asin
})elﬁnition 2.1. Then Fy(e?) EHge(T), and if abEe, |a| <1,

b| =1,

1 o 1—1
log| (Fe(re®)a, b)e | £ — log| (Fy(e®)a, b)e| di
gl( ¢(re ) >e| md, 1—2rCOS(0—t)+?’2 gl( ¢(e )a" >e|
1 > 1—17

log| Fy(e) | dt

<
T2rJo 1—2rcos(@—1)+r2
for 057<1, 056<2w. So if G(e®) does not vanish a.e., then
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logIG(e“)| =log[F¢(e"")[ —log|¢>(e")| €LY0, 27), and G(e*) is the
boundary value function of G(2) =¢(z)"1F4(3), [z| <1, which has the
scalar outer majorant (9). The remaining parts of the lemma follow.

Let G be an operator valued function of class 9t on I' or R. The
values associated with G in the disk Izl <1 or half-plane y>0 have
norm convergent representations (6) or (7). It is not hard to see that
if G is an outer function, then ®eys(G) = CL(G(0)@) or CL(G(3)e) de-
pending on whether G is defined on I' or R. Similarly, it can be shown
that if G is an inner function, then ®;,(G) = Viuj<1 G(w)*C or
Vim w>0 G(w) *@ depending on the case.

A consequence of Lemma 2.2 is that if G(2) is an operator valued
analytic function defined for |z| <1 such that

2r
sup f | G@re®)|#»do < =
0=r<1 0
for some p, 0<p< =, then G(2) has a strong boundary value func-
tion which is of class 9t+. To see this note that u(re®) =log|G(re"")|
is subharmonic in the unit disk, and by assumption

2%

sup f(u(re®)) do <
0=sr<1 0
where f(x) =e?= for all real x. By a theorem of Girding and Hérmander
[8, p. 95], G(z) satisfies an inequality of the form (11), which is equiv-
alent to the existence of a scalar outer majorant. The analogous half-
plane result uses the condition

supf | Gz + iy) |7 dae < o

>0 -

where 0<p< 0,

2.3. THEOREM. Let G be an operator valued function of class N+ on T
or R. Then G has a unique factorization G=GiG, where G, is an outer
Sfunction such that Go(0) =0 or Go(7) =0 in the circle and line cases
respectively, and Gi is an inner function such that Bin(Gi) = ®Bout(Go). In
this case Gy Go=G*G a.e. Conversely, if Go is any operator valued outer
Sfunction and G is any operator valued function of class N+ on T or R
such that G*G =G2G, a.e., then G = GG, for some inner function G; such
that (Bin(Gi) = (Bout(Go)-

Proor. We easily reduce the theorem to the case where GEHG ().
Then the result follows from Theorem 1.11 and the discussion at the
beginning of this section.
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2.4. THEOREM. Let G1 and G, be operator valued outer functions on
T or R.

(i) We have Gy Gy=G, G a.e. if and only if Go= UGy, Gi= U*G: a.e.
where U 1is a (constant) partially isometric operator on C with initial
space Bout(G1) and final space Boui(Gs).

(i) If GyGi=G;G: a.e. and G;(0)=0 or G;(5) =0 in the circle and
line cases respectively, j=1, 2, then G1=G, a.e.

PROOF. Suppose Gy G1=G,G; a.e. Choose a bounded scalar valued
outer function ¢ #0 such that, for each j=1, 2, F;=¢G; is an outer
function in Hg . Our assumptions imply that T} ;sz1=T;1Tp,, S0
by Theorem 1.9, Tp,=TuTr,, Tr=T4Tr, where U is an operator
valued function such that both U and U* are inner with initial spaces
Bout(F1) = Bout(G1) and Bous(F2) = Bout(G2) respectively. It follows that
U can be taken to be a constant partially isometric operator on @
with initial space ®out(G1) and final space Bout(G2). Moreover Fo=UF,,
Fi=U*F, a.e. and so Gy = UG, G1= U*G, a.e. This proves the neces-
sity of the condition in (i). The sufficiency is proved by reversing the
steps in this argument. The proof of (ii) is similar, except that for
(ii) we use Theorem 1.8.

If 4, B, ... are operator valued functions of class 9+ on T or R,
we write (4;)¢, (Bs)g, . - . for the coefficients in the expansions (6)
and (7) for the corresponding analytic functions in the disk [zl <1
or half-plane y>0.

2.5. THEOREM. Let C be an operator valued function of class I+ on
T'. Then C is outer if

(12) CiCo = Avd,

for every operator valued funciion A of class N+ on T' such that A*A
= C*C a.e. Conversely, if C is outer, then

(13) 2CFCiz 2 AFA;,  n=0,1,2,---,
0 1}

for every operator valued function A of class N+ on T such that A*4
=C*C.

Proor. Suppose (12) holds for all 4 as in the theorem. Choose ¢ for
C as in Definition 2.1 such that C' =¢CE Hg,(T'). We show that the
S-analytic operator T'¢» on H(T') is S-outer. Let Tyr, A'EHge (I,
be any S-analytic operator such that T4 T4 =Tg:Tcr. If we define
A by A'=¢4, then 4 is of class 9+ and 4*4 =C*C a.e. By (12) then
CyCo=AgA,, and hence
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C()’*Co, =|¢0|2C CoZI¢o|2A*Ao— A *Ao

It follows from Theorem 1.12 that T¢. is S-outer (see the discussion
following (6) and (7)). Hence C’ and C’/¢ are outer functions.

Suppose that C is an outer function. Choose a sequence (¢*®);" of
bounded scalar valued outer functions such that C® =¢® CE Hg,(T')
for each k=1, 2, 3, - - - and lim ¢%*(2) =1 uniformly on any disk
|zl =r, r<1. For example, if ¢ is a single bounded scalar valued
outer function such that ¢CEHg(I'), we could choose

1 2r ew +

o®(z) = exp {—f log mm(k] qS(e'*")I 1] de}
2w 0 e“’

[z <1, k=1,2,3, - - - . If &, ¥®, ¥®, - - - are the Taylor coeffi-

cients of 1/¢®) then

lim vy, =1, j=0,

) 2=
=0, >0
But for any n=0,1,2, - - -, k=1,2,3, - -
Z C(k)* @ E A(k)* ®)
j=0

by Theorem 1.15 (again, see the discussion following (6) and (7)).
We now deduce (13) by letting k— .

The continuous analogue of Theorem 2.5 is due to Robinson [23]
in the case where dim €=1.

2.6. THEOREM. Let C be an operator valued function of class I+ on
R such that C(x)cEHg(R) for each cE C. Then C is outer if and only if

(14) fotlv(s)lzds_Z_fo | w(s) |2 ds

for all t>0, whenever u, v are vector valued functions such that

o {od —wd el

for some operator valued function A of class N+ on R such that A*A
=C*C a.e. and some cEC.

Proor. Let W= { V‘}Do, where for each £>0, V*is the operator
“multiplication by e#=” in H%(R). Every fEH5%(R) has a representa-
tion
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1 ©
16 = G [ e as

where g&€1%(0, =), and conversely each such g determines an
fEH%(R) by this formula. If f and g are so related, then

(16) el = [ " 1eo 120

for all t>0. By the discussion following Lemma 1.14, the weakly
closed linear span of W and the identity operator contains the
standard shift operator S.

Suppose now that C is an outer function. Let 4 be any operator
valued function of class 9+ on R such that 4*4 =C*C a.e. By
Theorem 2.3, 4 =BC where B is an inner function such that ®i,(B)
= ®Bout(C). By assumption C(x)cEH%(R), and hence A4 (x)cEHa(R)
for each cEe. It is easy to see that C(x)c is in the initial space of
multiplication by B in Hg(R) for any c¢E €. So, by Lemma 1.14 (i),

[veece]| = [[vead

for all £>0, cEe€. We get (14) by combining this with (16).

Conversely suppose that (14) holds whenever %, v have the form
(15). We use the inequality only for a special choice of 4. Namely,
choose 4 outer such that C=BA where B is an inner function such
that ®in(B) = ®Bout(4). Such an 4 exists by Theorem 2.3. Since 4 is
outer, we can apply what we just proved with the roles of 4 and C
interchanged, and this shows that equality holds in (14), or equiva-
lently

[[ve*ddl| = [[v*BAd]

for all £>0 and cEe. Let G be the set of elements of Hz(R) of the
form A¢, c& €. With this choice of G and W as above we apply Lemma
1.14 (ii) to the S-inner operator “multiplication by B” in HZ(R).
It follows from the lemma that B¥ is also an inner function. Hence
B can be taken to be a constant partially isometric operator on @.
Finally, since 4 is an outer function, so is C.

Singularities of operator valued analytic functions are classified in
exactly the same way as for scalar valued analytic functions. An
operator valued function F(2) is said to be meromorphic in a region Q
if F(z) is defined and analytic except at certain isolated points which
are poles. An operator valued function F(z) which is meromorphic in
the extended complex plane is called a rational function. Every opera-
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tor valued rational function has the form P(z)/q(z) where P(z)
=Ao+A41z+ - - - +A,2™ is a polynomial with operator coefficients
and ¢(z) =bo+biz+ - - - +b.2" is a polynomial with scalar coeffi-
cients, ¢(2) #0, and conversely.

2.7. DEFINITION. Let #, v be nonzero scalar valued functions of
class 9tt on I" or R. An operator valued function F on I' or R is said
to be of class M(u, v) if uF and vF* are of class M+,

If u=u;u,, v=9v;v, are inner-outer factorizations of %, v, then a
function F is of class 9M(u, v) if and only if F is of class 9 (u;, vy).
In other words the class 9 (%, v) is independent of the outer factors
inu, v

We show that functions of class 9 (%, v) can be characterized as
two-sided boundary value functions of certain kinds of meromorphic
functions defined off I' or R. In particular, we can again speak of
function values off I' or R.

If F(2) is an operator valued function defined in a region Q of the
complex plane, we write F(z) for one of the reflected functions
F(z)=F@)* in &= {z:32€Q} or F(z)=F(1/3)* in {={s:1/z2€Q},
depending on context.

2.8. THEOREM. Let u, v be nonzero scalar valued functions of class 9+
onT or R.

(1) Let F(2) be an operator valued function which is defined and mero-
morphic separately for |z| <1, |z| >1 or for y>0, y<0. Suppose that
u(z) F(z), v(z) F(z) are analytic and have scalar outer majorants in the
disk lz] <1 or half-plane y>0. Suppose that F(re®) has the same strong
limit F(e®) a.e. as r /'1 and r\\1, respectively F(x-+1iy) has the same
strong limit F(x) a.e. as y\O and y /0. Then the boundary value func-
tion s of class M(u, v) on ' or R, and conversely every operator valued
Sfunction of class M(u, v) on I' or R arises in this way.

(ii) In the situation of (i), if the boundary value function is essentially
bounded on an open arc on I' or interval on R, and if u and v are analytic
across the arc or interval, then the meromorphic functions are analytic
continuations of each other across the arc or inierval.

In [14] Kriete proves that a square-integrable scalar valued func-
tion of class M (%, v) has an integral representation analogous to the
Paley-Wiener representation theorem for entire functions of expo-
nential type which are square integrable on the real axis.!

Proor. We give this proof for the line case only.

(i) Suppose F(z) is meromorphic for y>0, y<0, and the assump-

1 Kriete discovered this result in the academic year 1966-67 and circulated it
privately, before the authors began work on the present manuscript.
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tions in (i) hold. By Lemma 2.2, #(x)F(x) and 2(x)F(x)* are func-
tions of class 9t on R, so we immediately deduce that F(x) is of
class M(u, v) on R. Conversely, if F(x) is a given function of class
N (u, v) on R, then by Lemma 2.2, u(x) F(x) and v(x) F(x)* are a.e.
strong boundary value functions of operator valued analytic func-
tions F,(z) and F_(2) which are defined and have scalar outer
majorants in the half-plane y>0. The function

F(z) = Fy(2)/u(z), 3>0,
=F_(2)/1(s), <0,

is meromorphic separately for ¥>0, ¥ <0, it satisfies the conditions
in (i), and it has F(x) as an a.e. strong two-sided boundary value
function. In fact, we get at once that F(x) =lim F(x+14y) a.e. as y\\0
in the strong operator topology, and as ¥./0 in the weak operator
topology. But weak convergence can be improved to strong con-
vergence here by the analogue of Lemma 2.2 for the lower half-plane.

(ii) Using notation as above, we assume now that u(z) and v(z)
have analytic continuations across an interval (e, b) and that F(x)
is essentially bounded on (e, b). We may assume without loss of
generality that the continuations of #(z) and »(z) have no zeros on
(a, b). For we can contract the interval (g, b) slightly so that only a
finite number of zeros are present, and these can be removed by
dividing out a suitable outer factor (see the remark following Defi-
nition 2.7). Alternately, it can be shown that the inner parts of u
and v are analytic and nonzero in a neighborhood of (@, ). Then,
using scalar majorants for F(2) and F_(2) of the form (10) and the
fact that F(x) is essentially bounded on (e, b), we can reduce to the
case where F(2) is bounded on and inside some rectangle p:x=a,
x=b, y=—30, y=06 (6>0), ignoring points on the real axis. At worst
we will have to contract the interval (a, ) slightly once more. But
now straightforward arguments will show that

1 F()
G(@) =_2:i o l—z

di

is analytic in the interior of p and is the required continuation of F(z)
across (@, b).

An operator valued function Fon I or R is in Hg if and only if
F is essentially bounded and for each ¢& @ the scalar valued function
F.(:)=(F(:)c, c)e is in H* on T or R. This follows from elementary
properties of Fourier series. It is convenient to have an analogous
characterization of the classes 9+ and M («, v).
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2.9. THEOREM. Let F be an operator valued function on T' or R. Then
F is of class QU if and only if for each cE € the scalar valued function
F, is of class 9+ and

2r 0
an f log+| F(e"")l di<co or f (1+=%)~logt | F(x)| dx< .
(] —

If u, v are nonzero scalar valued functions of class N+ then F is of class
M (%, v) if and only if F.1is of class M (u, v) for each cE @ and (17) holds.

Proor. Suppose that F, is of class 9tt for all c€€ and (17) holds.
By (17) there is a scalar valued outer function ¢ such that |¢[-1
=max( | F|, 1). Then ¢ and G=¢F are bounded functions, and G,
=¢F, is of class 9t for all c€@. Hence G, is in H* for all c&@, so
GEHg . Therefore F is of class 9t*. We omit the easy proof of the
converse statement. The second assertion follows directly from the
first.

3. The factorization problem for nonnegative operator valued func-
tions. Let F be a nonnegative operator valued function defined on the
the circle I or the line R. We call F factorable if F=G*G a.e. for some
operator valued function G of class 91+ on I' or R. If F is factorable,
then, by Theorems 2.3 and 2.4, F=G*G a.e. for an essentially unique
outer function G, or a unique outer function G such that G(0)=0
or G(2) 20 in the circle and line cases respectively. Here, of course,
we treat functions which are equal a.e. as being identical, and “essen-
tial uniqueness” refers to constant partially isometric left factors as
in Theorem 2.4.

In the special case where F&ELge, F is factorable if and only if
the induced S-Toeplitz operator T'» on H% is factorable in the sense
of Definition 1.5. Therefore the results in §1 can be made to yield
sufficient conditions for F to be factorable.

Suppose, for example, that F is a bounded nonnegative operator
valued function on I' or R which is of class 9 (v, v) for some nonzero
scalar valued function v of class 9t*. By Theorem 1.16, F is factor-
able, and moreover if G is an outer function such that F=G*G a.e.
then G is of class 9N (1, v). This result is already sufficient for a num-
ber of interesting applications. But in fact the assumption that F
is bounded is redundant.

3.1. THEOREM. Let F be a nonnegative operator valued function de-
fined on T’ or R which is of class M (v, v) for some nonzero scalar valued
Sfunction v of class N+, Then F is factorable, and moreover if G is any
outer function such that F=G*G a.e., then G is of class M(1, v).
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Proor. We give the proof in the circle case. We can assume without
loss of generality that v is an inner function. By assumption vF is of
class 9+, so there exists a bounded scalar valued outer function
¢ (#0) such that gpFEHg,(T'). The function K =¢F¢ is bounded
and it induces an S-Toeplitz operator Tx on Ha(I'). We show that
Tk is factorable as an S-Toeplitz operator.

By Theorem 1.7 it is enough to show that lim I,(¢c)=0 as n—
for each c& @, where

1.(0) = sup{ | (Txe, S™f)| : / € He(D), (Txf, f) = 1}

for all c&e and #=0, 1, 2, - - - . Here @ is regarded as a subspace
of H%(T) in the natural way. Let o be normalized Lebesgue measure
on I'; let x(e®) =e®, e?CI'; and let P be the projection mapping
L%(T") onto Hg(T'). Recall that ¢pvFE Hg (') and |v| =1 a.e. Con-
sider c€ @, fEH(T), and estimate as follows:

| (Txe, S| = fr(KC, X"f)e do

= f . <% ve, x"dWF f>e do
¢ ,
= f <Px‘"P — vc, v(F1/%p) ‘f> do
r o* e

= f <F1/2¢*Px‘"Pivc, oF 1/2¢f> do
r ¢* e

< ( f i 2d¢r)1/2(TKf, )

for any =0, 1, 2, - - - . The inner products and norms appearing
inside an integral apply to function values and, of course, are taken
pointwise. Since FY/2¢* is a bounded function by the choice of ¢, we

get
I.(c) = const.( f
T

for all c€€ and #=0, 1, 2, - - -, where g,=P(¢/¢*)vc. Since S is a
shift operator, lim I,(c) =0 as n— o for all c&€ €, so Tk is factorable
by Theorem 1.7.

It follows that K is factorable, and hence so is F. In fact, K = M*M
a.e. where MEHg(T) and so F=G*G a.e. where G=¢ 1M is of
class 9T+,

F1/2¢*PX~nP _q_S_ vC
¢*

Px—™P i 1C
¢*

2 1/2
da) = const. ||S*ngd|
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If G is an outer function such that F=G*G a.e. then M =¢G is an
outer function in Hg,(T') such that M*M =K a.e. We show that
the function W=¢vG* is in Hg(T'), thus proving that vG* is of
class 9t and hence G is of class (1, v). Clearly W=vM*p/p* is
bounded, and, by the choice of ¢,

WM = ¢9F € Hege(T).

Therefore W CL(MH?%(T')) SCL(H%(T")). Since M is a bounded outer
function,if g€ H%(I') © CL(M H%(T')) then Sigc H2(I'") © CL(MH%(T))
for all j=0,1,2, - - -.

Hence

f (M*g, x"7u) do = f {x%g, Mu) do = 0
r r

for all u€cH5(T'), j=0, 1, 2, - - -. It follows that M*g=0 a.e. so
Wg=0 a.e. But then WH&(I') CH%(T') so WEHge,(I') and the proof
is complete.

Special choices of v in Theorem 3.1 lead to factorization theorems
for polynomials, rational functions, and entire functions of exponen-
tial type. However, for polynomials and rational functions (bounded
or unbounded on I' or R) we do not need the full strength of Theorem
3.1. In these cases it would be possible to argue directly from Theorem
1.16.

The operator generalization of the Fejér-Riesz theorem is due to
I[{osenblum [25], Rosenblatt [24], and Gohberg [9]. See also Helson

10].

3.2. THEOREM. Let F(e®) = y " A ;e be a trigonometric polynomial
whose coefficients are operators on C and which is nonnegative on T'.
Then F=G*G where G is an outer function on I' of the form G(e¥)
= Y "C;ei® for some operators Co, - - -, Cn R C.

Proor. Let u(e®) =eim, v(e?) =e*® on I' where m and # are non-
negative integers. A bounded weakly measurable operator valued
function K on T is of class 9M(x, v) if and only if 4K, vK*E Hg e (T'),
or

2T
(K(e®)a, b)ei® dd = 0
0
whenever @, b&E € and either j>m or j< —n, or K(e®) = » ", Bei#®
for some operators B_m, + - -, B, on @. Thus the theorem follows
from either Theorem 3.1 or Theorem 1.16.

3.3. THEOREM. Let P(x)= D 2Pxi be a polynomial whose coeffi-
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cients are operators on @ and which is nonnegative on R. Then P=Q*(Q
where Q is an outer function on R of the form Q(x) = D_2Qjx’ for some
operators Qy, + + -, Qn on C.

Proor. The function F(z)=(2241)""P(z) is meromorphic in the
complex plane. Setting v(2) = [(z—1)/(2+1) |* we see that v(z) F(z) and
v(2) F(z) are analytic and bounded in the half-plane y>0. By Theorem
2.8, F(x) is of class 9 (v, v) on R. By Theorem 3.1 or Theorem 1.16,
F(x) =G(x)*G(x) on R where G(x) is an outer function on R of class
M (1, v). By Theorem 2.8, G(x) is the restriction to the real axis of a
meromorphic function G(z), defined in the complex plane and analytic
at each real point, such that G(z) and v(z)G(2) are analytic and have
scalar outer majorants for y>0. Since G(x) and v(x)G(x) are bounded
on R, actually G(2) and v(2)G () are bounded for y>0 by Lemma 2.2.
Thus, considering the upper and lower half-planes separately, we see
that

|+ )"GE) | < M(|z| +1)»

for all complex z and some M>0. By Cauchy's estimates, Q(2)
= (z+1)"G(2) is a polynomial of degree at most #z. Since G(x) is an
outer function on R, so is Q(x). By construction P(x) = Q(x)*Q(x) on
R and the theorem follows.

In §2 and the present section we have the standing assumption
that € is a separable Hilbert space. Actually Theorems 3.2 and 3.3
are valid for nonseparable spaces € as well. Basically all that is needed
to extend the proofs is to replace Hz(I') by a more general Hilbert
space of square summable sequences or formal power series. If we
then argue directly from Theorem 1.16, we obtain a proof of Theorem
3.2 without the separability assumption. But then Theorem 3.3 can
be deduced from Theorem 3.2 by a transformation of the independent
variables. We chose a direct proof of Theorem 3.3 above to convey
some feeling for the classes M (%, v).

3.4. THEOREM. Let F(z2) be an operator valued rational function which
1s either nonnegative at each point e® &I which is not a pole, or nonegative
at each point xR which is not a pole. Then F(z) = G(2)G(3) where G(z)
is an operator valued rational function such that the restriction of G(2)
to the circle I' or line R is an outer funciion. In particular, this G(2)
is analytic in the disk |z] <1 or half-plane y>0 respectively.

Proor. We may choose a nonzero scalar polynomial ¢(z) such
that the restriction of g(z) to I' or R is an outer function and P(z)
={§(2)q(2) F(z) is a polynomial in 1/z and 2, respectively a polynomial
in 2, with nonnegative values on I' or R. Factor P(e®) = Q(e%®) *Q(e?)
or P(x)=Q(x)*Q(x) on I or R as in Theorem 3.2 or Theorem 3.3.
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The required factorization is then obtained with G(z) =Q(z)/q(2).

Let f be a scalar valued entire function. We say that f is of exponen-
tial type if there is a real number 7 such that |f(z)| <Ke'*! for all 2
in the complex plane and some K>0. In this case the exact type of
fis defined to be the infimum 7; of all such numbers 7. By Liouville's
theorem 7,20 except when f=0, in which case 7;=— . We say
that f is of exponential type v, where 7 is a real number if f is of ex-
ponential type and 7;<7. For any entire function f, f is the entire
function such that f(z) =f(z). By a theorem of M. G. Krein [13], if
f is an entire function the following are equivalent:

(i) the restrictions of f and f to the upper half-plane y>0 are of
bounded type in the half-plane.

(ii) f is of exponential type and

fw(l + #2)~tlogt| f(#) | dx < .

See also de Branges [3]. If f satisfies (i) and (ii) and is not iden-
tically zero, Nevanlinna's factorization gives

) 1 L= 1+1zlog|f@)] }
= C, B (z)e—r+ -—f a1 FALA I Uy
£6) = C1Bs(@e exp{m. P e

1 =214+t !

for y>0, where C,, C_ are constants of modulus 1, 7,, 7 are real
numbers, B.(z), B_(z) are Blaschke products, and the integrals con-
verge absolutely. The numbers 7, 7_ are called the mean types of f
and f respectively (with respect to the upper half-plane). One of them
may be negative, but 7.4+7_20 and 7,=max(ry, 7.), l"':t‘ =, where

77 is the exact type of f. If f=0 we set 7,=7_=— . In general
(18) ¢ = lim sup y~! log | f(+iy) | .
y— o

See Boas [2], de Branges [3]. An entire function f is said to be of
Kreln class, more precisely of class &(ri, 72) where 71, 7220, if f
satisfies the equivalent conditions (i) and (ii), and 7. =71, 7572
where 74, 7 are defined for f as above.

We extend these concepts to operator valued functions. Recall
that for any operator valued function F and any c&@, F, is the scalar
valued function defined by F.(-)=(F(-)¢, c)e. An operator valued
entire function F is said to be of exponential type 7 if for each cEe
the scalar valued entire function F, is of exponential type . An opera-
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tor valued entire function F is said to be of class X(r, 72), 1120,
7,20, if for each ¢&E € the scalar valued entire function F, is of class

K (71, T2), and moreover
f (1 + x)'logt| F(x) | dz < .

3.5. LEMMA. Let F(x) be a locally bounded operator valued function
defined on R. Let u(x) =e'1%, v(x) =ei?* on R where 1120, 7220. Then
F(x) s of class M(u, v) if and only if F(x) is the a.e. restriction to the
real axis of an operator valued entire function of class K (71, 72).

ProoF. Suppose that F(x) =G(x) a.e. on R where G(2) is an opera-
tor valued entire function of class (71, 72). Using the Nevanlinna
factorization we see at once that for each cE@, F, is of class M («, v).
Also, by the definition of & (7, 72), (1+x2)—1 log+| F(x)] ELY(— o, ©).
Therefore by Lemma 2.9, F is of class 9 (x, v).

Conversely assume that F is of class 9 (u, v). Since F is locally
bounded and u(z) =ei™, v(z) =ei™?* are entire functions, by Lemma
2.8, F(x) =G(x) a.e. for some operator valued entire function G(z)
such that e*G(z) and ei*G(z) have scalar outer majorants in the
half-plane y>0. It follows from Krein's theorem that, for each cE @,
the scalar valued entire function G, is of exponential type. By (18)
the mean types of G, and (G.)~ = (G). do not exceed 7; and 7, respec-
tively. In other words G. is of class (71, 72) for each ¢& €. By Lemma
2.2, (14~ log+|G(x)| EL}(— », »), and hence G(3) is of class
% (71, 72). The result follows.

We can now state an operator generalization of a classical factoriza-
tion theorem for entire functions of exponential type which are non-
negative on the real axis (Boas [2, p. 125], de Branges [3, p. 34],
Levin [16, p. 437]).

3.6. THEOREM. Let F(32) be an operator valued entire function of
exponential type T, T =0, such that F(x) =0 for all real x, and

f 14 2y log+| F(x)| dx < .

Then F(z)=G(2)G(z) for some operator valued entire function G(z)
such that e=UP72G(3) is of exponential type 37 and the restriction of G(3)
to the real axis is an outer function.

A similar result is proved by the authorsin [26]. The theorem stated
here is a stronger result, and the proof which we give is considerably
simpler than our previous argument.
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Proor. The function F(2) is of class & (7, 7), so by Lemma 3.5 its
restriction F(x) to R is of class 9 (v, v) where v(x)=e*. Factor
F(x)=G(x)*G(x) a.e. as in Theorem 3.1 where G(x) is outer and
of class 9M(1, v). By Lemma 3.5 we can alter G(x) on a set of mea-
sure zero so that it becomes the restriction to R of an operator
valued entire function G(2) of class %(0, 7). By analyticity F(2)
=G(2)G(2) for all complex z, and e~/?ir:G(z) is of class K (37, 17) and
hence of exponential type 37.

Theorem 3.6 has a curious application to scalar valued entire
functions.

3.7. THEOREM. Let f be a scalar valued entire function of exponential
type T, =0, such that I f(x)[ =1 for all real x. Then f=ab-+cd where
a, b, ¢, d are entire funciions of exponential type 3 such that da-éc
=bb+dd=1 identically.

ProoF. Apply Theorem 3.6 to the matrix valued entire function
F=T[} {]. Write e~/ G=[2 3] and compare matrix entries in the
relation F=GG.

We return again to the general factorization problem for nonnega-
tive operator valued functions on the circle or line. For functions
which have invertible values a.e. there is a simple sufficient condition
for factorability (Lowdenslager [17], Devinatz [6], Douglas [7]).

3.8. THEOREM. Let F be a weakly measurable nonnegative operator
valued function which has invertible values a.e. on T' or R. Suppose that
either

10g+| F(e®) [ and 10g+| F(e?)t| € LY(0, 2x)
or
(1 + 2?)~'logt| F(x)| and (1 + x»)~!logt| F(x)!| € LY(— o, »).

Then F is factorable, i.e. F=G*G a.e. for some operator valued function
G of class At on T or R.

Proor. We reduce to the case where F is bounded. In fact, consider
Fy=F/f where f(-) =max(1, IF(-)I). Our assumptions imply that f
is a factorable scalar valued function, so F and F; are simultaneously
factorable or not. Since 0=<F,<I on T or R, we may assume that
O0<F=<IonTorR. Butnow FZmIonT or R where m(:)= | F(-)“]"1
is a factorable scalar valued function, say m=|¢|? where ¢ is a
bounded scalar valued outer function on I' or R. The proof can now
be completed by showing that the hypotheses of Theorem 1.18 are
satisfied with 3¢ =Heg, T1=Tr, and Te=Tp. If (fa); is a sequence in
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H? such that
lim (To(fa — fi)y fa — fu) = 0 and lim (Tifs, fa) = 0,

[n— 0

then (F'?f,); is a Cauchy sequence in L% and (¥f.); converges to 0
in the metric of L%. But then ¥f,;—0 a.e. for a suitable subsequence,
and hence f,;,—0 a.e. and F/%f,,—0a.e. (in the metric of €). It follows
that FY2f,—0 in the metric of L% and limu.o(T2fn, f2) =0. By
Theorem 1.18, Ty=Tr is factorable as an S-Toeplitz operator and
therefore F is factorable.
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