QUASI-ISOMETRIC MEASURES AND THEIR APPLICATIONS!

BY P. MASANI

1 Introduction. ...t v vt e 427
PART 1. C.AL0.S. MEASURES « v oot ttttttiienn s et eeannneanneeeeeeennnennn 434
2. C.a.0.s. measures and integration...............ccouiiiiiiiniinannnn 434
3. A new approach to Le-transform theory.................... ... ... ... 440
4. The Hilbert transform........ ... . ... ... i 441
5. The Watson transform. .......... ...t innennn 443
6. The Fourier-Plancherel transform.................................. 446
PART Il CLA. Q.. MEASURES. . tttttttneennnnennennennennennenneneennennns 448
7. On situations with multiplicity exceeding 1......................... 448
8. W-t0-3C C.2.Q.0. MEASUIES . v ¢ vt ie ettt iiiie e e e ieiinenneeaen 449
9. On the Hilbert space La(A, ®, M; W).oo i 454
10. Integration with respect to c.a.q.i. measures. ...............oovonn.. 464
11. Theory for locally compact semigroups and groups.................. 486
12. A new approach to representation theory.......................... 497
13. The Fourier-Plancherel transform for vectorial functions............. 498
14. Spectral representations. . .......coutiiiier i 503
15. Linear stationary causal systems and Cooper’s theorem .............. 511
16. Unfinished work. .. ... ... ... .. .. it it 521
REFERENCES. . .ottt vttt eteeaeae e ae et e ee e et eaae e iieeeen 525

1. Introduction

This paper is devoted to certain uses of integration theory which
emerge when the measures involved are vector- or operator-valued.
These uses, as yet generally unfamiliar, are significant in three ways:

(1) They yield explicit formulations for many of the representation
theorems of functional analysis;
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(2) They provide a substitute for the notion of basis in analytical
situations in which bases do not appear naturally;

(3) They offer a means for the transition from the discrete to the
continuous, and for subsumation of both continuous and dis-
crete theories in one framework.

The remarks in 1.1-1.3 are intended to elucidate these three roles of
integration.

1.1. REPRESENTATION THEORY. Let X, ¥ be compact Hausdorff
spaces, C(X) be the set of all complex-valued, continuous functions
on X, and M (Y) be the set of regular, c.a. complex-valued bounded
measures on the o-algebra of Borel subsets of Y. C(X) and M (Y)
are Banach spaces under the usual norms. The statement

(1)  Given X, 3Y S M(Y) is isometrically isomorphic to C(X)*,

is then correct, but it is not as informative and explicit as the conclu-
sion of the Riesz Representation Theorem, viz.

Y = X, and the isometric isomorphism = on M(X) onto
C(X)* is given by

0
wem®, (2w = [ foua, secw.
x
This illustrates how integration helps in making an isomorphism
explicit. There is much value in carrying out such explication, for it
suggests that the representation theorem stems from a generalized
notion of convexity and so belongs to a rather universal part of

mathematics. For instance, on writing &, for the evaluation at x, so
that &,(f) =f(x), (2) becomes

0 = [ @)

If we transplant the measure u from X to the set §x= {Sz:xEX} of
evaluations over X, i.e. consider M (6x) in place of M(X), we get
from (2), proceeding heuristically,

@) 2 = . W86 u € M)

where &, is a dummy variable ranging over &x. But what (3) says is
that

3" every F in C(X)* is the barycenter of a
complex valued measure over Ex.
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This strongly suggests that the evaluations &, may be extreme points
of a certain part of the unit sphere in C(X)¥*, and that our theorem
may be a corollary of the Krein-Milman Theorem in its Choquet
integral formulation, cf. [40].2

We contend that integration with respect to the right kind of vec-
tor- and operator-valued measures likewise renders explicit many
other representation theorems of analysis, among them Stone’s
Theorem on the unitary representation of a l.c.a. group; results on
unitary transforms on L,-spaces, especially the Fourier-Plancherel
duality between a l.c.a. group and its dual; Cooper’s Theorem on the
isometric representation of the semigroup [0, ), and the closely
related translational and spectral representations of prediction
theory, scattering theory and of invariant subspaces of the Hardy
class H,; several results in eigenfunction expansions and perturbation
theory; Mackey’s Imprimitivity Theorem which generalizes the
Weyl-Stone-von Neumann statement of the quantum mechanical
commutation relations, etc.

1.2. MEASURES AS SUBSTITUTES FOR BASES. Let X be a (complex)
Banach space. We say that (&, AEA), where 5 EX, is a basts for X,
iff?

Vx € X, I (oheaD o €C and ) ab cgs. & = «.

AEA

If an analytic problem involves a concrete Banach or Hilbert func-
tion-space X and a basis attaches itself naturally to the problem, we
could of course use it and expand functions in X in terms of the basic
functions. But there are situations in which there is no such natural
basis. A typical example is the Fourier-Plancherel theory for L,(R).
Ly(R) is separable and there are plenty of known o.n. bases, but all
are irrelevant for the purposes of the FP theory. The basis we want
is precisely the one which is not there, viz. (ex, A& R) where e\(f) =e™¢;
obviously exéE L:(R).

Several solutions have been proposed to deal with such situations
in which there are no relevant bases, but the one which seems most
natural to the writer is to seek a ¢- or §-ring ® over the parameter
space A and an X-valued, c.a. measure £ on ® such that

2 Unfortunately, the Riesz Thm. is used in the current treatments of the Choquet
theory, so at present it cannot be derived from Choquet’s Thm. But the writer feels
that this is a blemish of the current definition and treatment of the Choquet integral,
and that a different but equivalent definition with a modified treatment would yield
the Riesz Thm. as a corollary.

s43| ... ” means “there exists a unmigue . .. ”. C denotes the complex number
field. R will denote the real number field.
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Ve E X, !l o(YomAtoC D f d(N)E(AN) exists & = .
A

We might call such a £ a basic measure for X.

The only case in which a complete theory of such measures £ exists
is the one in which X is a Hilbert space 3¢, and £ is akin to an orthog-
onal basis in 3C. Such measures £ are said to be orthogonally scattered.
There is also a fairly well-advanced theory of such measures for
inflated 3C¢, inflation meaning that we consider 3C? with ¢ X¢ Gram
matricial inner products, and p Xg¢ matrices in place of scalars. Again
with X =3¢, a certain amount of work has been done on nonorthog-
onally scattered measures by probabilists interested in stochastic
processes. But for X3¢, we do not know of any progress in this
direction.

From the work done so far it appears that for a useful theory of
basic measures the following conditions should be met:

(1) The parameter space A should be a subset of a locally compact
abelian group with Haar measure u, and ® should be the é-ring
®, of Borel sets of finite Haar measure, and moreover {<u;

(2) Uniqueness should be interpreted as “uniqueness a.e., u”;

(3) Although £<u, £ should not be the indefinite (Bochner) integral
of u,i.e. the Radon-Nikodym derivative d¢/du should not exist.*

1.3. TRANSITION FROM THE DISCRETE TO THE CONTINUOUS. Imagine
that time is discrete, i.e. all instances of time are integers. A particle
undergoes a random displacement y, in R? at each instant n =0,
these successive displacements being independent. We interpret each
y. as a function on a probability space (2, ¥, P) and assume that
. EL(Q2, F, P; R?). The stochastic process (SP) (x,., »=0), where
Xn= D _oyx may then be called a free random walk in R®.

We now take time to be continuous, and ask for the notion cor-
responding to a free random walk. Clearly we must consider variates
%:(+), where tE [0, ), and to exclude pathological cases demand that
x:—x%, in the mean as {—s. It is then clear that x; cannot be a con-
tinuous sum of independent random variates y,, 0<s=<t. We are
therefore obliged to define a continuous time random walk by stipu-
lating the behavior of its increments, viz. as a SP (x,, t& [0, »))
such that

4 Roughly speaking, the RN Thm. should fail. This is because we want our measure
£tobe “linearly independent” in the sense that [a¢(\)£(dN) = oy (\)£(dN) =¢ =y a.e.(u).
The Bochner integral of a vector-valued function w.r.t. a scalar measure does not
satisfy such a condition. But the existence of d¢/du would entail this condition, and
so produce a contradiction.
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v — % € L2(Q, F, P; R?), 0=a<d
and
X — % & %3 — %, are indep. when (a, b]|| (c, d].

Such a process (x,(+), tE [0, ®)) is said to be of independent incre-
ments. The set-function £ defined by

g(a,b] = %p — %4

is clearly a measure on the prering @ of all open-closed subintervals
(a, b] of [0, ») having values in the Hilbert space L:(Q, §, P; R*)—a
so-called random measure.

We see here how the transition from discrete to continuous time
took us from a vector-valued point-function x to a vector-valued
measure £.

For the especially important type of SP of independent increments
known as the Brownian motion the associated vector-valued measure
£ has the property

4) I Ean [;' = const.(b — a).

By rescaling, the constant can be made 1. By (4), £ is absolutely con-
tinuous with respect to Lebesgue measure g, but the occurrence of
the square on the LHS shows that the RN derivative d¢/du will not
exist. Also this £ is unbounded, and even after maximal extension will
be defined only on the 8-ring of sets of finite Lebesgue measure.

Another problem in the transition from the discrete to the con-
tinuous concerns the concept of wandering subspace due to Halmos
[14, p. 102]. Let (S*, n =integer = 0) be a semigroup of isometries on
a Hilbert space 3¢ into itself. A subspace W of 3¢ is said to be wander-
ing with respect to this semigroup, iff

S»(W) L S~(W) when m # n.

Now let (S;, t=real 2 0) be a semigroup of isometries, which to avoid
pathologies we assume to be strongly continuous. When can a sub-
space W of 3¢ be said to wander with respect to this semigroup?
Again there is no obvious answer, and we could dismiss the question
as being meaningless. But if we pursue this question with the attitude
we took to the random walk, we find that canonically attached to the
operator-valued point-function S; is an operator-valued measure
T @ and that in a very natural sense W may be said to wander, iff

Tweu(W) L Teay(W) whenever (a,d]|| (c, d].
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In fact,

Ten = (1/+/2) {sb—sa— f ngdt} .

We can show that (1/4/(0—a))T @ is an isometry when restricted
to W, so that

(5) T(a, b]*T(a,b] = (b — a)I on W.

We therefore call T a quasi-isometric measure. The similarity between

(5) and the result (4), rescaled to make the constant 1, is far from
fortuitous.

1.4. HISTORICAL AND BIBLIOGRAPHICAL REMARKS. The idea of an
infinite-dimensional vector-valued measure can be traced back at
least to 1909 when Hellinger in his fundamental paper [15, §5] intro-
duced the idea of eigendifferential, and what subsequently has been
called an eigenpacket or more often wave packet, for the study of dif-
ferential operators with a continuous spectrum. The eigenpacket is
in essence a Hilbert space-valued measure, cf. [16, 10.4]. The first
systematic treatment of such measures occurs, however, in Wiener’s
epoch-making paper [49] of 1923 on the mathematical analysis of the
Einstein-Smoluchovski theory of the Brownian movement. In this
originated the concept of a process of independent increments and
the related notions of random measure and stochastic imtegration,
cf. [10, p. 426]. In the late 20’s spectral (projection-valued) measures
were introduced by Stone and von Neumann for the study of linear
operators on Hilbert spaces. While this important advance led to
greater use of Hilbert space-valued measures, it focussed attention
solely on the bounded ones defined on o-algebras. As a result, the
important class of vector-valued measures which are governed by
Haar measure and are consequently unbounded (cf. 1.2(2) & 1.3(4)
et seq.), did not receive adequate attention. In recent years the study
of multivariate stochastic processes has led to the consideration of
orthogonally scattered measures in inflated Hilbert spaces 3¢, [34],
[44], [29]. Also Loéve, Cramer, Rosanov and others interested in
stochastic processes have considered nonorthogonally scattered mea-
sures with values in 3¢, [23], [9], [42].

The close connection between probability theory and random
measures on the one hand and L,-transform theory and harmonic
analysis on the other is clearly discernible from the writings of
Wiener, Bochner and others [50], [39], [5]. But the observation that
the underlying measure and integration theories are identical in the
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two situations and that vector-valued measures can therefore be used
to systematize and simplify L,-transform theory seems to be due to
the writer [30], [32]. The writer also introduced the notion of quasi-
isometric measure in the course of finding a Wold Decomposition for
continuous parameter isometric semigroups [28], and he observed
that these measures have a wider utility [31]. This work was stimu-
lated by the time-domain techniques developed jointly with J. B.
Robertson in [33]. These observations will be amplified in the sequel.

We should also mention some work on an ancillary problem that
confronts us. Let CL(W’, W) be the Banach space of continuous linear
operators on a Hilbert space W’ to a Hilbert space W, and let M be a
countably additive, W-to-W, nonnegative hermitian operator-valued

measure on a ¢-ring ® over a space A. The problem is to define the
space

Lo = LQ(A, (B, M, CL(W’, W))

in such a way that it becomes a Hilbert space. In short, we need the
operatorial generalization of the classical Riesz-Fischer Theorem for
Ly(R). This ancillary problem was settled by Rosenberg [44] and
Rosanov [43 ] for finite-dimensional W’ and W. The case when W’ = C
and W is infinite-dimensional is discussed by Kuroda [21] and the
case W’ =W where both are infinite-dimensional by Mandraker and
Salehi in an unpublished report [26].

The work described in the last three paragraphs has a markedly
Hilbertian flavor. A related development in a non-Hilbertian context
is the theory of vector-valued measures and integration due to Bartle,
Dunford and Schwartz, which is presented in volume I of their book
[11],5 and the vectorial extension of the classical duality theorems for
C(X)and L,, due to I. Singer [46], [47], Bartle, Dunford and Schwartz
[2], Bogdanowicz [6], Mizel and Sudaresan [36] and others. We
shall not be concerned with this important work in the present paper.
In the future, when more is known concerning basic measures in
Banach spaces, it may become possible to embrace this work along
with ours in a single general theory. It may also become possible to
secure an even greater unification by considering vector-valued and
operator-valued measures on abstract Boolean &-rings instead of
d-rings of subsets of a given set, a suggestion for which we are grateful
to Professor Garrett Birkhoff.

1.5. THE SCOPE OF THIS PAPER. Part I is devoted to orthogonally

§ Their theory so far pertains to bounded measures defined on ¢-algebras, and so
excludes most of the measures we need.
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scattered measures. In §2 we recapitulate the central aspects of the
theory, developed more fully in [30], which are needed for the appli-
cations. In §3 we suggest a new orthogonally-scattered measure-
theoretic procedure to deal with unitary transforms on Ls-spaces in
an explicit way, and illustrate it by application to the Hilbert trans-
form (§4) and the Watson transform (§5). In §6 we allude to the
explicit formulation of the general Fourier-Plancherel transform al-
ready given fully in [32].

In Part Il we turn to quasi-isometric operator-valued measures.
In §7 we explain how such measures take over the role of orthogonally
scattered measures in situations involving Hilbert spaces in which a
certain multiplicity exceeds 1. We then study such measures in §8.
§9 is devoted to the ancillary question of the definition and complete-
ness of the space L:(A, &, M; W) of functions on A to a Hilbert space
W which are “square-integrable” with respect to a W-to-W, non-
negative, hermitian operator-valued measure M. Integration with
respect to quasi-isometric measures over arbitrary spaces A is treated
in detail in §10. The important special case in which A is a locally
compact semigroup or group, and the ensuing concept of “stationar-
ity” are taken up in §11.

§§12-15 are devoted to applications of quasi-isometric measures.
In §12 we propose a new quasi-isometric measure-theoretic procedure
to deal with representations of Hilbert spaces in an explicit way.
We illustrate this procedure by application to vectorial Fourier-
Plancherel theory (§13), spectral representation theorems (§14),
Cooper’s Theorem on the isometric representations of the semigroup
[0, ), and the analysis of linear, stationary, causal systems (§15).
In §16 we refer to other aspects of our theory and to some unfinished
work on the explicit formulation of Mackey's Imprimitivity Theorem,
and of theorems on perturbations and pseudo-eigenfunction expan-
sions.

PART I. C.A.0.S. MEASURES
2. C.a.o0.s. measures and integration

The theory of Hilbert-space valued, orthogonally scattered mea-
sures has been expounded rather fully in [30]. It will therefore suffice
to recall only the definition and the few fundamental results needed
to exemplify the role of such measures as substitutes for orthogonal
bases, and as a foundation for the treatment of unitary transforms
on Ly-spaces.

2.1. DEFINITION. Let 3C be a complex Hilbert space. We say that & is
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an JCc-valued, countably additive, orthogonally scattered (c.a.o.s.)
measure over (A, ®, u), iff

(1) ® is a o-ring over a space A,

(ii) u is a nonnegative, o-finite, c.a. measure on ®,

(iii) £ 4s an 3C-valued function on the d-ring®

G = {B:BE®&u(B) < »},

such that
VA, B ®,, (E(A)y £(B)) = u(4 M B).
u is called the nonnegative measure of &.

It follows trivially that if £ is an J¢c-valued, c.a.0.s. measure over
(A, ®, u), then £ is countably additive and orthogonally scattered, i.e.

Vi =1, BLE®, Brare|” & UB.E®,
1

= D £(By) converges unconditionally to .§< U Bk);
1 1

A,BE®, &d||B = £(4) L &(B).

The converse also holds, [30, 1.8]. This justifies our use of the appel-
lation “c.a.0.s.” in 2.1.

2.2. DEFINITION. Let £ be an 3C-valued, c.a.0.s. measure over (A, B, u).
Then

(a)® S{E®), ie S{EA):4 E B}

s called the subspace of ¥ and denoted by S;.
(b) In case 8;=3C we call £ an 3C-basic, c.a.0.s. measure (for now
the “differentials” of & act like a basis for 3C).

Barring trivial cases c.a.0.s. measures £ have infinite total varia-
tion; indeed for many §£, |£| (B)= o whenever u(B)>0. Also, al-
though obviously £ is absolutely continuous relative to its nonnega-
tive measure u, there is in general no 3C-valued Radon-Nikodym
derivative df/dp, [30,4.4]. Despite these complications, the theory is
very simple, thanks to the strong nexus between £ and pu, viz.
|£(B)|*=n(B), VBE®,.

¢ So-called because it is closed under countable intersections. The symbol =4
means “equals by definition.”

7 The symbol || means disjoint.

8 VAC3HC, &(4) =a the (least, closed, linear) subspace spanned by 4.
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There is an elegant concept of integration of functions ¢&
Ly(A, ®, p) with respect to an 3C-valued, c.a.o.s. measure £ over
(A, ®, p). The integral is first defined for ®,-simple functions ¢, and
then by a limiting process for any ¢ in Ly(A, ®, ), [30, 5.4, 5.6]. The

crucial property of the integral is given in the following theorem
[30, 5.9]:

2.3. IsOMORPHISM THEOREM. Let & be an 3C-valued, c.a.0.s. measure
over (A, ®, u). Then the correspondence

&¢—»j}mwm

is an isomeiry on Ly(A, ®, p) onto $;=3C. Thus, every such & carries
with it two Hilbert spaces, 8¢ and Ly(A, ®, w), isomorphic under the
natural correspondence S.

Theorem 2.3 shows, for instance, that

(2.4) <fA¢O\)E(d>\)’ f A\w\)g(d)‘)) =& 3 f A<l>(>\)tlf—(>\_)1u(al>\),

lfA¢(>\)£(d>\)l2 = | 6ls 7fA|¢(>\)|’M(d>\),

Let £ be an 3C-valued, c.a.0.s. measure over (A, ®, u) and P; be
the projection on 3¢ onto 8. Then by Thm.2.3 to each x in 3¢ cor-
responds a function ¢, in L:(A, ®, p) such that

mw=ﬁ%mwu

This ¢. can be expressed in terms of ¥ and £ by a Radon-Nikodym
derivative as shown in [30, 5.10]; but for the purposes of this paper
it will suffice to give only the more cogent form this result takes
when A is a Besicovitch space with respect to u (2.6 below). We first
define this notion:

2.5. DEFINITION. Let (i) A be a Hausdorff space,

(ii) ® be a a-ring over A which includes the family of Borel sets,

(iii) u be a mnonnegative, o-finite, c.a., Borel measure® on .
We call (A, ®) a Besicovitch space with respect to u, iff A has a
special family of precompact open neighborhoods Ny of points N\ in A
having the following property: VY complex-valued c.a. measures v such that
the Hahn extension of the total variation |v| is a Borel measure on ®,

¢ Le. such that u(C) < », V compact CCA
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v(IV;
2 gy 5 tm 20

¢ N)\—». w(N»

exists a.e. (u) on o(u) C A,

where o(u) is the spectrum of u. Dv/Du is called the Besicovitch deriva-
tive of v with respect to y.

Let v =v,+4s, v,<pu, be the Lebesgue decomposition of » relative to
u. Writing dv,/du for the Radon-Nikodym derivative, it follows from
Besicovitch’s basic theorem [3] that

Dv/Dyu = a version of dv,/du.

As one may surmise from our remarks after 2.2, DE/Du does not
exist in general for a c.a.o.s. measure ¢ over (A, ®, u), [30, 6.5].
Nevertheless, we have the following theorem [30, 6.7]:

2.6. PROJECTION THEOREM (FOR BESsIcOVITCH A). Let (i) £ be an
Jc-valued measure over (A, ®, u) where (A, ®) ts a Besicovitch space
with respect to (the o-finite, Borel measure) u;

(ii) P¢ be the projection on 3C onto S;. Then

Ve €, Pu#) =fA lim (,E( X)>£( N,

N\ u(V)
the integrand being always a function in L(A, ®, u).

The last limit can be brought inside the inner product when and
only when y{)\} >0, ie. {)\} is an atom of g, as shown in [30, 6.6].
Let us compare the last equation with the familiar formula

W Ve €,  Pu) = Z( |§|)s,.,

where (£,); is any orthogonal sequence in 3¢, and P; is the projection
onto the subspace spanned by the £&,, #=1. Clearly the equation in
2.6 is a generalization of (1), and reduces to (1) when the measure &
is purely atomic and concentrated on the set of positive integers.
Thus, Thm.2.6 may well be regarded as a gemeralized Pythagorean
Theorem.

In the applications we are usually concerned with the case in which
the Hilbert space 3¢ consists of complex-valued functions which are
L, over a measure space (2, F, »). A slight modification of our nota-
tion is expedient in this case:

2.7. NotTATION. Let £ be an L.(Q, &, v)-valued, c.a.0.s. measure
over (A, ®, p), cf. 2.1. Then since the value of £ at B, where BE®,,
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is a function on Q, we shall denote this value by &5 and not by £(B).
We can then write equations such as

VA, BE ®,, f EA(w)mV(dw) = (§a, £8)» = u(4 n B).
Q

Our integral will be written [a¢(\)éan and not [ (N)E(@N).
A distinctive feature of the L, spaces is their possession of a basic

c.a.0.s. measure distinguishable from all others by its simplicity
[30, 9.3]:

2.8. TriviALITY. Let (i) v be a nonnegative, o-finite, c.a. measure on
a o-ring § over Q, so that §=0(F,) where

5, = {E: ECT&»®)<=l,

and () denotes the a-ring generated by T;
(i) VEES,, x& be the indicator-function of E. Then x is a Ly(Q, &, v)-
basic, c.a.0.s. measure over (2, ¥, v). Moreover,

VEL®@s, 1= Sl

We shall call the x given in 2.8 the indicator-measure basts for
L,(Q, F, v). It is the obvious analogue of the familiar basis: (1, 0,
0,:---),(,10,---), - -for the space L.

In 1933 Watson [48] studied the general transforms on L;[0, «)
which have since been given his name. In 1934 Bochner [4] simplified
and extended Watson's treatment, retaining however the use of
point-functions. The following is the c.a.o.s. measure-theoretic
reformulation of his result for any L, spaces [30, 9.7(a)]:

2.9. DuaLITY THEOREM (BOCHNER). Let (i) for 1=1, 2, u; be a non-
negative, o-fintte, c.a. measure on a o-ring ®; over a space A;, and

By, = {B: BE ®: & ui(B) < ©};
(ii) ¥ = Ly(Asy By i)

(iii) 5 be a 3C-valued, c.a.o.s. measure over (A1, By, m1), & be a 3C;-
valued, c.a.0.s. measure over (A2, Bs, p2);

(iV) VBIE(BM & VB2E(B‘531 (XB., EBz)J(h:(an XBz).'IC:'

Then $¢=3Cy, 8,=3Cs; 1.e. £ and n are 3s-basic and 3Cs-basic c.a.0.s. mea-
sures, respectively.

This theorem yields the following corollary [30, 9.5, 9.6, 9.7(b)]:
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2.10. COrROLLARY. Let (i)—(iv) be as in 2.9, and let

W) Vf & 3¢y, 146)) = fA SO 74,

Then () V is a unitary operator on 3, onto 3C,,
(b) Vg & 3Cy V¥(g) = f 2(\2)Ear,.
Ay

The following result is a converse of 2.9 and 2.10:
2.11. CoroLLARY. Let (i) and (ii) be as in 2.9 and let
(iii) V be a unitary operator on 3¢y onto 3Cs,

(iv) VBIE®, & VB, € ®y,, U V(xs) & &z, = V*(x3,)-

Then the conditions 2.9 (iii) and (iv) hold.

Finally, we must mention the case in which A is a subinterval of R.
A natural correspondence then exists between set-functions and
point-functions, concerning which there are two useful results:

2.12. LEMMA. Let (i) A be any subinterval of R with left endpoint a,*®

(ii) %(+) be a function on A to 3C such that in case a€EA, lim,, oy x(£)
exists,

(iii) {x(a), a €A,

! 7 | lim x(8), a & A.
t—a+t

Then the following conditions are equivalent:
(o) x(-) has orthogonal increments, 1.e.

Va, b, ¢, d € A, a<b=c¢<d=x0) — x(a) L x(d) — x(c)
B) 3f(-) on ADVs, tEA, (x(s) =1, x(t) =) =f(min{s, t}).

We omit the easy proof of this result. On taking s=¢ in (8), we see
that actually

JOEREORENI
It also easily follows, cf. [30, 8.2], that when (a) or (8) holds, f is
monotone increasing on A and x(-) has left- and right-limits x(¢ +),
VtEA. On combining 2.12 with the theorem [30, 8.6] that a function

with orthogonal increments generates a c.a.o.s. measure, we get the
following theorem:

10 ¢ need not be in A and may equal — .
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2.13. EXTENSION THEOREM. Let the conditions 2.12(1)—(iii) and (o)
or (B8) hold, and let

® = { B: B is a Borel subset of A}.

Then 3 a unique nonnegative, o-finite, c.a. measure u on ® and 3 a
unique 3C-valued c.a.o.s. measure & over (A, ®, p) such that

V(e,0] S A, n(a, 8] = fO+) — fla+) & &(a, b] = a(b+) — x(a+).

3. A new approach to L.-transform theory

Hitherto the Fourier-Plancherel, Hankel, Hilbert and other uni-
tary transforms on Ls-spaces have been defined by improper or singu-
lar integrals (l.i.m.’s, Cauchy p.v.’s, (d/dx) [, etc.). Now let V be any
unitary transformation on one L, space onto another L, space. Then
by 2.11 V(x¢y), V*(x), where x(., are indicator measures over the
two L, spaces, are basic c.a.0.s. measures related as in the Duality
Thm.2.9. Hence by 2.10 all such transformations are definable by
(proper) integrals of L,-valued c.a.o.s. measures. This suggests a new
approach to L, transform theory, concordant with the view expressed
in 1.2, based on the following procedure:

3.1. PROCEDURE. (i) From the data of the problem define a pair of
Lo-valued set-functions &, n;

(ii) Show that they satisfy the conditions of the Duality Thm.2.9, and
hence are basic c.a.0.s. measures; (Cor.2.10 then ensures that the resulting
transformation V is unitary.)

(iii) Use the Projection Thm.2.6 to express V(f) as an improper or
singular integral, and so identify V or V* with the classical transform.

This approach has several advantages. (1) It is shorter than the
traditional one in which there is no appeal to a general theory, and
consequently the same sort of reasoning has to be repeated in a special
context in each instance. (2) It permits the exploitation of the theory
of c.a.0.s. measured integration (e.g. of theorems on indefinite inte-
gration, substitution, integration by parts, etc., cf. [30, §§5-9], to
find new connections between different transforms, and so secure a
better organization of the theory. (3) It brings L.-transform theory
closer to certain parts of probability theory, the only difference that
remains between the two being that in the latter our measures have
values in

L,(Q, o-alg., Probab. meas.),

whereas in the former their values are in
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Ly(l.c.a. group or part, Borel family, Haar meas.).

We shall illustrate the new approach by considering the Hilbert,
Watson and Fourier-Plancherel transforms (§§4-6).

4. The Hilbert transform

Following Procedure 3.1, we start by defining a pair of set-functions

&

1
~fen() = 1en() T —log

b—)\l
a—X\|’
where a, b, \&ER & a<b & a#\#b.

4.1)

Now an elementary analytical argument shows that
Vi, k€ R, log|-+ k| —log| -+ k| € Ly(R).
It follows that

(1) V(d, b] C R) N (a,b] - L2(R):

and a routine calculation yields its Ly-norm:

14+

)zdx.
Y

By (4.1) and (1), n is a Ly(R)-valued, finitely additive measure on the
prering @ of bounded subintervals (a, b] of R, and by (4.2) its non-
negative measure u(-) =const. Leb., and is therefore c.a. But it is a
triviality that a 3c-valued, f.a. measure 7 on @, for which |5,|3 is
c.a. and (4, 78) ER is c.a.0.s. on ®. Thus, 5 is a Ly(R)-valued c.a.o.s.
measure on ® and its nonnegative measure is Lebesgue. Using the
same letter for the Hahn extension to the Borel family ®, it follows,
cf. [30, 2.5], that

42) [nenls=— (b —a), where d = f <log

A
(2) & 4 are Ly(R)-valued, c.a.0.s. meass. over (R, ®, — Leb.) .
T

To complete step (ii) of Procedure 3.1, we next check whether
condition (iv) of the Duality Thm.2.9 is satisfied. For B;=(a, b] and
= (¢, d] this condition is

d—A\ 41
—f —-—log ld)\=f —log
¢ ™

and its truth follows immediately from the triviality!!

b—2x

a— X\

an,

11 Which holds unrestrictedly if we set 0°=,41.
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b d— |6 —d|r—2|a—c|o
f log )\ld?\ =log{ }

c— |6 —cl—|a—d|e
The condition 2.9(iv) thus holds on the prering ® and thence by
Hahn extension on the §-ring ®o. From 2.9 we thus obtain

4.3. TueorREM (CAUCHY-HILBERT BASIC MEASURE). The Hahn-
extensions of the set-fumctions &, n defined in (4.1) are Lo(R)-basic,
c.a.0.s. measures over (R, ®, (A/m) Leb.), where the constant A is as
in (4.2).

It follows from Cor.2.10 that

g= V(f) f J(Onae defines a unitary operator V on Ly(R) onto
jtsel,
(4.4) itself

« =@ = [ s

-—00

To identify this V with the Hilbert transform as defined classically,
we appeal of course to the Projection Thm.2.6 (step (iii) of Procedure
3.1). From the second equation in (4.4) and Thm.2.6

M) = hm (f, . Eo-n, x+h))

= lim ——f f()log

h—0 2h7l'

dt, by (4.1
%= ‘ y (4.1)

A—h o 1 AM-h
= lim f -|— ) + —_— e }
=0 {Zkr( — Mh 2hm J s

= lim {I + IT}, say.

h—0

We now apply Lebesgue's theorems on convergence and differentia-
tion in a straightforward way, and show that

lim II =0,
h—0
and
A—h ©
IimI =lim (f + )&— dt = P.V. i(-—)-— dt.
B0 n—0 —o e/t — N 4 — L — A

Hence,
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g = (VHQ) = P.V.fw(f(t)/(t — N)dt, a.e.(Leb.).
Thus V is indeed the Hilbert transform.

5. The Watson transform

In his important paper [48] Watson set out to answer the following
question. Let

w be a complex-valued,** Borel measurable function
on [0’ °°) > w()/I() € LZ[O» °°)~13

What further conditions must w(-) satisfy in order that it yield a
transformation V such that

(5.1)

(i) V is unitary on Ly[0, ) onto itself
(i) ¢ = V(f) is such that

(52 s == [ -—(~y)—f(y)dy, ae.on [0, =),

(iii) the relation between g and f is reciprocal, i.e.

d ©
flx) = Eo—cfo w(;cy) g(»)dy,  a.e.on [0, ).

Watson obtained the following remarkable answer:

5.3. WATSON'S THEOREM. The n.&s.c. for the existence of a transfor-
mation V satisfying the conditions in (5.2) is that

= w(ay)w(yb)
y? v
PROOF (FOLLOWING PROCEDURE 3.1). For notational simplicity we
shall suppose that w(0) =0. Define for 5>2¢=0,

w(bA) — w(aN)

(5.3.1) Ve, b0, f
0

= min{a, b}.

(5.4) N@b(A) = E@n(V) e A >0,
and
¢y vie[o, ©),  X() = w(t)/1().

12 Actually, Watson took w to be real-valued.
18 J(.) is the identity function: I(x) =%, x=0.
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Then clearly X(-) is a function on [0, ©) to L; [0, «) and

(2) Eapl = X(0) — X(a), 0=a<b.
The condition (5.3.1) tells us that
3) (X(a), X(b)) = min{a, b}, 0=a<p,

i.e. that the condition 2.12(8) holds with !=w(0)=0 and f(t) =¢,
t=0. This f(+) is continuous on [0, «) and so therefore is X (-). Hence
assuming that (5.3.1) holds, it follows at once from Thm.2.13 that

(5.5) & n are Ly[0, )-valued c.a.o.s. meass. over ([0, »), ®, Leb.)

where ® denotes the o-ring of Borel subsets of [0, ®), and &, 7 denote
the Hahn extensions of the measures in (5.4).

To complete step (ii) of Procedure 3.1, we next check whether the
condition (iv) of the Duality Thm.2.9 is met. For Bi=(a, b] and
By=(c, d], this condition becomes

b w(d\) — w(cN) ¢ w(b\) — w(al)
[, [ R Y,
s A . A )
Now,

> w(d e w(d b wlco\ o w(c\
LHs=f E(—>\—)¢lz>\--f widn A)dx_f w(C)d)\—l—f w(@))
o A o A o A o A

On substituting N=bu/d, au/d, bu/c, au/c in the four integrals re-
spectively, we get four other integrals which when combined ob-
viously yield the RHS. Thus the condition 2.9(iv) holds on the pre-
ring ®, and thence by extension on the §-ring of Borel sets of finite
Lebesgue measure. From Thm.2.9 and Cor.2.10, we now conclude
that

(5.6) £, n are L,[0, »)-basic c.a.o.s. meass. over ([0, ©), ®, Leb.)
and that

g=V({) = f f(Onas defines a unitary operator on Lq[0, ) onto
d Jo
(5.7 itself,

& f=V*g = f:g(k)&»

Finally, we come to step (iii) of Procedure 3.1. From the second
eqn. in (5.7) and the Projection Thm.2.6,
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g() = lim (f, L EN — BN + h]) a.e. (Leb) on [0, «)
h—0

_ w{\ + 1)t} — w{( — Bt}
e, 10 20t 4

A@E{fﬂrlﬁj&w—fﬂWJ%ﬂi}

f f® Mdl a.e. (Leb.) on [0, »).

Similarly from the first eqn. in (5.7) and the Projection Thm.2.6,
(>\)
) =— g()\) —=d\, a.e. (Leb.) on [0, ).

We have thus established that
(5.3.1) = (5.2), under the hyp. (5.1).

To prove the converse implication, let (5.2) hold, and take f =x(0,q
in (5.2)(ii). Then

* w(xy)

d
V(x©a)(®) = E;f dy, a.e. (Leb.),

d * w(at)
= — dt, (put ¢ = xy/a),
dx 0 ¢
= w(ew) ’ a.e. (Leb.)
x

by the Lebesgue differentiation theorem. Thus,

fw w(aNw() d\ = (V(xw.a1), V(x0m))

A2
= (X(0.al» X(0,51) by (5.2)(i)
= Leb.((0, ¢] N (0,3]) by (2.8)
= min{a, b}.

This completes the proof of the converse.

Disregarding aspects of Watson’s theorem which are subsumed
under the results of §2, and therefore now redundant from our stand-
point, we may describe his contribution as the discovery of the follow-
ing remarkable result:
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5.8. THEOREM (WATSON’S CONDITION FOR BASIC MEASURE). Let
(i) w(-) be a complex-valued, Borel-measurable function on [0, »)
such that w(-)/I(-)ELy[0, ) and w(0) =0,
@ii) for0=<a<b, £api(V) = (w(br) — w(aN))/A, A>0.
d

Then the Hahn extension of £ is a Ly[0, «)-basic c.a.0.s. measure over
([0, »), ®, Leb.), iff

= w(aN)w(b\
Ya,b > 0, f ———(———-)izv(——)—d)\:min{a,b}.
0

6. The Fourier-Plancherel transform

As Bochner [4] has shown, a slightly amended form of Watson's
Theorem 5.3 works for L;[a, b] for any a, b such that — © Sa<b< ».
Now take

6.1) (a,b) = R, and w(\) = (e® — 1)/A, A#= 0, w(0) = 0.

Then, as shown e.g. in [41, p. 294], w satisfies the amended condition
corresponding to (5.3.1), and so yields a unitary operator V on L:(R)
onto itself, which is seen to be the FP transform.

Alternatively, we can develop FP theory on a c.a.o.s. measure-
theoretic basis following Procedure 3.1. This is clear for the group R,
since we have only to carry out the demonstration given in §5 with
slight changes, taking w to be the function given in (6.1). The cor-
responding treatment for an arbitrary locally compact, abelian (l.c.a.)
group, which is much harder, has been given in detail in [32]. Here
we need indicate only its very salient features.

Let 3¢=Ly(X, ®, n), where X is an (additive) l.c.a. group with
Borel family ® and (regular) Haar measure y, and let ¢ =Ly(X, ®, 2),
where X is the (multiplicative) character group of X with Borel
family & and dual Haar measure 5.1 Let ®o, Bo denote the 8-rings
consisting of Borel sets of finite Haar measure, and [x, «] stand for
a(x), where x €X, a & X. Following Procedure 3.1, we first define two
set functions £, 9:

VBE R & VxE X, &)= f [2, ¢]a(da),
(6.2) ‘oE

VBE® & Va & X, np(a)= f [%, a]u(dz).
B

1 For the definition of the dual Haar measure & of the Haar measure u see [32,
3.17].
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To carry out step (ii) of Procedure 3.1, we prove that &, n are 3C-valued
and 3C-valued c.a.o.s. measures over (X, &, #) and (X, ®, u), re-
spectively, satisfying the condition (iv) of the Duality Thm.2.9:

(6.3) VBE®R & VBE By,  (xm,E8)3e = (n3, xB)i2-

This is a rather intricate matter for which we have to invoke the
Pontryagin Duality Theorem as well as the Fourier Inversion The-
orem for Ly(X, ®, u). We then get the following crucial result [32,
4.8]:

6.4. TuEoREM (FOURIER-PLANCHEREL BASIC MEASURES). Let £, 7
be as in (6.2). Then

(a) & is a 3C-basic, c.a.0.s. measure over (X, &, ),
(b) n 1s a Je-basic, c.a.0.s. measure over (X, ®, p).

This theorem is a generalization of the well-known result that the
characters of the group X provide an orthonormal basis for the space
3¢ =Lo(X, ®, u) when X is compact, cf. [38, p. 424]. What Thm.6.4
says is that when X is locally compact it is the “character packets”
£, BE®,, defined in (6.2), which provide a basic c.a.0.s. measure
for gc.

Thm.6.4 allows us of course to define the FP transform V on 3¢ to
3¢ explicitly by the formula

(63 wew, f=v() = [ fom.

It follows from Cor.2.10, that V is a unitary operator on 3¢ onto 3¢,
and that

(6.6) veeR, 1=V = [ s@

d b's

From 6.2, 6.4, (6.5) we can deduce all the known results of FP theory.
For groups which are Besicovitch spaces with respect to their Haar
measures, cf. [12, §2], we can also get some new results from our Pro-
jection Thm.2.6, cf. [32, §5].

For nonabelian, locally compact groups, preliminary investigations
by D. J. Patil and E. Schwandt suggest that a c.a.0.s. measure-the-
oretic treatment will work for the FP theory at least in the unimodu-
lar case. Because of the breakdown of duality, only the c.a.0.s. mea-
sure  seems to survive, and its values now lie in the tensor product of
certain Ly-spaces, i.e. in a space of Hilbert-Schmidt operators.

To recover the FP theory for the group R from the general theory,
we have only to note that R is isomorphic to, and therefore identifi-
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able with R, and that a convenient choice of Haar measure is
(1/+/27)(Lebesgue measure) rather than Lebesgue measure itself,
as it is the former which is self-dual. With this choice of Haar mea-
sure, the definition (6.2) of the FP measures £, n reduces to

1
(6.7 VBE ®y& VIE R, mgzﬁifwa=%m
d '\/27&' B d
and the entire theory can be built on this basis.

PART II. C.A.Q.I. MEASURES
7. On situations with multiplicity exceeding 1

In the situation considered in Part I a certain underlying Hilbert
space W happens to be C. There are analytic situations in which the
corresponding spaces W have dimension ¢>1. As instances we may
cite the Fourier-Plancherel theory for functions with values in a Hil-
bert space W, and the representation theorems of Stone and Cooper,
cf. 1.1. ¢ turns out to be the multiplicity of a certain associated spec-
tral measure; therefore we speak of it as a multiplicity.

To deal with these “g>1 situations” in the same explicit manner
as the “g=1 situations” of Part I, we have to take instead of our 3¢-
valued, c.a.0.s. measure a W-£0-3C, c.a.q.t. measure having the crucial
property of quasi-isometry (q.i.), which we shall define in §8. Just as
the c.a.o.s. measure £ has attached to it a nonnegative real-valued
measure y, so the c.a.q.i. measure 7'(-) has attached to it a W-to-W,
nonnegative, hermitian operator-valued measure M(-). In the causal
situations considered so far in [28], [31], M(-) =u(-)I, where u(-)
is a nonnegative, real-valued measure and I is the identity operator
on W. But recently we have felt the need to admit other less-trivial
kinds of W-to-W, nonnegative, hermitian operator-valued measures
M as well, in order to reach other (noncausal) situations, and to
secure a wider unification.!®

Just as integration with respect to c.a.0.s. measures makes explicit
an isomorphism

=: Ly(A, B, u; C) — 3¢,

5 In fact, problems have already emerged which suggest that even this wider
framework is inadequate, and that we should take instead of W a tensor product
W' o W, where W’ is another Hilbert space, keeping M(-) as a W-to-W, nonnegative,
hermitian operator-valued measure. But in this paper we shall only consider W, i.e.
from the more general standpoint consider the specialization W’ =C.
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so integration with respect to c.a.q.i. measures makes explicit an
isomorphism

S La(A, ®, M; W) — 3.

A preliminary question is as to when Ly(A, ®, M; W) is a Hilbert

space. We shall comment on this in §9, and consider integration in
§10.

8. W-to-3C c.a.q.i. measures
In this section
(i) @ is a prering over an arbitrary set A;

(ii) W & 3C are Hilbert spaces over C.

8.1)

Our fundamental definition is:

8.2. DEFINITION. T'(+) ¢s called a W-to-3C, countably additive, quasi-
isometric (c.a.q.i.) measure over (A, ®, M), iff

(i) M(-) is a W-to-W, nonnegative, hermitian'® operator-valued
measure on @, which is c.a. under the strong operator topology,

(ii) YAE®, T(A4) is a continuous linear operator on W to 3C,

(iii) vV4,BE®, T(B)*T(4)=M(ANB).
We call M(-) the nonnegative hermitian measure of T(-).

An equivalent formulation of the condition 8.2(iii) is obviously
3 VA, BE ®& Yu,w' € W,
(T(4) (@), T(B)(w))ze = (M (4 N B)(w), v')w.
In this the RHS could of course be written in the symmetric form
(VM (4 N B)(w), VM(4 N B)(w'))w.

Thus we have

|7 [z = | M) |5 | T(@) e = | vH(A)@) |,
4€E0,we e,

(8.4)

|12 | -] | -|w being the Banach-norm, the norm in 3 and the
norm in W. Hence T(4) and M(A4) have the same null space in W,
and of course M(-)<KT(-)<KM(-). But T(-) need not be an indefinite

18 ].e. continuous, linear and selfadjoint.
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integral of M(-), nor need its total variation measure I T| () be finite
on sets in ®. In case M (-) =u(-)I, where I is the identity operator on
W, the equation in 8.2(iii) reduces to

(T(4)(w), T(B)(@)xe = n(4 M B)-(w, w)w,

and we so recover the c.a.q.i. measures considered previously in
[28, §4], [31, §3].

The connection between c.a.q.i. and c.a.o.s. measures is easy to
describe:

8.5. TriviALITY. Let (i) T be a W-to-3C, c.a.q.i. measure over (A, @,
M),
(i) Vo, w' € W,Eu(-) =a T(:)(w),  puwu'(+) =a (M(-)(w), ).
Then Yw, w'EW,
(@) &,(-) is a 3C-valued, c.a.o.s. measure on ® with nonnegaiive
MEASUTE Py (¢f- [30, 1.2]);
d) £,(+), £ (-) are biorthogonal measures with cross-covariance
MEASUTE Pyt y T.€.

VA, B E (P, (Ew(A); Ew'(B))GC = .uwW’(A N B)'

Proor. The last equation is obvious. On setting w’=w and using
our Equivalence Thm. [30, 1.8] we get (a).

The following lemma gives some properties of the measure 7°(-);
in particular it explains our choice of the letter W and justifies the
appellation “c.a.q.i.” used in 8.2:

8.6. LEMMA. Let T be a W-to-3C, c.a.q.i. measure over (A, ®, M).
Then

(a) W is a wandering space of T, i.e. cf. 1.3,
A,BEC&A|B = T(A)W)LT(BW);

(L) VAE®, cls. [T(A) {v/ M(4A)}~1] is a partial isometry on W to
3C with Narcay as null space;

(c) YAE® such that M(A) is invertible, T(A){/ M(4)}~1 is an
isometry on W to 3C;

(d) VA, A1, A2, ce s E@ 9 Ak are “ & U';AkgA,

17 For any closed (s.v.) linear operator S from W to W, the symbols Dg, s, Rs
will denote the domain, null-space, range of S. The symbol S~ denotes the generalized
inverse of S [17] defined by S~ =aPay-S7'- Pos.®y, Where Poy is the orthogonal pro-
jection on W onto the subspace M. S~! is a s.v. closed, linear operator from W to W
with the e.d. domain ®Rg+®R4- and the range DgNITE.
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{r - > T(Ak)}*{T(A) - 3 T(a0) = M) = S H(A;

1

(e) T'(-) is c.a. strongly or under the Banach norm | -| B, according as
M(-) s c.a. strongly or under 1 | &

PRrOOF. (a) is obvious; for if A||B, then M(ANMB) =0 and hence by
(8.3) T(4)(w) LT(B)(w'), Yw, w' EW.

(b) We recall first [17, (5.1)] that for any (s.v.) selfadjoint linear
operator S from W to W

1) SS™ C cls.(SS™) = Pora.qiy = Part.

Now let

) 4€0, S=VM4), R=TA{VMA}™ =TS
Then

3) Dp = D™ = Qs + Rs is e.d. in W.

Also, by (8.3), (2) and (1)

Vw,w' € Dp,  (R(w), R@))e = (SS~(w), SS™(w'))w

4

( ) = (J(w)) J(w’))Wy
where

(5) J = Pos.as = Py

By (4) and (5) the restriction of R to Rgis an isometry and the restric-
tion of R to ®F is zero, and so R is a continuous linear operator. It
follows by a routine argument that its closure R is a partial isometry
on cls. Dg, i.e. by (3) on W, into 3¢ and has ®g as its null space. Since
(R:g!'= Ns=Nymw = Ny, we have (b).

(c) follows immediately from (b).

(d) The desired equality emerges on expanding the LHS and em-
ploying 8.2(iii).

(e) Let VE=1, A, E®, Ar be H & A =4Ur A, E®. From (d) we see at
once that

T(4) — 3> T(4)

- \M(A) — > M(4y) ,

and
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wem |- o,

= ({M(A) - ?M(Ak)} ('w),w>

The two assertions in (e) clearly follow from these equalities.

w

The following lemma is useful.

8.7. LEMMA. Let T'(+) be a W-to-3C, c.a.q.t. measure over (A, ®q, M),
where ®o s a ring over A. Then
(a) VA, BE®, & YweW,

{T(4) — T(B)}*{T(4) — T(B)} = M(4 A B)
| T(4) — T(B) |s = | M(4 A B) |5
| T(4)(w) — T(B)@) e = | VM (4 A B)@) [w;
(b) Vn=1 & VA4, AER,,
slim T(4,) = T(4) © slim M(4, A 4) = 0;

n— o n— o
(c) the set By is metrized by p, where
o(4, B) = | M(AAB)|s, 4,BEG

when sets A, B for which M (A AB)=0 are identified;

(d) with respect to the | | B norm topology and hence also the strong
operator topology, T(-) is uniformly continuous on the metric space ®o.
In particular V=1 & VA, AE®,,

p(4ny A) > 0= lim | T(4,) — T(4) |z = 0.
Proor. (a) Expanding the LHS and using 8.2(iii) we get the first
equation in (a), from which the second and third clearly follow on

taking the appropriate norms.
(b) is clear, since from the third equation in (a)

| T(An) (@) — T(A) (@) |5 = | V(M (4n A 4)@)) [
= (M(4, A A)(w), ©)w.

(c) That p is a metric is easily checked on noting that for A C B,
we have 0< M (A4) < M(B) and therefore | M(4)|z<| M(B)| 5.
(d) From (a) and (c) we see that VA, BE®, & YwEW,



1970} QUASI-ISOMETRIC MEASURES 453

| T(4) — T(B) |5 = o(4, B)

and

| T()@) — TB)@) . = |w[a(4, B),
whence (d) clearly follows.

8.8. DEFINITION. Let T be a W-to-3C, c.a.q.1. measure over (A, ®, M).
(a) We define the subspace of T by

Sr = S{T)(W): A E®} C 3.

(b) We call T 3e-basic iff $7=13C.
From 8.8 it follows at once that

L
(8.9) 87 = cls. Z Rruy & Sr= N Nrw);
Ae@ Ae@

and if Ps, is the projection on 3 onto $r, then
(8.10) V4 € @, T(A)* = T(A)*Ps,.
Also

(8.11) VzeE e, (2) = T(+)*(x) is @ W-valued, c.a. measure on ®.
d

In general {.(-) will not be orthogonally scattered.

As with c.a.o.s. measures we need to consider the case ACR. In
this case we again find a natural correspondence between operator-
valued point-functions and set-functions governed by the analogues
of 2.12 and 2.13. However, the following result enunciated in terms
of set-functions alone will suffice for our purpose:

8.12. LEMMA. Let

(i) ® be the prering of intervals (a,b] D 0=a<b< »,

(ii) VJE®, T(J) be a continuous, linear operator on W to 3¢,
(iii) T'(-) be a finitely-additive measure on @,

(iv) 3 a function F on [0, ) such that

7(0, t]*T(0, s] = F(min{s, t}), s,t=0.

Then

(@) F is a monotone increasing, W-to-W, nonnegative hermitian
operator-valued function on [0, ©);

(b) T(+) is @ W-to-3¢, c.a.q.i. measure over ([0, ), ®, M), where M
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is the W-to-W, nonnegative, hermitian operator-valued measure on @
induced by F.
ProoF. (a) By (iv)
1) Vi=0, F() = T(0,¢*T(0,¢,
and this shows that F(f) is a W-to-W, nonnegative, hermitian opera-
tor. Next, by (iii) Ve, b, ¢, d=0,
T(c, d]*T(a, b] = {T(0, d]* — T(0, c]*} {T(0, ] — T(0, a]}
) = F(min{b, d}) — F(min{q, d}) — F(min{s,c})
+ F(min{a, c}).

For a<b=c<d, this yields T'(c, d]*T(a, b]=0, and adjoining,
T(a, b]*T(c, d] =0. This shows that

(3) A,BE @ & A||B = T(B)*T(4) = 0.
Consequently, for 0 <a <b,
F(b) = T(0, b]*T(0, b] by (1)
= {T(0, a]* + T(a, b]*}{T(0, a] + T(a, b]}, by (iii)
= F(a) + T(a, b]*T(a, b] = F(a) by (1) & (3).

This completes the proof of (a).
(b) Let 4, BE®; for definiteness let 4 =(a, b], B=(c, d] where
a=<c=b=d. Then by (2)

T(B)*T(A) = F(b) — F(a) — F(c) + F(a)
=F() — F(c) = M(d,¢c] = M(AN B).

We verify (4) similarly for other orderings of a, b, ¢, d. By (ii) and
(4) we have (b).

9. On the Hilbert space L.(A, B, M; W)
In this section

(4)

(1) W is a separable Hilbert space over C;

©.1) (ii) ® is a o-ring over an arbitrary set A;

(iii) M () is a W-to-W, nonnegative, hermitian operator-valued
measure on a sub d-ring ®, of &, c.a. under the strong opera-
tor topology.

Our primary purpose is to comment on the nature of the space

(1) Low = L2(A’ ®, M; W)
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of W-valued, B-measurable functions on A, which are “square inte-
grable” with respect to the operator-valued measure M (). But with
an eye to future developments (cf., footnote 15), in the first part, A,
of this section we shall first consider the more general space

(2 L2 = Lowow = La(A, ®, M; WoW)

where W’ is a finite-dimensional!® Hilbert space over C and W/oW
is the tensor product of W’ and W. Then in part B we shall revert to
£2,w by taking W’ = C and exploiting the natural isomorphism be-
tween the Hilbert spaces CoW and W.

A. The tensor product W/oW is by definition the set of all Hil-
bert-Schmidt operators on W’ to W. It is a Hilbert space under the
Euclidean or Hilbert-Schmidt inner product and norm:

VS, T & WoW, (T, S)g = trace S*T,
| T|z = V(T, T)s.

The trace is well defined and finite, since .S and T are Hilbert-
Schmidt. Moreover, since dim. W/ < «, W/oW’ is homeomorphic to
the Banach space CL(W’, W’) of continuous, linear operators on W’
to W’ under the Banach-norm.

To define integration with respect to M we have to consider an
even more general set-up.!® Let ® be a function on A to WoW and
¥ a function on A to WoW"’, where W’ is a (third) Hilbert space.
Then V)\,EA & VA,‘E(BO

9.2)

i‘I’O\i)M Ape(n) € wWow”.

This suggests the possibility of defining
© [ wom@ae
A

as a member of CL(W’, W) in a reasonable way, so that the result-
ing theory is a consistent extension of the theories known for special
cases such as W/=W’'=C, M(-)=un(-)Iw, u(-) being a nonnegative
measure, and Iw the identity operator on W. To fulfill this require-
ment the integrals (3) have to be bilinear, i.e.

18 We assume finite-dimensionality only for reasons of simplicity. Actually we
could consider any separable Hilbert space W’.

1 It is these facts which account for the length of the section, even though it is
only ancillary to our main subject.
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(a) for integrable d: & ¥;on Ato W oW & Wo W,

f 30 + 1M} @) (2.0) + 200}

2 2
o)) -z [ U@,
and
(b)® YR E W'oW, VSE WoW" & VA, BE ®l
D AN BE By,

f S xaWM@DIRxa(\) = S-M(4 N B)-R.

For simple functions, we will then get the expected result:

VR,' & W’OW, VS, € WolW" & VA,', B, € ®lee D A,' N By & B

00 [ {Zsamm} wa { > Roca )}

= >, > SiM(A; N\ BYR;.
=1 k=1
Now suppose that the integrals (3) have been defined so as to sat-
isfy (9.3) and other similar requirements we might impose. Then it
would be natural to define the space £; of (2) by

9.5 &£ = {<I>:<I’f'is on A to WoW & f SA)*M (d\)B(N) exists} .
d A

Since the adjoint ®(\)* of ®(\) is in WoW’, the last integral is in
CL(W’, W'); thus we are taking W'’ = W’. Now a crucial property of
£ in the classical case, viz. W =W = C & M =u, is its Hilbert spaced-
ness under the inner product

(@0, = [ BT,

d

and the everywhere-denseness of the C-valued, ®q-simple functions
in it. For higher dimensional W’, W the natural analogue of this
inner product is

(9.6) (@, V)i = trace f (dN)*M (d\)B(N),
A

2 Bloe js the o-algebra of sets “locally in ®”, ie. ®lee=4{E:ECA & VBE®R,
ENBER}.
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the trace being finite since the integral is in CL(W’, W’) and W’
is finite dimensional. A measure M would be somewhat unsatis-
factory for our purposes, were £; to be incomplete under the norm
induced by this inner product, viz.

O | 8lu = V(@ B)u = virace f BOV*M (D) ().

It would also be inadequate, were the linear manifold of W/oW-
valued, ®¢-simple functions:
5(A, ®o; W’OW)

9.8 .
©8) 7{ZRkXAkIr%l,RkGW'OW&AkE(BO}
1

not dense in £,. We are thus led to the following criterion for the
adequacy of the measure M:

9.9. CRITERION. A measure M satisfying (9.1)(iii) <s adequate, iff it
allows us to define the integrals (3) so as to ensure (9.3), eic., and to make
the £5 of (9.5) a Hilbert space under the inner product (9.6), having
S(A, ®o; WoW) as an e.d. linear manifold, when functions ®, ¥ such
that |®—V | =0 are identified.

We shall now describe two known types of adequate measures.
Let the measure M of (9.1)(iii) be the indefinite integral of a non-
negative measure; i.e. suppose that

3 @ nonnegative, o-finite, c.a. measure p on & for which ®, = R,
and 3 a function™

loc
M#’(') €L, (Av ®, u; CL(W! W))
(9.10)  such that

vBE®, ME = [ MW@ 5 [ M 00u@,
B

the last being a Bochner integral.
From the properties of the Bochner integral it follows that

Yw, w' E W & VB E B,

(9.11) M By, Wy = [ M7 0w, )wu@y,

% For any Banach space X, we say that FEL:”(A, ®, p; X), iff FisonAto X
and VBE®,, F(-)xa(-) is Bochner integrable on A to X. ®, is as in 2.1(iii).



458 P. MASANI [May

i.e. the measure p,, of (8.5)(ii) is absolutely continuous with respect
to u and

(9.11) Qpowr/dp = (M (-)w, w)w,  a.e.(u).

For measures subject to (9.10) it is natural to define the integrals
(3) by

o1 [wmu@en 5 [ rmumaeuam,

the last being a Bochner integral. Then by (9.5)
PEL, & disonAloWoW, &

(9.13)
®(-)*M) (+)®(-) € Li(A, B, u; WoW').

It is known that

for M as in (9.10), £ defined by (9.13) is a pre-Hilbert space under
(9.14)  the inner product ( , )u when functions ®, ¥ D ] d—-v I u = 0are
identified.

Since W’ is finite dimensional, this follows for instance from [26,
4.7]. But as shown in [21, p. 71], even with W’ = C, £, need not be
complete. A further restriction on M sufficient to ensure the complete-
ness of £, and the denseness of $(A, B,; WoW) in £, is that
(9.15) max. rank M(B) < .
BE®,

This is a simple extension of a result of Rosenberg [44, 3.9, 3.11]. To
sum up, a measure M satisfying (9.1)(iii), (9.10) and (9.15) is adequate
according to Criterion 9.9; for such measures, the integrals (3) are de-
fined by (9.12).

Another kind of measure, which we shall encounter is bounded and
“diagonal” in the sense that

the ® & ®g of (9.1) are identical a-algebras;
VBE®, M(B) = 2 u(B)P;,

jed
where J is a (finite or infinite) set of positive integers, and the series
(9.16)] converges strongly when J is infinite, u; are c.a. probability measures
on & such that
LHEET&E>] = wm<Ly;,
P; are orthogonal projections of rank 1 on W to W, 5
> Pi=1Iy, PP;=0, i,jEJ, i#j.

jeJ
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For such measures the integrals (3) have to be defined by
o1 [romu@en 5 T [ 10raem@),
A jerd A
it being presumed that the pair (®, ¥) is such that
vieJ, V(- )P;®(:) € Li(A, B, p;; WoW"),

and that for infinite J, the series in (9.17) converges strongly. It
follows from (9.5) that

®E Ly, iff ®ison Ato WolW,

vieJ P;o(- Ly(A, B, uj; WoW), &
(9.18) ieJ, ®(-) € Ly My oW)

SON)*P;d(N\);(dN) cgs. strongly.

jer v A

The strong convergence is equivalent to convergence under the norms
|B or | IE, cf. (9.2), since the inregrals are in CL(W’, W’) and
dim. W< «. From (9.6) and (9.7) we now get

V¢I>, ¥ Lo, ((I); ‘I’)M = Z (PJ"CI’O‘% Pi"I'()\))EﬂJ'(d)\)
(9.19) jer A

| @i = > fAlP,--@(A) |5us(dn).

It follows easily that for M as in (9.16) £, defined by (9.18) is a pre-
Hilbert space under the inner product ( , ) of (9.19) when functions ®,
¥ such that |®—¥|,; =0 are identified. But we have not been able
to establish its completeness. We can show, however, that if the u; in
(9.16) are related by the equalities:
vied, () =npAiN )/ e
where p is a c.a. probability measure on ®
MNE® & MCACA=A Y, ECTE>]
& o = r(45) >0,

(9.20)

the resulting £» is complete and S$(A, ®o; WoW) is e.d. in it.2 To
sum up, a@ measure M satisfying (9.1)(iii), (9.16) and (9.20) is adequate
according to Criterion 9.9; for such measures the integrals (3) are defined
by (9.17).

22 The proof will appear in the printed version of [26, Appendix] by Mandrekar
and Salehi, to whom the writer is grateful for discussion and criticism.
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B. We shall now bring these general results on £2,wow to bear on
the space £;,w of (1) by treating it as £;,cow, i.e. by taking W' =C.
To each w& W corresponds S, & CoW defined by

(9.21) Su(z) =sw EW, VziEC.
d

It follows at once that
@) Vo, €W, w=25u1), & Su@)= (@, w)w = (SuSu)(l).

Obviously, the correspondence: w—S,, is a unitary operator on the
Hilbert space W onto the Hilbert space CoW. To dispense ulti-
mately with the cumbersome S, notation, we shall stretch our vector
notation by writing:

Y, w,. EW, & VNE&CL(W, W),

(9.22) . .
way Nwy = (N(w1), wa)w = (SwsNSwy) (1),
where the last equality is clear from (4).

Now let ¢, ¢ be functions on A to W. Then Sy(.), Sy(.) are functions
on A to CoW, and by (9.22) VMEA & VALE®,,

I

SO MAs0) = 3 A0, Y)W

)

{ i Syow - M(AL) 'S¢(xk)} 1).

This equation suggests the following definition:
9.23. DEFINITION. For ¢,y on A to W, the integral [wp*(\) M(AN)p(\)
is said to exist iff [1S)oyM(dN)Ssay exists; furthermore

f Aw(x)*wdx)da(x) - { f ASImM(dx)S¢<n} .

It follows from (9.5) that

& PCE Lo & Sy € Lacow

029 V6 VEnwm  Gvu= [ YOI H@)$0)

| 6]a = v/, D = f SOV M (@S
d A
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In the following theorems and corollaries we list some properties of
functions in £;,w and of their integrals:

9.25. THEOREM. Let

(i) the measure M be as in (9.1)(iii),

(ii) Y, W' EW & VBE®, pww (B) =4 (M(B)w, w')w, cf.(8.5)(iii),
(il) VEE®Ye, [sfN)*M@NSN) =a [axs MY M) *M@NdRN),

(iv) YEE®!ee,

La2,w(E) = {d): ¢ E Low & puanishes,a.e. (M), on A\E}.

Then

(a) when M is adequate, cf. 9.9, £2.w is a Hilbert space and the linear
manifold

S(A,&o;W)—;{ZwkxM: rzl, mEW & A€ B}
1

of ®o-simple functions on A to W is e.d. in L£ow;
(b) Vw,-, wk’ EW & VAj, BkE(BO,

J A Z whon "y (an) { Z ) |

k=1 =1
=202 (M(4;N Bwj,  w)w;
7=1 k=1

(c) VBE®RYe, VA;E®Ry & Vw,EW

[ pUCY { S wpa, Y = X MBA 4,)(w);

J=1 J=1

(d) Vo1, ¢2:ELo,w, (D1, Po)ar = (P1Xs1, PoXs,)nr, where Si, Sz are the
supports of ¢1, ¢2;
(e) Vaz1, E,€®", E, are || & UfE.=E

= Low(B) =2 Low(Fn) & Low(En) L Low(En);

n=1
() Vnz1, E,E®", Eyare|,UfE.=E, & ¢,yELaw(E) =
Ve=1l, ¢,¢&E Low(E,), and

[ voraransm s & = [ s0a@)s0);

n=1
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(8) b in Low, Ge. |dn—|1—0,
— VBE @, ‘ f M@ - [ M(dx>¢»<x)] —0;
B B w

(h) VoonAto C, wp(:)ELw & ¢ELy(A, B, puw; C);
(G) Vo, ¥ on A to C,

wp(-), w¥(:) € Low = S((:) € Li(A, B, pu,w; C);
(&) Yup(-), w¥(-)E L2,

o), wh (e = [ SOt (@)

| we(-) [ = fAl S(N) [2sww(dN).

9.26. THEOREM. Let

(i) the measure M be as in 9.1(iii),

(ii) ¢ be a B-measurable function on A to W,

(iil) ®g=a{B:BER!* & ¢ L,,w(B)}, ¢f. 9.25(iv),

(iv) VBE®y, v4s(B)=a [z dN)*M(@N)().
Then

(a) By is a 8-subring of B, and v44 is a finite (possibly unbounded)
nonnegative, c.a. measure on By;

(b) By=®; =a{B:BEa(®y), & #(B) < » }, where 7 is the Hahn ex-
tension of v44 to the o-ring, a(®y), generated by ®Bgy;

© YE LA, 00,50, f()6() E Lo and
J s @) 1096003 = [ 1709 [otav.

9.27. THEOREM. Let

(i) the measure M be as in (9.1)(iii)

(ii) S be a continuous linear operator on a Hilbert space W' to W,

(ili) VBE®y, N(B)=4S*M(B)S.
Then

(@) N is a W’-to-W', nonnegative, hermitian, operator-valued measure
on ®g, c.a. under the strong operator-topology;

(C) V¢, ‘PEaﬁz(Ar (B) N; W,)

f PN @S0 = 1) v @ [se0).
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9.28. COROLLARY. Let the measures M and p satisfy (9.10) and (9.15).
Then

@) $€Lw & (VM ()}e()ELWA, &, u; W);

(b) V6, ¥E Lo, @ m = [ QL )80, YO

[obe = [ V(2003600 rutan;

(c) VOE Low & VBE®,, [sM@NN) =M, NdMN)p(dN);
(d) Y6E Low, () =Tu(){8()},

where J,(\) is the projection on W onto i o).

The next result is obvious from (9.18), (9.19) and (9.24) despite
the inadequacy of M:

9.29. TRIVIALITY. Let the measure M of (9.1)(iii) satisfy (9.16). Then
(@) pE Low, iff PpisonAto W,

Vi€ J,Pip(+) € Lo(A, B, ujs W)

& [ | 2o @) < s

jeJ

(b) Vo, ¥ E Lo, (6, W) = 2 A(ijs(x),w(x))wuj(dx)

ol = 3 [ 1 2ot fustan.

Finally, we must record for Besicovitch spaces the following
theorem on the differentiation of Bochner integrals:

9.30. DIFFERENTIATION THEOREM. Let

(1) (A, ®) be a Besicovitch space with respect to the nonnegative,
o-finite, c.a. Borel measure u, and Ny stand for standard neighborhoods
of N\, ¢f. 2.5;

(ii) the measure M be related to . as in (9.10);

(ifi) o= {)\:)\Ga(u) &

lim
Na—A

M (N)p@N) — M ()

B=0}y

#(V2) J
a(u) being the spectrum of u,
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(iV) v¢ E £2,

A = {)\: AE () &

MM)memmmm—memL=¢.

Then (a) A\AOE(B & M(A\Ao)=0;
(b) VoS, A\AER & u(A\Ag)=0.

m
NA-\

10. Integration with respect to c.a.q.i. measures
In this section

(i) 3¢ is any Hilbert space and W a separable one, both over C;

(ii) ® s a o-ring over an arbitrary set A;

(iii) M is a W-to-W, nonnegative, hermitian operator-valued
measure on a sub 8-ring By of ®, c.a. under the strong

(10.1) operator topology;®

(iv) Lo.w=daLle(A, ®, M; W) is a pre-Hilbert space in which the
linear manifold S(A, ®o; W) of ®o-simple functions on A
to Wised.;

(V) Lo.w is the completion of the pre-Hilbert space £2,w;

(vi) T s a W-to-3C, c.a.q.1. measure over (A, ®o, M).

In view of its length we have divided this section into 7 parts labeled
Al B1 C1 Dy E, F, G.

A. Our first objective is to define for each ¢ in £, % the integral
JaT(@N)$(N), in which the operator-valued measure 7(+) acts on the
W-vector valued integrand ¢(-),* so that it will have the following
properties:

(=) [ r@em € x
A
(10.2)
(b) ( f T@e), f AT(dk)xl«(k))gc = (6 ¥u,  of. (9.24).

We single out these properties because they entail all the others our
integral possesses, as the following lemma makes clear:

10.3. LEMMA. Any integral [4T(dN)p(\) defined for all functions ¢ in

28 B, =®, when M satisfies (9.10), and Bo=® when M satisfies (9.16).
2 A more accurate notation would be [AT(d\) {¢(\)}.
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a linear manifold 8 of L2,w, and having the properties (10.2) has the
following properties: Vo, ¢, $,<8 and Va, bEC,

(a) | /AT @M |5 = ||

(b)® if for EE®Y, [eT(@NSN)=afsT@N){oN)xz(\)}, then
VA, BE®e,

( fAT(dx)qs(x), fBT(dx)xb(x))ac

= @xayxaw = | YO M@0,
(©) [xT@N){apM)+op N} = afaT(@)dN) +b/sT@NYM),

(@) | [aT(@NdnN) = [T (@SN |5c = | dn—n] i1,

©) pa—d in Lo, iff [aT@N)P.A\) — [1T (@A) in 5.

We omit the proof, as this closely resembles that of the correspond-
ing result [30, 5.3] for c.a.o0.s. measures.

We shall now define the integral in two steps, following the pattern
for c.a.o0.s. measures [30, §5]:

10.4. DEFINITION (STEP 1).2% For ¢ E8(A, ®o; W), say b= D 1w0xXass
where wy,EW, ArE®y,

J r@sm 5 T 167 (whe) =5 1049w,

wE(R¢

A simple computation shows that
(10.5) V¢ES(A, Bo; W), f T(@\)o(\) has the properties (10.2).
A

Consequently it has all the properties 10.3(a)—(e). Now let ¢ & £2,w.
By (10.1) (iv) there exists a sequence (¢»); in S(A, Bo; W) such that
¢n—¢ in £2,w. This sequence is Cauchy in £ and therefore by
10.3(d), the sequence (faT(d\)$pn(\))n-y is Cauchy in 3¢ and so has a
limit x in 3C. Furthermore, if (¢,)¢ is another sequence in $(A, ®o; W)
converging to ¢ in £, then ¢,—y¥,—0 in £;,w, and therefore by
10.3(d)

f T@)6.0) ~ fA T(d)x)zp,,()\)‘gc — 0, asn—wo.

% Recall that ®'es is the s-algebra of sets “locally in ®”, i.e. o=, {E:ECA &
VBE®, ENBEB} 2@.

2 Recall that S(A, ®o; W) denotes the set of By-simple functions on A to W, cf.
9.25(a).
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This shows that the limit x depends only on ¢, and not on the approxi-
mating sequences. The following natural definition is thus unequivo-
cal:

10.6. DEFINITION (STEP 2). For a ¢ in £a,w, which is not ®e-simple,
[ r@ye0 5 1im [ T@8.),
A n— o A

where (P.)1 1s any sequence in S(A, Bo; W) converging to ¢ in L.

From (10.5) and 10.6 it follows easily that our integral has the
properties (10.2), and so by 10.3, the properties 10.3(a)—(e) as well.
Introducing the spatial integral

o [ 1@ 5 { [ @60 s€sun,

we may sum up its properties in the following theorem:

10.8. ISOMORPHISM THEOREM. The correspondence Zr: ¢—[aT(@N)pN)

15 a linear isometry on the pre-Hilbert space Ls,w onto the linear mani-
fold [AT(a\)(W)Cse.

10.9 COROLLARY. (a) cls. [aT(dN)(W) =S8z, the subspace of the mea-
sure T(-). For adequate M, cf. 9.9 & 9.25(a), [aT(d\)(W)=8r.

(b) If the measure T(-) is 3C-basic, then cls.[oT(dAN\)(W)=13C. If,
furthermore, M is adequate, then [A\T (A\) (W) =3¢, i.e. roughly speaking,
3C is @ “continuous sum” of orthogonal “differential subspaces” obtained
from the wandering space W, cf. 8.6(a).

ProoF. (a) Let x&[4T(d\)(W). Then by Defs. 10.4, 10.6, x is a
linear combination Y_; T'(4)(we), AxE®o, wiE W, or a limit thereof;
hence x&87. Thus

) f T@W) S s &so . f T@W) C s

To prove the reverse inclusion, note that by 10.4 & (10.7)
VBE G & Yo E W,
B)@) = [ 1@ e} € [ Tam,
A A

27 The notation f A T(@N) (W) for the set of all convergent vector integrals
f A T(@n) {q&(k) }, where ¢(\) EW, is a reasonable extension of the standard notation
Z:,OT"(W) for the set of all convergent vector sums Z:_,,T"{ #(k)}, where ¢(k) EW
and T is a single operator. The term “spatial integral” seems to be more appropriate
than the term “direct integral” used previously in [28, §6].
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and so

vEE G, TBW) C [ @)W,
Since the last set is a linear manifold, it follows that
(2) $r = S{T(B)(W):B € G} S cl. f AT(dA)(W).

(1) and (2) yield the first equality in (a). The second follows when M
is adequate, for then the domain £, of the isometry Zr of 10.8 is a
Hilbert space, and therefore its range, [4T(d\)(W), is closed in 3C.

This establishes (a). (b) follows trivially.

Thm.10.8 and Cor.10.9(a) subsume the Isomorphism Thm.2.3 for
c.a.0.s. measures. Indeed, the latter emerges on taking W= C and
M =u. But even for the most general W the precise connection be-
tween the concepts of integration with respect to c.a.q.i. and c.a.o.s.
measures is easy to state:

10.10 Triviarity. Let (1) VYwEW, E,(:)=aT( ) (@), Muwu(+)=4q
(M()w, w)w cf. 8.5; (ii) pE La(A, B, puww; C). Then

[ r@)tsme} = [ s,
A A

Proor. Write v for gy, and first let ¢ be ®,-simple, say ¢ = Z{ CEX A
aEC & ArE®,. Then

) 7@ {o0)u) = S T(A)we) = 3 cko(4r)

(1)
= [ s0ota@v.

A
Next let
2) ¢ = lim ¢, in Ly(A, B, v; C) & ¢n be ®p-simple.
Then by 9.25(k)
3) | wp — ol = [ [60) = a0 (@),

A

It follows from (2), (3) that w¢ =limp., wd, in £2,w, and hence by
Thm. 10.8, (1) and (2)
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) 7@ {ws0)

7n—> 0

lim | T(d\){wé.(\)}
A

tim [ gE@)= [ 608,
A A

n— 0

10.11. CorOLLARY. The correspondence between the W-to-3C c.a.q.1.
measures over the same (A, ®o, M) and the induced isometries on Lo.w

to 3¢ given by 10.8 is one-one; i.e.

Zp, = Zp, = T1(-) = Ty(-) on®,.
Proor. By Thm.10.8 and Def.10.4, VAE®, & YwEW,

Zr(w xa(") = ff«(dk){wu(x)} - (@), =12

From this the desired implication clearly follows.

B. Our next objective is to show that every isometry Z on £.,w
into 3¢ hails from a W-to-3C c.a.q.i. measure in the manner of Thm.
10.8. This hinges on the following two lemmas which are clear gen-
eralizations of our [30, 5.14] and 2.8:

10.12. LEMMA (EFFECT OF AN ISOMETRY). Let
(1) V be an isometry on 3C into a Hilbert space 3¢/,
(i) YAE®, R(4)= Vo{T(4)}.
Then
(@) R is a W-to-3¢’, c.a.q.1. measure over (A, ®o, M);

B) VE Lo, V { [ AT(dx)qb(m)} - R0,

Proor. (a) Let AE®,. Since T(4) and V are continuous linear
operators on W to 3¢ and on 3¢ to 3¢/, therefore

R(4) is @ continuous linear operator on W to 3¢'.

Also, since V is an isometry, therefore VA, BE®, and Yw, w' EW,
(R(A)w, R(B)w)ger = (T(4)w, T(B)w')ge=(M(ANB)w, w’')w. Hence
(a).

(b) is easily verified for ®¢-simple ¢ on A to W, and thence, since V
is an isometry, by the usual limiting argument for any ¢ € £2,w.

10.13. LEMMA (INDICATOR C.A.Q.I. BASIC MEASURE FOR £;,%). Let
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VAE®: & YwEW, {M(4)}(w)=awxa(-).?
Then, cf. (9.1)(v), _
(@) M,(-) is a W-to-Ls,w basic, c.a.q.i. measure over (A, Bo, M);

) Vé € Lom, f M@0 = 6().

Proor. (a) Let 4, BE®, and w, w' & W. Then to prove (a) we have
only to show
o) wxa(*) € L2.w,
(2 (M (4)(w), M(B)(w:)) 2, = (M (A N B)(w), w)w,
and
@) V6 E Low, ¢ E Suy
Now since 4 E®y, which is the domain of M,

wou(4) = (U(A)(w), w)w = |{VM)}@) [ < .
Hence x4 & Ly(A, ®, pww; C), and (1) follows by 9.25(h).
Next by 9.25(k)
LES(2) = (s, whaC- o = [ a0 @)
= pwuw(4 N B) = (M(4 N B)w, w)w.
Finally, to prove (3), note that it holds for ¢ ES(A, Bo; W), since

o) b= X, = 3 MA@ € Su

But by (10.1)(iv) such functions ¢ are e.d. in £,w, and therefore they
(or rather the corresponding elements [¢]) are e.d. in £,w. Hence
(3) holds for any & in £2,w.

(b) Let ¢E8(A, ®o; W), say ¢= 2 1 wixa,. Then by Def.10.4
and (4)

) @600 = ?.MX(A,‘)(wk) -0

28 This definition of My(+) is perfect when £, is a Hilbert space, i.e. when the
measure M is adequate. In the general case we should, strictly speaking, write
[wx,(-)] on the RHS of the defining equality, with the stipulation that [#(-)]
denotes the element in £aw corresponding to ¢(+) in Law. Here and in similar
situations below we shall identify ¢(-) and [¢(-)].
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Thus the equality in (b) holds on the linear manifold $(A, ®o; M).
Since by 10.3(iv) this manifold is e.d. in £, the equality holds
throughout £2,w.

10.14. THEOREM (A CONVERSE OF THM.10.8). Let

(i) = be an isometry on £a.w into 3¢,

(ii) = be the isometric extension of = on £a,w to 3,

(iii) VAE®o, R(4)=a So{M(4)}, where M,(-) is as in 10.13.
Then

(a) R is a W-to-3C, c.a.q.1. measure over (A, By, M);

(b) =2z, i.e. VOELow, Z(@) = [aR(AN)S(N).

Proor. (a) follows from 10.12(a), since by 10.13(a) M,(-) is a
W-to-£a,w, c.a.q.i. measure over (A, ®o, M), and £ is an isometry on
L2,w into 3.

(b) Let ¢ E L2,w. Then

J ravey -z { fAM,x(dx)w)}, by (i) & 10.12(b),

=2(4), by 10.13(b),
=3Z(¢), since £ = 2 on £,,w.

C. To simplify our enunciations we shall now assume that the
measure M of (10.1)(iii) is adequate according to Criterion 9.9. Then
by the Isomorphism Thm.10.8 and Cor.10.9(a) to each x&3C there
corresponds a unique function ¢,E £2,w such that Pg,(x) =Z¢(d,)
and so

(10.15) 6o = 31 Psg(x) = 21 (%)

This brings up the question of finding ¢,(-) for a given x&3¢. The
corresponding question for c.a.o.s. measures is answered by our
Projection Theorems [30, 5.10] and 2.6. The analogues of these
theorems for c.a.q.i. measures emerge from the following result:

10.16. THEOREM. Let the measure M of (9.1)(iii) be adequate. Then

(2) VBE Bo& Vo € Lo, T(B)* { f AT(dA)qb(x)} - [ w@vem.

®) VBEE G & VeER, &(B)3 T = [ M@ [k},

ProOF. (a) Case (i). Let ¢ be ®¢-simple, say
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¢=ErkaAg, w, E W & 4; € B
1
Then by Defs.10.4 & 8.2(iii), VBE®,
B)* = 3 M(B M Ap)(wy).
1@y { [ T@eo} = a0 ad
Also, by 9.25(c),
[ M@ fo0)) - S MBA A ().

Case (ii). Let ¢ =limu.y dn in L2,w, where ¢, are ®o-simple. Then
using in succession Def. 10.6, the continuity of the operator T(B)¥*,
result (a) for Case (i), and 9.25(g), we get

1@y { [ Ty

7(e)* { lim AT(dm(x)}

n—

- tim 75)* { [ T@ve}

n— 0

n— 0

= Hm | M@\)é.(\)

- f MA)6().
Thus (a).
(b) Let x&€3¢ and BE®,. Then
¢a(B) = T(B)*{Psy(x)}, by (8.10)
= T(B)*{Zr (¢.)} by def. of ¢,
- M @)6.0) by (a)

- fBM(d)\){E; @) by (10.15).

The penultimate equation in the last proof shows that in a sense
¢, is the Radon-Nikodym derivative of the W-valued, c.a. measure {,
with respect to the W-to-W operator-valued measure M(-), and we
could write:

(10.16) Zr(2) = ¢, = [(@M) ~1d¢,).
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This statement corresponds to the Projection Theorem [30, 5.10] of
c.a.0.s. measure theory. It is convenient, however, to reserve this
title for the following more useful version obtainable from (10.16)
when the measure M is the indefinite integral of a nonnegative mea-
sure:

10.17. ProjecTION THEOREM (FOR M As IN (9.10) & (9.15)). Let
(i) the measures M & p satisfy (9.10) & (9.15),
(i) Vx&3e, ¢.(-) be the unique function in Ly.w such that

Psy(x) = fAT(dA)q)z()\),

(iii) x€3, & YBE®,, t=(B)=aT(B)*(x).
Then
(2) MY () {pa(-)} = dbo/du(-);
(b) when M(:)=u()I,  ¢.(-)=dt./du(-).

Proor. (a) By Thm.10.16(b) and Lma.9.28(c), VBEB,,
£(8) = [ a@yem = [ 10 {s00}uan,

from which (a) is immediate.
(b) follows, since M) \)=1I, when M(:)=pu(-)I.

If, further, (A, ®) is a Besicovitch space with respect to u, the
formulae in 10.17 provide recipes for finding ¢,:

10.18. ProJECTION THEOREM (FOR BESIcovITCHA & M As IN (9.10)
& (9.15)). Let

(i) (A, ®) be a Besicoviich space with respect to the nonnegative,
a-finite, c.a., Borel measure u, and N\ be a standard neighborhood of \,
¢f. 2.5,

(ii) xE3¢, and M & ¢, be as in 10.17(1) &(ii).
Then

(a) MMMM=M{

NA—\

R T(N x)*(x)} , a.e (u)onA;

(b) in case M(-)=u(-)I,

m®=m{

NaA—\

A T(N;‘)*(x)} , a.e. (u)on A.

Proor. (a) Let {, be as in 10.17(iii). Then as in the last proof
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VBE®,, {(B)= fBM,"(A){m(x)}u(dw.

Since M,.'(-){d)z(-)}ELll”(A, ®, p; W), (a) is immediate from the
Differentiation Thm.9.30(b).
(b) follows, since M, \) =1 when M(-)=pu(-)I.

The following result is of some interest.

10.19. CorOLLARY. Let
(i) be as in the last theorem,

(i) M(-) = u(),
(iif) AE o) & Ly = slim T*
3 YO mon w(in)

Then L, is a continuous linear operator on 3C to W, iff {)\} is an atom
of u, t.e. ,u{)\} >0.

Note. Thus Ly will in general be a discontinuous linear operator,
and dom.(Zy) CJ3c.

Proor. For a (fixed) NEg(u), let L, be continuous and
dom.(L)) =3¢. Then

LY is a continuous linear operator on W to 3.

Hence YwEW & Vx&E3C,

N *
(5, L2@))se )

(L(x), w)w = lim (”(N)‘) (x),w)w

Ny—-\
. ( T(N)\) ) . ( Ew(Nk))
lim |, (w)) = lim (=, ,
Na— w(N)) 3 Ny-a u(Ny) /e

£,(-)=a4T(-)w s a 3C-val., c.a.0.s. meas. over (A, ®, |wl'*’u(-)).

(1)
where, cf. 8.5(a),

]

By (1) wlim £,(NVy)  exists & = Lx(w).
Ny—»\

Hence by [30, 6.6] u{\}>0.
Next let /.z{)\} >0. Since ;;.(N)‘)-—)p.{)\} and so by 8.5(e) T(NVy)
—T{\} under the Banach norm | -| 5, it follows that as Nx—\,

Ty _ T{ T@* T
(VY wir} u(NV>) r{n}
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under the norm | - | 5. Thus
T{\}*
Ly = ——— = a continuous lin. oper. on 3 to W.
u{r}

D. At this stage it is convenient to revert to the case in which the
measure M is subject to 9.1(iii) alone, and to comment on the notion
of indefinite integral of a function ¢ in £,, with respect to our c.a.q.i.
measure 1°(+):

10.20. DEFINITION.
(a) Yo E L2,w, the 3C-valued set-funciton 0,(-) such that (cf. 10.3(b))

VE € ®l°°, 04(E) = f T(d\)e(\)
E
s called the indefinite integral of ¢ with respect to T.
(b) Vo, Y& Lo w, the C-valued set-function vg,y such that
VEC B,  v54(E) = (0,(E), 6y(E))ge
s called the covariance measure of 0, 0.

10.21. TriviALITY. Let ¢, ¢ E Lo,w. Then

() vg,¢(+) is a bounded, complex-valued, c.a. measure on the o-algebra
®'°°; and vq,4 1S nONNEZQLive;

(b) 04(-) 2s a bounded, 3C-valued, c.a.o.s. measure over (A, B¢, vy 4);
(c) 04(-), 04(-) are biorthogonal; more fully:

VA} B & (Bloo’ (0¢(A)) OW(B))GC = V¢.¢/(A N B)-
Proor. (a) Let 4, B, EE®!°. Then by 10.3(b)

1 (04(4), 0y(B))ge = YA)*M (@) o).

ANB

On setting 4 =B =E, this becomes

© resl®) = [ YOV M@0,

from which (a) is immediate, cf. 9.25(f).
(b) & (c). Combining (1) and (2), we get
(0¢(A)7 0%(3))5(3 = P¢,¢(AmB),

which yields (c); and on setting ¢ =¢, (b) follows.
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From the fact that the measure 8, is c.a., it follows that

Vi1, E, € ®°, E, C Enp1 & U E, = E
(10.22) '

= V6 € muw, Tim [ 7@ = [ T80,
E

n— o E,

From the fact that the measures 0,4, 6, are biorthogonal, it follows
that
A,BE G & 4||B =

(10.23) vove e [ T@em L [ T@n0).

Extending the notion of spatial integral given in (10.7) by letting
w2 veewn [ 7w 7 { [ 1@6m: o€ sarh,
E B

it follows easily from 10.3 that the [z7(d\)(W) are linear manifolds
in 3¢. Concerning these we have the following result:

10.25. THEOREM (DECOMPOSITION OF SPATIAL INTEGRAL). (a) Let
Va=1, E.E&®", E, be ||, and Uy E,=E. Then

0

) @) = 3 Tanm, fE @) L [ T@)W);

n=1
i.e. letting M(E) =cls.[sT(@\) (W), M(+) is a c.a.0.5. subspace-valued
measure on ®°° for the Hilbert space Sr.

(b) Let VEES®°, Q(E) be the projection on Sr onto M(E). Then Q(-)
is a spectral measure on ®'°° for the Hilbert space Sr, and

V6 E Lam, Q(E){ fAT(dwo\)} - [ z@vso.

(c) The isometry Zp: ¢—[aT(AN)GN) on Lo.w onto [1T(@N)(W)
carries the operation M,, of multiplication by xg into the projection

Q(E), i.e.
-1
VE € &, Rstr.s pany r@(E) = Zro My o027,

Proor. (a) The orthogonality relations in (a) are clear from (10.23)
and (10.24). The equality in (a) follows from these relations, the
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c.a.0.s. nature of the measures 6, cf. 10.21(b), and the equality
Lo.w(E) = D 1 L2,w(En.) noted in 9.25(e).

(b) The spectrality of the measure Q(-) is clear from (a). Next,
let EE®!° and ¢ € L2,w. Since

I} T@)60) € ()

and

[ r@vem = [ r@vem) = [ r@neey 1 s,
A E A\E
the equality in (b) is immediate.

() VEC®* & Y6 Lo,

(o) o 2:)(0) - (B fAT<dx>¢<x)} - [ z@ve

= [ 1@, 0) = @ro 1)@,

Thus, Q(E)oZr=ZroM,,6 on £ w. Since Zr is an isometry on
£2,w onto [4T(d\)(W), the required equality clearly follows.

The concept of indefinite integral can be extended: with any ®-
measurable function ¢ on A to W we can associate a c.a.0.s. measure
05 and we can convert any integral with respect to this c.a.o.s. mea-
sure into one with respect to the c.a.q.i. measure 7. This is shown in
the following theorem:

10.26. THEOREM. Let

(1) ¢ be any ®-measurable function on A to W,

(ii) B4 and v4y be defined as in 9.26(iii), (iv),

(ifi) VBEGy, 05(B) =a [sT(@N) {6N)xz(N) }-
Then (a) 04 s a 3C-valued, c.a.0.s. measure over (A, o(®o), #), where v is
the Hahn extension of vy to the o-ring o(®,) generated by B4;20

B YELM )50, [IH)E tow &
[ 1@ = [ Ty ir09e00}.
A A

ProoF. (a) We have to depart a little from the proof of 10.21(a).
VA, B E®,, i.e. cf. 9.26(b), VA4, BE®;, we have

2 We recall, cf. 9.26(a), that v, is a finite (possible unbounded) nonnegative, c.a.
measure on the &-ring B,.
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©6(4), 86(B))sc = (éx) x50 by (10.12)(b)
= [ xans )60 M (@800, by (9.24)
A
= 5ss(A N B), of. 9.25 ().

(a) follows from this by Def.2.1.

(b) Let f & Li(A,0(®y),7;C). Then as asserted in 9.26(c),
F()()ELe,w. Next, the equality in (c) is easily verified for ®&;-
simple f, i.e. cf. 9.26(b), for ®4-simple f. For an arbitrary f&
Ly(A, 0(®y), 7; C), we consider a sequence of ®4-simple functions f,
converging to f in the topology of this Hilbert space. The correspond-
ing sequence (fu.p»); then converges to f¢ in the pre-Hilbert space
£2,w, and the desired equality easily follows.

E. We turn next to the c.a.q.i. measure induced by a transformation
of the measure-space A or of the Hilbert space W. The following result
is obvious:

10.27. TriviaLITY. Let
() T be a W-to-3C, c.a.q.i. measure over (A, ®o, M),
(ii) 0 be a function on A into a space X,

(i) &={B:BCA & ¢'(B E®}, M= Moo

B ={B:BC A & 67(B) € ®}.

|

Then To 06— is a W-to-3¢, c.a.q.i. measure over (A, Go, ).

10.28. THEOREM (SUBSTITUTION RULE). Let (i)—(iii) be as in 10.27,

@iv) Saw = Ly(A, ®, IT; W).
Then
(a) ¢E Low iff ¢o8 & Law;
() [ (Ta)(E0) = ] 7@},

in the sense that if either integral exists, then so does the other, and the
two are equal.

Proor. This is proved first for ®¢-simple functions ¢, and then by
the usual limiting argument for any $ & £2,w. As the proof parallels
that of [30, 5.19], we omit the details.
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For transformations of the space W we have the following result:

10.29. THEOREM. Let
(1) S be a continuous linear operator on a Hilbert space W' to W,
(i) VBE®y, R(B)=T(B)oS, N(B)= S*oM(B)oS.
Then
(@) R() is a W'-to-3C, c.a.q.i. measure over (A, ®o, N), ¢f. 9.27(a);

(b)  WELMGN; W), S} ELw &
J raww = [ ranistvoll

Proor. (a) In view of 9.27(a), the result (a) is clear from the
equality,

VA, BE ®, R(B)*R(4) = S*T(B)*T(A4)S = N(4 N B).

(b) Let yEL2(A, B, N; W)= L2, w:. Then as asserted in 9.27(b),
S{Y(-)} ELsw. Next, the equality in (b) is easily verified for
YES(A, Bo; W’). For an arbitrary ¢ € £2,w+, we consider a sequence of
functions ¢, in $(A, ®o; W’) converging to ¢ in the topology of this
pre-Hilbert space. The corresponding sequence (S {;b,.(-)}){o is then
in $(A, ®; W) and converges to S{y(-)} in the pre-Hilbert space
£q2.w. From this the desired equality follows easily.

Note. By extending our notion of spatial integral (10.7) to cover
subspaces W, of W, viz.

f AT(d)x)(Wo) = { fTT(dX)qb(k): LA £z.wo} )

we can assert that in 10.29
f R@N(W') = f T(d\) {cls. Range S}.
A A

F. Our treatment so far has been basis-free. But when a basis for
W is given, it is sometimes useful to formulate our results in terms of
the action of the c.a.q.i. measure 7°(-) on the basic vectors of W. For
instance, the expression in 10.18(b) for ¢.(-) when M (-)=u(-)I and
(A, ®) is a Besicovitch space takes the following form:

10.30. COROLLARY. Let

(i) A, ®, u, Ny be as in Thm.10.18,
(ii) M(-)=p(-),

(iii) (wj, JEJT) be an o.n. basis for W,
(iv) vied, &()=T()w,), cdf. 8.5.

Then Vx&3C & VAEA,,, cf. 9.30(iv),
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6:(0) = X lim (x i@l)mw

jed Na—a p(Vy)
Proor. In view of (iii), we need only show that given j in J,
£i(h)
T ()

1 (¢:(0), wi)w = I&im (x

A=A

) ,  VAE A,
3

But by Thm.10.18(b)

(2 ¢:(\) = lim

o T(NN*(%)5

and obviously,

@&QNMW””»W=GuAm”MW”L

© (s

(1) clearly follows from (2) and (3).

We shall now show that given an orthonormal basis for W, our
c.a.q.i. integral [4T(@\)¢(\) can, in a large number of cases, be ex-
pressed as a sum of c.a.o.s. integrals derived from the basis:

10.31. THEOREM. Let
(i) the measures M & u satisfy (9.10) & (9.15),
(ii) ¢ E L, w be such that l\/Mn,(')IB|¢(')|W € LA, ®, u; C),
(iii) (w;, jEJ) be an o.n. basis for W,
(iv) vieJ, &) FTC)ws), mi(-)5 (M) (w)), ww.
Then

(a) vje"s (¢()yw1)W€ L2(A; (B) Mis C)»
(b) ¢ = 2 (6(-), w)ww; in Law;®
jer
© [ 1@ew = T [ 60, wiwtia) in s
A jeJ Y A

Note. The restriction on M imposed in (ii) will be automatically
fulfilled for all ¢ in £,,w by a large class of measures M, e.g. for
M(-)=p()I.

Proor. (a) By (9.11)

# [e.VE>O0,finite J.CJT D JCJoCJ & Jofinite
= [Liesn@(), wiww;, — ¢()|u < e
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@ [ 160, ww'w@) = [ 1600, ww |01 0w, wwa(an.
A A

But ¢(\) being in W, it follows from (iii) that

@ o0 = T 0, whwe; & |60 [w = T | 60, wd), "

jeS jeJ
Hence
| 60, 89 [w < | 6N [
also,
| 1 Wy w) | = | VI ) |7 = | VIO [3
It follows that the integrand on RHS(1) does not exceed
ENEARZ AN

hence by (ii) the integrals in (1) are finite, as required for (a).
(b) V finite JoCJ, we have cf. 9.28(b)

[6(:) — 22 (@(-), w)ws|a

JET,
fA

© = [ wooui@n, say.

2

u(dr)
w

VML) {m) ~ T 60, w,->ww;}

JE€J

From (2) it follows that
4) VA E A, Yr,(A) =0, asJo,—J.
Also, from (2)

G) o) = X (60, wws|w = | o) |[w — X | (6, wi)y |

J€Jy jeJy

and hence,

0=, = | VMM |3 {l oM [w — X | (), ) Iiv}

(6) < [ VMW 3] o) [

From (4), (6), (ii) and Lebesgue’s Thm. on Dominated Convergence,
it follows that
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f PrOR(@) =0,  asJo— 1,
A

i.e. by (3) that
o= 2 (&), www;  in Lo

J€Jo

(c) From (b) and Lemma 10.3(e) & (c) we get

J r@vem = 1 [ 7@y { T 6o, whw,}
A Jo—J

J€Jg

= lim f T(@\) {(6(N), w;) ww;}

JoJ jes,

= lim Y, A(«'lz()\), wy)wki(d\)

Jo—J jed,
=2 60, w)whi(an),
JjeJ

where the penultimate step follows from 10.10.

The corresponding result for measures subject to (9.16) and (9.20)
is as follows:

10.32. THEOREM. Let
(1) the measures M & p be as in (9.16) & (9.20),
(ii) Vj&J, B; be a unit vector in Range P;,
(i) vieJ  &(-)=aT(-)(B).
Then
@) ViET, &(-) isa JC-valued c.a.0.s. measure over (A, ®, u,);
(b) Vj, kejrj;ék7 .LSE,,,
(c) VBE® & YwEW, T(B)(w)= D jes (w, B)wti(B);
(d) VBE® & Vo Low

J 1@ = T [ 6, sywtav;

jeJ

(e) Vo & L2,w, the measure vyy defined in 10.20(b) s absolutely con-
tinuous with respect to u, and

dll¢¢

( =2 | P{e)} |y —xu(‘) € Li(A, ®, u; R).

jeJ a;

PRrOOF. (a) is clear from 8.5(a), since by (9.16)
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(1) M©)Bi) = wi(-)B; &so (M(-)Bj Bw = wmi(-).
(b) follows, since by (iii) and (1),
(&i(4), &(B)) = (M (A N B)B;, B)w = pi(A M B)(Bj, Br)w,

and therefore £;(4) L £(B) for j=k.
(¢) By (ii), (B, J&J) is an o.n. basis for W, and T'(B) is contin-
uous. Hence

T(Bw = T(B) { > (o, m)m} = 3 (w, 8)L(B).

jeJ keJ
(d) Let ¢ € Lo, w. We first assert that
@ ‘_; @), B)wbs — () in Law, asn— w.
For denote the sum on the left by S(-). Then by 9.29(b)
[60) =52 i = [ 1600 = 5,00, 8w i@

JjeJ

=2 | | @O, 8w | ui(dn).

>nY A

The RHS—0, as n— «, since by 9.29(b)
S 160, 8w us@) = | ¢la < .
JEJ Y A

Thus (2).
Now let ¢ & £2,.w and BE®. Then by (2)

i (- )xs(:), BwB;i — ¢(-)xa(:) in Lsw, asn— .
It follows from 10.3(e) and 10.10 that
[ e = im [ 7@y { Z 60ra), s}
B n— o A

j=1

= tim 2 [ 60, 8w

n—ro0 51 B

=2 B(qso\), Bi)wi(dN).

JjEJ
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(e) Let & Lo, w and BE®. Then by 10.20(b), (d), (b) and the
Pythagorean identity

2
v44(B) = "

[  T@)e0)

>

jeJ

I

2
3

J oo, sy

= 5 [ 160, o 'usan, by (a)

jeJ

2 1
= 3 [ 160, 83wl —x,0u@) by 020)
B aj

jeJ

= Z ij()\)y(d}\), say.

jeJ

It follows from B. Levi’s Thm. on integration of monotone sequences
that

() ELA, B, u; R) & wse(B) = fB {ij(x)} (@N).

jeJ JEJ

From this (e) clearly follows.

G. Finally, we shall consider a result needed for vectorial L,-trans-
form theory. It shows how any ordinary Ls-valued, c.a.o.s. measure
generates a W-to-£2,w, c.a.q.i. measure in the fashion of Lma. 10.13.3

10.33. THEOREM. Let
(i) W be a complex Hilbert space,
(ii) w be a nonnegative, o-finite, c.a. measure on a s-ring & over a set A,
(iii) L2,c=Ls(A, @, p; C), Low=L(A, ®, pI; W),
(iv) £ be a £2,c-valued, c.a.0.s. measure over (Y, &, v), cf. 2.1, 2.7,
(V) VAES, & YwEW, {My(4)}w) =awka(:).
Then
(a) M;is a W-to-L2.w, c.a.q.5. measure over (Y, &, vI);
(b) Vo E £2(Y, F,»; C) & VwEW, [rM:(dy) {wd(®)} =w/rd()Eas;
(c) M; is W-to-Lo.w basic, provided & is £s,c basic;
(d) Vo& Low & VAES,, 5«1_()¢() € L, & um; W), &

# But 10.13 is not a corollary of 10.33, for in the latter we are imposing the restric-
tion M(-)=u(-)I. This severe restriction of course makes £s,w a Hilbert space.
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(M(4)}* @) = an‘(x‘)qb(x)u(dx),

where the last is a W-valued Bochner integral.

Proor. (a) Let 4, BEF, and w, w' & W. Then by (iv) £4(-)E L2.c
and so by 9.25(h) w&s(-) E L2,w; also obviously

1) M(A) is a continuous lin. oper. on W {o £4,w.
Next, since £, is as in (iii),

(M A)} ), (M(B)} @))ne = @Ea(-), WEs(-))ar
-f (@Ea0), W) @)

= (w, w)w(ta, EB)s, ¢
(2) = (w, w)wr(4 N\ B), (by (iv))

By (1) and (2) we have (a).
(b) Let w&W. Then VAES,, wts& L2w and from (iv) we see at
once that

3) wE is a L2, w-valued c.a.0.s. meas. over (2, F, | W |2v).

Also, by Triv.10.10,
(4) V¢ E Ly(Y,5,v; C), f M(dy) {wd(3)} = f o) {wta ).
Y A

Now if ¢, is F,-simple, say ¢n= 2 1 kX4 ArETF,, then cf. [30, 5.4]

© [ e {wtal = S afutat = [ 0t
Y 1 Y

Next let

6) ¢ = lim ¢, in Ly(V, &, »; C),

where ¢, are F,-simple. Then obviously

) ¢ = lim ¢, in Ly(Y, 5, | w|%, C).

n—> 0

Hence

f 90 (wta) = lim [ n0)(ut) by (D & @

n— o

- limw f O By ()

n—> 0

® X7 60t by (6) & (iv).
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Combining (4) and (8) we have (b).
(c) Given that 8;= £y,c, we have to show that § u;=L2,w. But by
Lma. 10.13(a)

Low = Su, = S{M,(B)(W): B E ®,}
= &{wxs(-): w EW & B € ®,}.
Hence it will suffice to show that
©) VeEW & VBEG®,  wxs(') €8u,
Now since xp & L2,c=8;, P& L(Y, F, v; C) such that

xs() = [ 00

Hence by (b)

wa() = [ 600t = [ Min{wot),

and thus (9) holds, cf. Cor. 10.9.
(d) Let fE L2,w and 4 EF,. Then £4E& £9,¢c and hence

E(Df(-) € Li(A, ®, u; W).
Also, Ywe& W,

UMD D), ww = f, (M)} @))e,,, = (f, wEd)e,,
= f (F\), wea(\))wi(dN), cf. (iif)

- G0, (@)

(10) - ( J &, w)

W,

where the last step is a consequence of well-known properties of the
Bochner integral in Hilbert space. Since (10) holds Yw& W, we have
(d).

The W-to-£2,w, c.a.q.i. measures generated by £;,c-valued, c.a.o.s.
measures are “bi-isometric” in the sense made clear in the following
result:

10.34. CoroLLARY. Let
(i)—(iii) be as in the last theorem,
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@iv) &, n be £9,c-valued, c.a.0.s. meas. over (¥, &, v),
V) My, M, be defined as in the last theorem (v).
Then

(a) V4,BEg, M (B*M(A) = (ka, ’73)1"2.6 Rstr.pl;
(b) V4,BETF & Vo, v & W,
(M(4) (), My(B) (@) = (£a; 18)g, (0, w')w.
Proor. Let 4, BEF, and w&EW. Then

My(B*M(A)(w) = My(B)*{wta(-)}

= fA 780\ - wEa(\r(dN), by 10.33(d)

- {f Am&()\)u(dx)} o

= (£4, ’73)32,(: * W,

where the penultimate step follows from a simple property of the
Bochner integral. This proves (a). (b) follows easily from (a).

11. Theory for locally compact semigroups and groups
In this section

(1) 3¢ s a Hilbert space and W a separable one, both over C;
(ii) A is an (additive) l.c.® semigroup with neutral element 0, and
® 1s the family of Borel subsets of A;
(11.1) (iil) M and ®, are as in (10.1)(iii), where now A, ® are as in
(ii),and furthermore M is adequate according to Criterion 9.9;
(iv) Low=a L2(A, B, M; W) is thus a Hilbert space;
v) T is a W-to-3C, c.a.q.1. measure over (A, ®o, M).

It follows of course from (ii) that
(11.2) VAE A& VB E B, AN B&B+ArE®.

We shall denote by 4, o4 the right-translation operation and its adjoint
on the space of all functions ¢ on A, so that

113) YBAEL, MW ToOA+E), @)V = {:‘)’“"’);EA"\TA‘:;"

32 Not necessarily abelian.



1970} QUASI-ISOMETRIC MEASURES 487

The operation 4 induces a right-congruence relation = on ® de-
fined by: B=4 iff B=A4 -\, which brings up questions concerning
the relation between the M and T measures of congruent sets. Guided
by the usage of the terms “continuous” and “stationary” in the theory
of stochastic processes, we shall adopt the following definition:

11.4. DEFINITION. (a) We say that the c.a.q.1. measure T of (11.1) s
right-continuous, iff

VBE®&VNEA B+AE® & slim T(B+)\) = T(B).
A—0

(b) We say that T is right-stationary, iff the associated measure M
s right-invariant, i.e.

VBE®&YNEA, B+AE® & M(B+)\) = M(B).

Note. In the sequel we shall often omit the prefix “right.” Thus,
continuous, stationary, invariant, etc. will mean right-continuous,
right-stationary, right-invariant, etc.

From 8.7(b) we see at once that

(11.5) T is continuous < VB € R, slim M{(B + \)AB} = 0.
A0

The condition on the right may be construed as a “continuity condi-
tion” on the measure M.

In analogy with stochastic processes, continuity and stationarity
are together necessary and sufficient for the existence of an isometric
shift semigroup for our measure. To show this we need the following
lemmas, the proofs of which we shall leave to the reader.

11.6. LEMMA. Let the measure M of (11.1)(iii) be “continuous” and
invariant,® i.e. VBE®, & VAEA,

B+AE®, simM{(B+NAB} =0, M(B+2\) = M(B).
A0

Then
(a) Vo, Yy E Low & VA, hEA,

[ e @ E@om = [ voru@em,
A A

(o1, o)ar = 6,V & | ond|ae = | &|ar;

3 When A is a l.c. group invariance implies continuity as we shall show in 11.14(b).
But we do not know if this is true for l.c. semigroups in general.
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(b) (o, NEA) is a strongly continuous semigroup of isometries on the
Hilbert space Lo, tnto Lo,w.

11.7. LEMMA. Let
(i) 3¢, X be Hilbert spaces over C,
(ii) S be a function with domain DI and range R IC such that

vz, y € 3, (S, Sy)ac = (%, y):l(b

(iii) S=4 S(S) be the (closed) linear subspace spanned by S in the
direct sum 3¢ X XK.
Then S is a (s.v.) closed, linear isometry on S(D) onto S(R).

With the aid of these lemmas we can prove the following analogue
of our [30, 7.5] and of classical results on stationary stochastic pro-
cesses, cf. [20, p. 55]:

11.8. THEOREM (EXISTENCE OF SHIFT SEMIGROUP). The following
conditions are equivalent:
() the measure T 1is right-continuous and right-stationary,
(B) 3a strongly continuous semigroup (S, NEA) of isometries on Sr
into Sy such that

VWEA&VBE®, B+ANE® & Sio{T(B)} = T(B+)).

Proor. We may replace (@) by its equivalent version, cf. (11.5),
VAE A& VB E Ry,

(o)
B+AE®, slimM{(B+NAB} =0  M(B+2 = M(B).

A—0

The implication (8)=>(a’) is obvious. For, let (8) hold, A&A and
B&E®y. Then B4+AE®,, and

slim T(B + \) = slim S\ o 7(B) = T(B),

A0 A0
and hence by Lma.8.7(b),
slim M{(B+\)AB} =0.
A0

Also, cf. 8.2(ii),
M(B+\) = T(B+ N*T(B+\) = T(B)* Sx\SAT(B)
= T(B)*T(B) = M(B).
Thus (a’) holds.
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Next let (o) hold.* For a fixed AEA define the operator .S, on the

linear manifold T'(®o) (W) < 87 € 3¢ by

0 S{TWO@W} = TMU+Nw), A4EG weEW.

We claim that Sy, so defined, is a s.v. operator on T(®) (W) into it-

self, not dependent on the choice of 4 and w. To see this, first note
that

2 VA, B E B, ANB)+r=AF+NN(BH+N),
and therefore,
(T(4)w, T(B)w')ge = (M (A N B)w, w')w by (8.3)
= (M{A N B) + \w, v)w by ()
) = M{(4+N N (B+N}w,v)w by (2)
= (I'(4 + Nw, T(B+ Nw)w by (8.3).

It easily follows from (3) and («’) that

| T(A)w — TB)w' |% = | T(4 + Nw — T(B + N’ |g.

Hence VA4, BE®y & Yw, w'&W

T(A)w =TB)w = T4+ Nw=T(B+ MNv.
Thus,
4) Sx is a s.v. operator on T(Bo)(W) into itself.
The equation (3) also shows that V4, BE®) & Yw, w’'EW

ST}, S{TBYw g = (T(A)w, T(B)w)g,
ie.
(5) Vi, y € T(®o) (W) < 1e, Sr @), S\(&)ge = (, 2)ge-

Now let Sy=4 &(S,) be the (closed) linear subspace spanned by S\
in the direct sum 3¢ X 3C. Then by the last lemma, Sy is an isometry on
S(D) onto &(®R). But by (4) D=T(®)(W)2®, and so S(R) SS(D)
=§T. Thus,

(6) VA €A, S, is an isometry on Sr into Sr.
In view of (6) we can now restate (1) in the form

Q) VAE A& V4 € B, Syo T(4) = T(4 + ).

# Our proof now parallels that of [30, Thm.9.5].
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Next from (1) and (4) we easily see that
VAN E A, SxSy = Sanre

But since Sy, Sy, Saiar are single valued and have the same closed
domain 87, it follows that

®) S = S(Sap) = B(Sa-Sv) = S(5))-S(Sv) = S-S

Finally, let k€A, and x E8yr(.y, say x=[+T(dN)p(N), where ¢ E £2,w.
Then by (6), 10.12, (7) and the Substitution Rule 10.27

5i@) = [ 1@+ e = [ r@0800 - i
A Ate
9
© = f T(@N) (o) (\), by (11.3).
A
Hence
| Gats =30 e = | s — D@ | by (8)
= [ r@@om - [ T@sm| by ©
A A I
= | oa(@®) — ¢|u by 10.3(d)
(10) —0, ash—0, by 11.6(b).

By (6), (7), (8) & (10) we have (B).

11.9. DEFINITION. For a right-continuous, right-stationary, c.a.q.t.

measure T, we shall call the (S\, NEA) given by 11.8(B) the right-shift
semigroup of T.

For continuous, stationary, c.a.q.i. measures we have as announced
for the abelian case in [31, (3.5), (3.6)],% the following strengthened
version of our Isomorphism Thm.10.8:

11.10. ISOMORPHISM THEOREM (CONTINUOUS, STATIONARY 1" OVER
SEMIGROUP). Let the measure T of (11.1)(v) be right-continuous and
right-stationary with shift semigroup (S\, NEA). Then

(a) the isometry Zr:d—> [2T(dN)P(\) on L2, w onto Sr carries the opera-
tion o\ on Lo.w into the operation S, on Sr, 1.e.

% In [31, (3.6)] Rstr.s;S. should replace S, and o. should replace 7_.. The use of
7 is correct provided that £.w is redefined with reference to a larger group as in
(11.12) below. Unfortunately, this intended qualification is not stated in [31], except
for a special case on p. 618, footnote.
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VAE A S =Zrooo3r;
(b) VcEA, VBEGY & Yo E La.17,

sc{ fB T(dx)qb(x)} = [ _r@so-o=[ raveow.

B+4-c

Proor. (a) Let cEA. We shall first show that

@ 54 fATamqu} - fWT(dx)qb(x— 0 = [ 7@ o)},

The second equality in (A) is immediate from the definition of g.¢.
Hence we need only show that LHS(A) =RHS(A).

Case (i). Letp(\) = dZ’l WX, WEW & Ay E®. Thenby 10.4 and
11.8(B)

LHS(A) = S. { > T(Ak)wk} = > T(4x + o).
1 1
Also, since o9 = Z'l WrX4,re, therefore by 10.4
RHS(A) = f T(d)\) { > kaA,,+,,(>\)} = > T(4s + ¢)ws.
A 1 1

Case (ii). Let ¢ =lim,,, ¢, in £.w, where the ¢, are as in Case (i).
Then by the continuity of S, and Case (i),

(1) LHS(A) = lim Sc{ f X T(d}\)qs,.()\)}

n— o

= lim X T(A\) (oepn) (V).

But by Lma.11.6(a),
lo'c¢n - chSlM = l¢n - ¢IM—>0, as n — ©,

ie. o p=lim,,, 0, in L£2w. Hence by 10.3(e), RHS(1) =RHS(A),
which of course establishes (A).
By (A), V¢ E Lo,w,

Se0Zr(9) = sc{ [ AT(dwm} - [ 7@@#) = Zronte)

Thus S.0Zr=Zro0., as required for (a).
(b) Let B&®"°. Then
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Lis@®) 5 5. [ 7@ {0t} |

=/, T(d\) {6\ — )xs(A — ©)}, by (A)
+c

= T(@N) {6\ — )xp+(N)}

A+e
= f T(@\)o(\ — o), since B+c¢C A4-c.
B+-c¢

This proves the first equality in (b). The second is obvious from the
definition of o..

The last theorem yields as a corollary the translational properties
of the spatial integrals (10.24) and of the corresponding subspace-
valued and projection-valued measures (cf. 10.25):

11.11. CorOLLARY. Let the measure T of (11.1)(v) be right-stationary
with shift semigroup (S, NEA). Then

(a) YAEA & VBE®™, S\{[sT(@\) (W)} =[s:2 T(@\)(W);

(b) M(-) and Q(-) being as in Thm.10.25, we have

VAEA & VBE®™, S\{om(B)} =M(B+c), SxoQ(B)oSx =Q(B+N).

Proor. (a) Let c€A and BE®" ., Then by Thm.11.10(b) and
(10.24), Vo E Lo

s, { fBrcdwm} = ECACRINISY I CN)

B+-¢
Hence

) S. { anm(m} c fB+cT<dx><W>.

But obviously WE L. w, o)) = Xxasc(-)¥(+), and so by Thm.
11.10(b)

B+te

@) = [ | T@)ed)O) = 5. {f T@) ) o}

Hence

) T@\(W) < S. { f N T(d)) (W)} .

B+4-c
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By (1) and (2) we have (a). (b) follows trivially.

So far we have not assumed that the semigroup A is part of a larger
group. Suppose that our semigroup, now denoted by Ay, is a subsemi-
group of an l.c. group A, and that the measure M is defined as in
(11.1)(iii) for the group A and its Borel family ®. Then £, w=4
L.(A, ®, M; W) is a Hilbert space. Denoting by ®o, M, the re-
strictions of ® and M to A,, it is now convenient to redefine £3 w =4
Ly(Ao, ®o, Mo; W) by

(11.12) £3,W = {¢: ¢ € Low & ¢ vanishes a.e. u on A\Ao}.

With this interpretation, £3 % is a subspace of £, and it is clear
that

VNE M& VO E Law, on(d) = (o).

Consequently, for continuous, stationary measures the equation in
(11.10)(a) can be written

(11.13) VAE Ay, Sa=ZporaoZp.

The correspondence 7' may therefore be termed a right-translational
representation of the semigroup (Sy, NEAy).

The rest of this section is devoted to the simplifications which
accrue in the results 11.8, 11.10, 11.11 when the semigroup A is
actually a l.c. group. These stem from the fact that an operator-
valued measure which is right-invariant over the entire group A is
a constant operator multiple of the right-Haar measure:

11.14. LEMMA. Let
(i) A be a l.c. group with right-Haar measure m,
(ii) the measure M of (11.1)(iii) be right-invariant, i.e.

VYAE A& VB & Ry, B+MNE® & M(B+ M\ = M(B).

Then

(a) 2 a nonnegative hermitian operator Hy on W to W such that
M() =m()H0 on (Bo;

(b) M is “continuous,” i.e. VBE ®o, slimr.o M (B—l—)\)AB} =0;1n
fact VBE®,, limy.o | M{(B+NAB}|z=0.

Proor. (a) Let w, w' & W, and

1 B (+) = M()w,w)w on ®,.

Then gy, is a complex-valued c.a. measure on ®g, and by (ii)
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2 VAE A& VBE ®o,  puwr(B +A) = puw(B).

It follows that this equation will also hold for the Hahn extension of
Muww for all B in the domain of this extension. Hence by the uniqueness
of right-Haar measure up to a multiplicative constant,

B)  www(:) = Cow m(-) on®y, where ¢y, = const. & C.

Now let 4, BE®, be such that m(4) >0<m(B). Then by (1) and
(3), Yuw, w'EW,

m(A) m(B)
Hence
M(4)/m(4) = M(B)/m(B) = H,, say.
Thus
4) VA € B Dm(4) >0, M(A) = m(A)-H.

But by (1) and (3), m(4)=0 = M(4)=0, and so (4) holds for all
A E®,. Also, since by (11.1)(iii) M(4) is a nonnegative, hermitian
operator on W to W, so by (4) is H,. This proves (a).

(b) By (a), YBE®,,

O) | M{(B+NAB} |z =m{(B+NAB}| Ho|s.
But since m is a (regular) Haar measure, the function fz defined by

/50 =m{(B+NAB}, rEA

is continuous on A, cf. Halmos [13, p. 266, Thm.A], and so fz(\)
—m(BAB) =0, as A—0. Hence (b) follows from (5).

With the aid of this lemma we obtain the following result for groups
corresponding to Thm.11.8 for semigroups:

11.15. THEOREM (EXISTENCE OF SHIFT GROUP). Let A be a l.c. group

with right-Haar measure m. Then the following conditions are equiva-
lent:

(o) the measure T is right-stationary,

(') the measure M of 11.1(iii) 2s m(-)H,, and so Bo= Bnm, where Hy is
a nonnegative, hermitian operator on W to W,

(a"’) the measure T 1is right-continuous and right-stationary,

(B) 3 a strongly continuous group (U, NEA) of unitary operators on
St onto St such that

VAEAXVBE Rm, BH+AEG, & Uw|{T(B)} = T(B+N).
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Proor. That (a)<(a’) is clear from Def.11.4(b) of stationarity
and the last lemma (a). That (o)< (a'’) follows from the last lemma
(b) in view of (11.5).

To see that (a'')=(B), first note that by Thm.11.8, the condition
(a'") is equivalent to the condition 11.8(8). Hence it only remains to
show that the semigroup (S\, NEA) of 11.8(B) is actually a group of
unitary operators on $r onto Sr.

Now let AEA. Then by 11.8(8), VBE®,, Swol(B—\)=T(B),

and so
VBE R & Yo EW, T(Bw=S{T(B—Nw} & S\(r).
Hence

$r = S{T(B)w:BE B &w € W} S S\(82) S 8r.

Thus each S, is on 87 onto 87, and S\ being an isometry it follows that
each is unitary on 8y onto Sy. It is now obvious that (S), N\EA) is a
group.

11.16. DEFINITION. For a right-stationary c.a.q.t. measure T, given

as in (11.1) but with A a l.c. group, we shall call the (U, NEA) given
by 11.15 the right shift-group of T.

The following analogue for groups of Theorem 11.10 is immediate
from 11.10 and (11.13) in which Ap=A:

11.17. ISOMORPHISM THEOREM (CONTINUOUS, STATIONARY I  OVER
GROUPS). Let
@A) A be a l.c. group with right-Haar measure m,
(ii) the measure T of (11.1)(v) be right-stationary with shift group
(U)\r )\EA)
Then

() the isometry Zp: ¢— [aT(AN)P(N) on £2,w onto Sy carries the opera-
tion Ty on Lo,w into the operation T\ on Sr, i.e.

VAEA, Un=ZrorasoZr;
(b) VACA, VBE®RY & Yo L2,

Uc{ fBT(dk)qS()\)} = B+cT(d)\)¢()\ — ).

Also quite obvious is the following analogue for groups of Cor. 11.11:

% Where now £a,w =La2(A, &, m(-)Hy; W), cf. 11.15(a’).
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11.18. CoroLLARY. Let (i) & (ii) be as tn 11.17, (iii) M(-) and Q(-)
be the spatial integral subspace-valued measure and spectral measure of
T, ¢f. 10.25. Then

loc d. - ;

@) VZWEAXVECE™ U { fBT( )\)(W)} fm TN (W)
(b) VAEA&VBE®Y™, Up{m(B)} = m(B+ N,
UxoQ(B)oUx = Q(B + ).

Now suppose that in the last corollary the c.a.q.i. measure T is
W-to-3C basic, so that 8y =13C. Then its shift group (U, NEA) acts on
3¢ onto 3¢, and its spatial integral spectral measure Q(-) defined on
®° becomes a spectral measure for 3¢, and the two are related as in
11.18(b). We also have the result 11.17(a) connecting U, and 7-a,
and of course the more general result 10.25(c) connecting Q(B) and
M,,. We have thus proved the following result:

11.19. CorROLLARY. Let

(i) A be a l.c. group with right-Haar measure m,

(ii) the c.a.q.t. measure T of (11.1) be W-to-3C basic, and right-sta-
tionary with shift group (U, NEA),

(iii) Q(-) be the spatial integral spectral measure of T on @,
Then

(@) Q(+) is a “system of imprimitivity” for (Uy, NEA), t.e.
VAE A& VB E G, UsoQ(B)oUy = Q(B + \);

(b) the correspondence Zp: ¢—>[aT(AN)P(N) is a unitary operator on
£2,w onto 3C such that

VWEA & VBEGR™, Uy = Sgor_027
& Q(B) = ZroM xBoE;vl.

11.20. REMARK. The term “system of imprimitivity,” due originally
to Frobenius, was reintroduced in the present context by Mackey,
cf. [25, p. 50]. His Imprimitivity Theorem for a l.c. group A [24,
Thm.1] says in essence that if Q(-) is any such system for a (U,
AEA), then there exists an isomorphism 2 on an L, space over A
onto JC satisfying the intertwining relations given in 11.19(b). In
Cor.11.19 we have shown that under the hypotheses (ii) & (iii) such
an “intertwining” isomorphism Z does indeed exist and has the

% Where now £2,w =La(A, ®, m(-)Ho; W), cf. 11.15(a’).
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explicit form Zr. From this it is clear that to get an explicit, c.a.q.i.
measure-theoretic proof of Mackey’s Thm., we have only to show that
given a system of imprimitivity Q(-) for (U, NEA), there exists a Hilbert
space W and o measure T satisfying 11.19(ii) &(iii). The discussion
of the italicized assertion must, however, await our explication of
spectral representations (§14).

12. A new approach to representation theory

Hitherto representation theorems have been proved ab initio. But
many of the proofs reveal common features such as the consideration
of everywhere dense linear manifolds, the use of the principle of
extension by continuity, the decomposition of a space into a sum of
orthogonal, invariant subspaces, etc. Now according to Thm.10.14,
every isometry between an arbitrary Hilbert space 3¢ and a Hilbertian
or pre-Hilbertian £.,w space of functions with values in any separable
Hilbert space W (in which, moreover, we can take any adequate or
nearly adequate W-to-W, nonnegative, hermitian operator-valued
measure) is realizable by integration with respect to a W-to-4¢, c.a.q.i.
measure. It follows that a large number of representation theorems
can be recast in the same general form by using our integration
theory.

This suggests a common approach to such representation theorems
based on the following procedure:

12.1 PROCEDURE. (i) From the given data, find the auxiliary Hilbert
space W, and define a W-to-3C, operator-valued set-function T(-) over
a suitable space A ;

(ii) Show that T'(-) is @ W-to-3C, c.a.q.i. measure, and find Sr;

(The Isomorphism Thm.10.8 then immediately yields a unitary operator
Zr on Lo onto $p.)

(iii) Use ome or more of the results 10.17, 10.18, 10.30- ‘o get
the adjoint =7, which is the desired representation;

(iv) If the space A is a l.c. semigroup or group, and the measure M is
adequate, employ the results of §11.

The utility of this approach will depend of course on the ease with
which steps (i)-(iv) can be accomplished. Assuming its feasibility,
the approach has the merits of explicitness and systematization cited
in §3 for the case g=1.

Steps (i) and (ii) of Procedure 11.1 present no difficulties when the
representation problem is to extend a classical unitary transform
between two Ls-spaces to one between the corresponding spaces of
vector-valued functions. Suppose that 2 is a unitary transform on L,
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onto L, defined explicitly in terms of a L,-basic, c.a.0.s. measure 7
according to Procedure 3.1. We would then accept a unitary trans-
form X between the corresponding spaces La,w, L2,w of functions with
values in the Hilbert space W as a legitimate extension of 2, provided
that it meets the requirement:

(12.2) Vo &L, & Vw & W, =(wo) = wZ(e).

Our Theorem.10.33(b) shows at once that the choices T'(+) =4M, and
¥ =, 27 will fulfill this requirement. Indeed, the other parts of The-
orem.10.33 and Corollary.10.34 enable us to derive readily the explicit
theory for = from the corresponding (known) theory for 2.

Rather than justify these remarks in general terms, we shall illus-
trate them by considering in detail the vectorial Fourier-Plancherel
transform for l.c.a. groups (§13).

In other types of representation problems step (i) of Procedure 12.1
may itself present difficulties: the definitions of the appropriate
Hilbert space W and c.a.q.i. measure 7°(-) may not be obvious and
may require a more or less deep analysis of the data. We shall illus-
trate this by considering spectral representations, in particular
Stone’s Theorem on the unitary representation of a l.c.a. group (§14),
and Cooper’s Theorem on the isometric representation of the semi-
group [0, =)(§15).

13. The Fourier~-Plancherel transform for vectorial functions

As in §6, let X be an (additive) locally compact abelian group with
Borel family ® and Haar measure g, and let X be the (multiplicative)
character group of X with Borel family & and dual Haar measure 2.
Let ®o, ®o be the 8-rings consisting of Borel sets of finite Haar mea-
sure. Let further,

(1) W be a separable Hilbert space over C;
(ii) Low=Lo(X, ®, u; W), ﬁz.w=L2(?, ®, n; W);
(13'1) (lil) £2.C=L‘2<Xv (B) M3 C)y £2,9=L2(X1 &7 ﬁ; C);
(iv) £ & 5 be the FP £5,c- & £2,c-basic c.a.0.s. measures over
(X, &, p) & (X, ®, ), respectively, cf. (6.2), 6.4.
Next recall the M-notation used in 10.13 and 10.32(v):

VBE® & YweW, {M(B)}w) =wts(),

(13.2)

VBE® & Yw&W, {M,(B)}w) =wns(-).

Our Them.10.33 enables us to derive readily the FP transform
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theory for the spaces £5,w, £2.w from the corresponding theory for
£s.¢, £2,c outlined in §6 and given fully in [32]. First, from Theem.
10.33(b) and (6.6), (6.7),

ViE L & Yo EW, f M,,(dx){wf(x)} = wf(-),
(13.3) *

Ve€tio & vwewW, [ M) uge) = ua)

and this, cf. (12.2), indicates the relevancy of the measures M;, M,

for FP theory. Next, from Thms. 6.4 and 10.33(b),(c) we see at once
that

My is a W-to-Lo,w basic c.a.q.i. meas. over (£, &, plw),
134 o
(13.4) M, is a W-to-84,w basic c.a.q.i. meas. over (X, ®, ulw).

This crucial result when combined with Thm.10.8 and Cor.10.9 in
turn shows at once that

(a) The correspondence =,: f— [xM,(dx)f(x) is a unitary opera-
(13.5) tor on Lqw onto .ﬁz,w;

"“/(b) The correspondence Zi:g— [2Me()g(a) is a unitary opera-
tor on Lo onto £3.w.

We now assert the following corollary:

13.6. COROLLARY. The operators Z,, Z: of (13.5) are inverses, i.e.
=3

Proor. Grant for a moment that
(6] VAEB,  Zro{M(A)} = My(4).
Then from Lma. 10.13(b), (I) and Lma. 10.12(b), V2E &o.w,

29 = 2 [ ittters@) = [ adadgte) = 20,

as desired. Hence it only remains to prove (I).
Let AE®,, wEW, and let, cf. (8.11),

(¢)) VB € ®,, $(B) 3 g'wxﬁ(B) = Mn(B)*(wX:f)-

Then on the one hand by Thm.10.17(b)
@ dt/du = Z}(wxa) = {ZFoM (A)}(w), ae. (u).
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But on the other hand,
¢(B) = {M,(B)*My(A)} () = w(xa, 18)esc by 10.33(2)
= w(E xalenc = [ wBEM@), by (63)
and so
(3) d¢/dp = wEa(-) =a M(4)(w),  a.e. ().

From (2) and (3) we get (I).

13.7. DEFINITION. The operator Z, of (13.5) is called the (direct)
FP transformation on £,,w onto £,,w. We call Z,(f) the direct FP
transform of f in L2w and denote it by f. We call Zy, i.e. =), the
(indirect) FP transformation on £:w onto £o,w. We call Z,(g) the
indirect FP transform of g in £4,w, and denote it by §.

According to this definition, the FP transforms are given by the
explicit formulae:

VEw,  [= [ M,
(13.8) x

Vg E £2.m, g = fAMs(da)g(a).
X
The relation between these formulae and (6.6), (6.7) is clear from
(13.3):
VfESic & YoEW, {wf(-)}" =wf(-),
VeE Lac & YwEW, {wg(-)} = wzg(:).

From the unitarity of the transformation Z, we get at once the
Parseval and Bessel identities:

(13.10) V£, 2 € Lw(f, Dosw = (I Dy | flosw = | Flosw-
The first of these, expanded out, asserts that

(13.9)

[ @, st = [ (@), 2@ pntae.
X X

The following analogous result for f in £,,w but g in £2,c is proved
first for ®B¢-simple f by using (13.9), and then for any f in £2,w by the
usual limiting argument:
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VIE Law & VgE Lac, f()g(HE 1w &

13.11 —_— —
(340 J 1@ = [ j@@nce.

From (13.8) a routine derivation using the Substitution Rule 10.28,
the shift property [32, (4.2)] of the FP measures and Lma. 10.12
yields the corresponding property of the FP transforms, viz.

13.12. TRIVIALITY (SHIFT PROPERTY).
(a') Vf ELw & VzE X’ (th)A = [x’ ']f()y

(b) Vg £3-W & Vac X: (Tag)~ = [': a]g(-),
where T, To are the translation operators on Law, Lo.w.¥" Briefly,
Vi E X&VaE X, 7=320My,102, Ta= Z,0Mi =02

As in the scalar case (cf. [32, (5.8)]), we have explicit differential
formulae for the FP transforms:

13.13. COROLLARY (DIFFAERENTIAL fORMULAl::).

(@) Let VfELsw & VBE®o, §1(B) =aMy(B)*(f); then di;/dp=]
a.e. ().

(b) Let VgE Law & VBE®o, $,(B)=M,(B)*(g); then dt,/du=¢
a.e. (u).

PROOF. (a) Since f=7, therefore from (13.8) and Thm.10.16(a),

£18) = oy [ i@} = [ e,

from which (a) is immediate. (b) is proved similarly. [

Next suppose that the groups X, X have the Lebesgue property,
i.e. (X, ®) and (X, ®) are Besicovitch spaces with respect to the Haar
measures u, 4 (cf. 2.5). Then the equality in 10.33(d) shows that the
differential formulae in 13.13 take on the form:

1 [
Vi€ Lew, fla) = im —— | & @f(@u(dz), ae. (8),
(13.14) e B fx

- 1 —
VeE Law,  2() = lim iA) o (28(@)a(da), ace. (u).

e, VFELww & VYEX, (rf)(y) =af(y+x);
Ve€law & VBER, (rag)(x) =ag(Ba).
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It is also easy to show that for any l.c.a. group X, the FP transform
is the £, w-extension of the £;,w-Fourier transform, the latter being
defined in the obvious way as a Bochner integral:

13.15. CoroLLARY. (a) If fELNL:(X, B, p; W), then
fla) = f f@) [z, alu(dx), ae pon X.
X
i(x) = fﬁ g(a)[x, ala(da), ae pon X.

Proor. (a) Let fELNLy(X, B, u; W) =L1,wN\L2,w and let
VBE®,  ¢:(B) = M«(B)*(f).

Then, in view of Cor.13.13(a), we need only show that
) ifan@ = [ T aluids).
X

Now by Thm.10.33(d) and (6.2)

® 48 = [ GG - [ i T Jatde) } (2.
But since g& £1,w, [+, — ] is bounded, and 2(B) < «, it easily follows
that

[, =1f(") € Li(X XB,s(®X®),unXpn;W).

Hence Fubini’'s Theorem for Bochner integrals can be applied, and
this yields

¢y(B) = fg{f [, a]f(x)u(dx)} a(da),
x
from which (I) is immediate.
(b) is proved similarly. i

The last corollary in turn yields for o-compact X a limiting expres-
sion for the FP transform reminiscent of the classical case:

13.16. COrROLLARY. Let X be o-compact. Then

VE Sow, f =’}_{rg fc @) [x, - ]u(dx)
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where (C,)y is any sequence of precompact sets in ® such that Co,C Cpia
and Uy C.=X.

Proor. Let fE£sw. Then fxc,E £2,w, and therefore by (13.8)

(e = [ @) [} = [ e

(1) "’fo,,(dx)f(x) =, as #— o,

But since the support of fx¢, is inside the precompact set C,, therefore
Ixe, € L2, wM L1,w, and so by the last corollary, for almost all a (&
measure),

® e @ = [ sl alutan) = [ )T aluan.

The desired result is immediate from (1) and (2). W

We conclude this section with the enunciation of the Paley-Wiener
Theorem for functions with values in W. We shall take for granted
the notion of the Hardy class H:(A,; W) of functions f4 on A, to W,
where A, C C is the upper bank of R, and the result that every such
f+ has a boundary-value f, defined a.e.(Leb.) on R and such that
FEL(R; W).

13.17. TuEOREM (PALEY-WIENER). Let

() Lo([0, @); W) = {f: FELy(R; W) & f=0 on (— =, 0)},

(i) L3*(R; W) = {f: f is the budry. value of a fy in Hy(Ay; W)}.
Then fEL([0, ©); W) iff f=Z:(HELY (R; W).

14. Spectral representations

This section has three parts A, B, C. In part A we shall review how
Stone’s Theorem for a unitary representation (U,, xEX) of a l.c.a.
group X can be treated from the standpoint expressed in §1 by
deriving it from the Krein-Milman Theorem. Stone’s Theorem yields
a spectral measure E(-) for such unitary groups and hence also for
their infinitesimal generators, i.e. selfadjoint operators. The problem
of representing such groups and operators by multiplication operators
on L, spaces is thus reduced to that of similarly representing the mea-
sure E(-). In part B (Thm. 14.12) we shall obtain an explicit repre-
sentation for E(-) of this sort by following Procedure 12.1. In part C
we shall deduce from this result explicit representations of the same
sort for unitary groups and selfadjoint operators.
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A. Let X be a locally compact abelian group. It is known that the
continuous characters of X are extreme points of the (weak* closed)
convex set K of complex-valued, continuous, positive definite func-
tions f on X such that | f| » <1. This crucial fact shows that Bochner’s
Theorem for such f is a special case of the Choquet-integral version
of the Krein-Milman Theorem, cf. [40, p. 119-]. From Bochner’s
Theorem we get the following general form of Stone’s Theorem in a
fairly straightforward way, cf. [41, pp. 385-392]:

14.1. STONE’s THEOREM (FORM I). Let

() X, X be dual l.c.a. groups, [x, o] be as in §6, and & be the o-alge-
bra of all Borel subsets of X and their complements,3®

(i) (U., xEX) be a strongly continuous group of unitary operators
on a (complex) Hilbert space 3¢ onto 3C.

Then there exists a unique spectral measure E(-) for 3¢ on & such that

veEX, U,= fz‘z [#, a] E(de).

Since to every selfadjoint operator H from JC into 3C corresponds to
a group (U,, tER) of unitary operators on JC onto JC having +H as in-
finitesimal generator, the spectral theorem for selfadjoint operators
is an easy corollary of the X = R case of 14.1. These theorems are thus
provable in a way which accords with the viewpoint advocated in 1.1,
and we may use them freely.

We are concerned, however, with Stone's result as a representation
theorem, i.e. with a version such as the following:

14.2. SToNE’s THEOREM (FORM II). Let (i), (ii) be as in 14.1. Then
there exists an index set J and indexed families (3¢;, jEJT), (uj, jEJ),
(S;, FEJ) of subspaces, measures and maps, satisfying:

1) = ZJEJ 3¢5, 3;L3Ck, 4, RET, jHk,

(3) p; is a bounded, nonnegative c.a. measure on &,

(4) S;is a unitary operator on Ly(X, &, u;; C) onto 3¢; such that VxEX,
Rstr.ge,Us=SjoM(z,.105] ", where My, s the operation of
multiplication by [x, - ].

Now Thm. 14.2 can be proved by applying the following theorem
to the spectral measure E(-) obtained from Thm. 14.1:

14.3. THEOREM (SPECTRAL REPRESENTATION I). Let E(-) be a spec-

38 Thus, @ now has a connotation different from what it had in §6, where it stood

for the family of Borel subsets of X, i.e. the o-ring generated by the compact subsets
of X.
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tral measure for 3¢ on a o-algebra @ over a set A. Then 3 an index set J

and indexed families (3¢;, jET), (uj JET), (S;, JEJT) of subspaces,

measures and maps, satisfying:

(1) se= 2 jes 5¢; 3 L3, j, kEJT, j=k,

(2) VBE® & V& J, E(B)(5;) Sa¢;,

(3) uj s a bounded, nonnegative, c.a. measure on ®,

(4) S;is a unitary operator on Ly(A, B, pu;; C) onto 3C; such that VBE®,
Rstr.ge, E(B) = S;0M 0S8 where M,y is the operation of multi-
plication by the indicator-function xz.

Indeed, on applying Thm.14.3 with A=X and 8=@® to the spec-
tral measure E(-) obtained in 14.1, we can get Thm. 14.2 by using
the operational calculus. Similarly, from Thm. 14.3 with A=R
and ® =the Borel family over R, we can get the representation, corre-
sponding to 14.2, of a selfadjoint operator H from the Spectral
Theorem for H.

B. Our aim is to prove not Theorem 14.3 but rather a more explicit
and concise version of this theorem. The procedure for accomplishing
this usually adopted in operator-algebras, is to solder the measure-
spaces (A, u;), and so get a single nonnegative measure u over a “large
space” %, cf. Segal & Kunze [45, p. 89-]. But Cramer’s fundamental
paper [8] on matrix-valued distributions, and the ensuing develop-
ment of the theory of multivariate random processes and fields, cf.
[29], [51], suggest that it would be better in most respects to view
the u; as components of an operator-valued measure M over A iiself.3®
Accordingly, our goal will be to formulate Thm. 14.3 in terms of
integrals involving a c.a.q.i. measure for which the nonnegative
hermitian measure is built from the u; by following Procedure 12.1.
The key to this lies in the following very simple lemma, which says
roughly that the restriction of a spectral measure is c.a.q.i. with re-
spect to a certain nonnegative hermitian measure built from it:

14.4. LEMMA. Let

(i) E(-) be a spectral measure for 3¢ on a o-algebra ® over a set A,

(ii) W be any subspace of 3¢, and Py be the orthogonal projection on
3C onto W,

(iii) Eo(-) =Rstr.wE(-), Mo(-)=Pwo{E«(-)}.
Then

(@) Mo(-) is a strongly c.a., W-to-W, nonnegative hermitian, contrac-
tion-valued measure on 8 D M(A) =Rstr.wl;

3 Indeed, the factorization theorems proved in prediction theory for the (operator-
valued) Radon-Nikodym derivatives of such measures, cf. e.g. [34], have stimulated
new work in operator algebras, cf. e.g. Arveson [1, §4].
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(b) Eo(-) s @ W-to-3C, c.a.q.i. measure over (A, B, M,).
Proor. (a) Let BE®. Then by (iii), M(B) is a continuous linear
operator on W to W. Itis also easy to check from (iii) that Vw, w'EW
(Mo(B)(w), w)w = (E(B)(w), E(B)(wW))w = (w, Mo(B)(w'))w.

From this it follows at once that My(B) is hermitian and nonnegative
definite. It is a contraction, since

Ve EW, | MB)@)|w=|PrEB)(@)|w < | w|w.

Also, YwEW, M A)w=PwEQA)w=w, and so M,(A)=Rstr.wl.
Finally, M(-) is s.c.a., since E(+) is s.c.a.
(b) Let 4, BE®. Clearly E¢(A4) is a continuous linear operator on
W to 3¢, and Yw, W' & W,
(Eo(4)(w), Eo(B)(@))ge = (E(4)(w), E(B)('))s
= (E(4 N B)(w), w)g
= (E(4 N B)(w), Pw(w'))s
= (Mo(4 N B)(w), w')w.
Hence, cf. (8.3), we have (b).

To discuss the basicness of the measure Eo(-) of 14.4 we must recall
the following concepts from spectral multiplicity theory:

14.5. DEFINITION. Let E be a speciral measure for a (complex) Hil-
bert space 3C, defined on a o-algebra ® over a set A. Then
(a) a subset G of 3C is called a generating set of E(+), iff

S{E(B)(G):B € &} = 1¢;

(b) the minimum of the cardinality of all such subsets G is called the
(total) multiplicity of E(-).

It follows at once from 14.4(b) that

(14.6) the c.a.q.i. measure Eo(-) of 14.4 is W-t0-3C basic, if W = &(G),
/. for some generating set G of E(-).

Spectral multiplicity considerations thus enter into our theory in re-
gard to the basicness of the c.a.q.i. measure Eo(-). But they also con-
front us in another significant way. To be able to use Eq(:) suc-
cessfully for integration (§10), we must know beforehand that
L:(A, ®, My; W) is definable as a Hilbert space (§9). Thus arises the
question:
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QUESTION. For what generating sets G of E(-) will the measure My(-)
of 14.4 be adequate according to Criterion 9.9?

If, for instance, we choose the largest G, viz. G=13C, in which case
obviously Eo=E = M,, we get Ly(A, ®, E; 3C), and it is not clear what
this symbol means. We shall now show that a careful minimal choice
of G yields an adequate M(-). This will be done by appealing to the
Hellinger-Hahn Theorem. Indeed, from our present standpoint the
significance of this theorem lies in its ability to perform this measure-
theoretic role. The following version based on Dunford and Schwartz
[11, II, p. 914-] is needed:

14.7. HELLINGER-HAHN THEOREM. Let

(1) E be a spectral measure for 3¢ on G,

(ii) g=ag the multiplicity of E <Ny, (¢f. 14.4),

(iii) VxER, S,=4 S{E(B)(x):BER}, m(-)=a|E(-)(x)|,

(iv) J be the initial segment of cardinality q of the naturally ordered
set of positive integers.

Then 3 a sequence (B;);er of vectors in 3C such that

(a) GC=ZS,9,., sﬁi-LSﬁm I:BJI =17 j;kefy ]?ék;

JjeT
(b) vied, () = us(AiN -)/a;
where A;E® & AMCA;CAhi=A, Vj, kEJ, k2], and a;=aps,(A;)>0.

14.8. DEeFINITION. Let (1)—(iv) be as in 14.7. Then we shall call a
sequence (B;)jes satisfying (a) and (b) a Hellinger-Hahn (H.H.) se-
quence for E. ug, will be called its dominant measure and (A;, jEJ) its
carrier sequence.

It is known that the range G of a H.H. sequence (8;)jes for E(:) isa
minimal generating set for E(-), and the sequence itself is an o.n. basis
for the separable subspace W=4 &(G). Since |B,-] =1, all pg;(-) are
probability measures on ®. Furthermore, cf. [11, II, p. 916, Thm.10]
for two H.H. sequences for the same E(-) the dominant measures
are mutually absolutely continuous, and the symmetric differences
of corresponding carriers have zero dominant measure.

The following theorem shows that for the subspace W spanned by
a H.H. sequence for E(-), the measure M(-) of 14.4 is adequate, and
the c.a.q.. integral is a convergent sum of c.a.o.s. integrals:

14.9. THEOREM. Let (i)—(iv) be as in the Hellinger-Hahn Thm.14.7.
(v) (Bj)jerbe a H.H. sequence for E(-).
(vi) W=46{B;:jET},
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(vii) Eo(-) =Rstr.wE(-), Mo(-)=Pwo{Es(-)} (¢f. 14.4).
Then

(@) Eqis a W-to-3C basic, c.a.q.ti. meas. over (A, B, My);

(b) VBE®, Mo(B)= 2 jer ue;(B)Pg;, where Py, is the orthogonal
projection on W onto the l-dimensional subspace S(B;), and where
strong convergence is understood for infinite J;

(c) the measure My is adequate; hence Lo,w=4a La(A, ®, Mo; W) is a
Hilbert space, and the linear manifold $(A, ®; W) of ®-simple functions
on Ato Wised. in it;

(d) YoELyw & VBES,

[ 2o = Z [ 600, sywEuans;
B jEJY B

Proor. (a) By 14.4(b), E, is a W-to-3¢, c.a.q.i. measure over
(A, ®, M,). Now cf. 14.8 et seq., by Thm. 14.7(a) the range G of
(B,)jer is a generating set for E(-), and by (vi), W=&(G). Hence by
(14.6), E, is W-to-3C basic.

(b) Let BE®. Then

ViEJ, M(B)@B) = Pw{EB)E;} € W.
Since, cf. 14.8 et seq., (8;);es is an o.n. basis for W, it follows that
ViET, M«B)B) = 2 (E(B)B) BB,

keJ
= (E(B)B;, B;)Bj, since 8g; L 8g,
= ug;(B)B;.

Hence YwE W, it follows on using the continuity of My(B) that

B @) = Mo(B) { T (0, 865} = (v, Bus, B
jer jer
= Z ﬂﬁj(B)-Pﬁj(w)°
ier

This yields (b).

(c) follows from §9, since M, satisfies (9.16) and (9.20) by dint of
(b) and 14.7(b).

(d) clearly follows from Thm.10.32(d) on setting T'(:) =E.(-).

Theorem 14.9 completes steps (i) and (ii) of Procedure 12.1. Our
Isomorphism Theorem 10.8 now tells us that

the correspondence Z: ¢ — f Eo(d\)o(N)
(14.10) A

is a unitary operator on £y,w onto IC.
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We next assert that this 2 carries the operation of multiplication by
X8 on £y, into the operation E(B) on ¥C:

14.11. LEMMA. Let 2 be defined as in 14.10. Then
VB € ®, E(B) = ZoM,z0Z L
PRrROOF. Let BE® and ¢ & £2,w. In view of (14.10) it will suffice to
show that E(B){Z(¢)} =Z{xz(-)¢(-)}, ie.
® B { [ mem} = [ 2 Game).
A A

Case (i). Let ¢ = Z{ WX ap W E W & A E®. Then from Definition
10.4, the linearity of E(B) and its commutativity with E(4), we get

LHS(I) = E(B) { ? Eo(4g) ('LUk)} = ? E(B M Ai)(wx).

On the other hand, from the linearity of our c.a.q.i. integrals, cf.
10.3(c),

RES(D = [ 5@ { 3 xna, W
- }1: f RACHPRINATA
= Z::fomAk(k)Eo(d)\)(wh), by 10.10

= S E@N 4)w),
1

where the last step follows from the operational calculus. Thus (I)
holds in Case (i).

Case (ii). Let ¢ =lim,,,, ¢, in L£2,w, where ¢, is as in Case (i). Then,
cf. Definition 10.6,

LHS(I) = E(B) { Jim f AEo(d)\)qsn()\)}

n—» o

= lim E(B) { f AE.,(dk)qb»(k)}

n—>

= lim AEO((D\){XBO\)'IMO\)}’ by Case (i),

n—> 0

= RHS(I),
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where the last step follows from 10.3(e), since xz(:)¢(-)=
limMp Xz (- )Pa(+) in £2,w. Thus (I) holds in Case (ii).

To sum up, we have proved the following theorem which is an ex-
plicit and concise substitute of the spectral representation 14.3:

14.12. THEOREM (SPECTRAL REPRESENTATION II). Let
(i) E(-) be a spectral measure for 3¢ on a c-algebra B over a set A,
such that q=q multiplicity of E(-) SN,

(ii) (Bj)jes be a Hellinger-Hahn sequence for E(-), and
W=8&{s: €T}, o 148,

(iii) Eo(-)=a Rstr.wE(+), Mo(-)=Pwo{Eq(-)}.
Then the correspondence :¢—> [AEo(dN)¢(\) is a unitary operator on
Ly(A, ®, My; W) onto 3C such that

VB € ®, E(B) = ZoM,, 0z

14.13. REMARKS. 1. The ingredients W, E,, M, in the last theorem
are constructed explicitly from the given spectral measure E(-). The
subspace W is not unique, and so neither are the measures Ey and
M,. But W, Eo, M, are determined up to unitary equivalence, and
this is the most that our data will allow. Thus Thm. 14.12 is as
explicit as possible, apart from being more concise than 14.3.

2. Thm. 14.12 shows incidentally that F(-), where

F(B) = M,, BEG®,

is a spectral measure for the Hilbert space Lo(A, ®, My; W), when W
and M, are defined as in the last theorem.

3. The spectral measure E(-) itself is the spatial integral speciral
measure Q(-) for the c.a.q.i. measure Eo(-). This is clear on combining
14.11 and 10.25(c), or alternatively on combining the equation (I)
in the proof of 14.11 and 10.25(b).

C. We shall now turn to the explication of the representation for
(U., xEX) given in 14.2 and of the corresponding representation for
a selfadjoint operator:

14.14, STONE'S THEOREM (FORM III). Let
(1) (U, xEX) and E(-) be as in Theorem 14.1, and

q = multiplicity of E(-) = N,

(ii) (B;)jes be a Hellinger-Hahn sequence for E and
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W= S{Bi:jEJT}, o 1438,

(iii) Eo(-)=4 Rstr.wE(-),  Mo(-)=a Pwo{Eo(-)}.
Then the correspondence = :¢p— [2Eo(da)p () is a unitary operator on
Ly(X, & Mo; W) onto 3¢ such that

Vx & 3, U,=20Mp,j027L

Proor. By Thm. 14.12, the correspondence Z just defined is a
unitary operator on Ly(X, ®, Mo; W) onto 3¢ such that

1) VBE®, E(B) =ZoMy, o032,

Now let x&X. Then by (1) and the operational calculus, cf. Remark
14.13(2),

2) ff [, @] E(de) = Z 0 ff [, a]My, 02t =20 Mp,g02Z7L

Since by Thm. 14.1, LHS(2) = U,, the proof is over. |}

In very much the same way we deduce from Thm. 14.12 the
following analogous result for selfadjoint operators:

14.15. THEOREM (SPECTRAL REPRESENTATION FOR S.A. OPERATOR).
Let

() H be any selfadjoint, linear operator from 3¢ to 3¢, and E(-) be its
assoctated spectral measure on the a-algebra BI(R) of Borel sets,

(ii) q=qmultiplicity of E(+) < N,,

(i) B;, JEJT), W, Eo, M, be defined in terms of E(-) as in the last
theorem.

Then the correspondence 2 : ¢—[rEo(dN)p(N) is a unitary operator on
Ly(R, BI(R), My; W) onto 3¢ such that

H=ZoMi.yoZ, where  I(M\) =\ AER

In conclusion we remark that Thm. 14.14 is as explicit as possi-
ble. It is more concise than 14.2, and reveals a closer connection to
14.1 than does 14.2. Indeed, the very definitions of W, E,, M, involve
the spectral measure E of Thm. 14.1, which as mentioned in part
A may be thought of as a barycentric operator-valued measure stem-
ming from the convexity underlying the situation. Similar remarks
apply to 14.15.

15. Linear stationary causal systems and Cooper’s theorem

Many linear problems involve a Hilbert space 3 and a strongly
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continuous group (U, t&R) of unitary operators on 3C onto 3. If for
xE3C we interpret U;(x) as being the state x; at instant ¢ of a system
whose initial state is ¥, then | x| 2 and (x, y¢) are time-invariant. This
justifies calling such a system stattonary. Stone’s Theorem 14.1 for
X =R provides a useful tool for the analysis of linear, stationary sys-
tems.

In an important subclass of linear, stationary systems there exist
subspaces 3¢, of 3¢ which are invariant under the semigroup (U,,
t<0), i.e.

(15.1) U3 S5, VeSO

As this signifies a discrimination of past from future, we may call such
systems causal.t

15.2. ExampLES. The closely related theories of (i) the Hardy class
H,, (ii) prediction and (iii) scattering exemplify linear, stationary,
causal systems. In (i) 3¢=Ly(R), U, is multiplication by e_; where
e:(s) =e', and 3Co=4 LIT(R), i.e. the set of functions f&3C which are
boundary values of functions f; in the Hardy class H, on the upper
bank of R. In (ii) 3¢=4 &(x:, tER) is the Hilbert space generated by
a stationary stochastic process, U; is such that U.(x,) =x:.,, and
Jo=4 S(x:, t=<0), the so-called “present and past space” of £=0. In
(iii) 3¢ is the space of Cauchy-data of the wave equation with obstacle
in R¢, ¢g=1, completed in the energy norm, U, carries the initial data
(fo, go) into the data (f;, g¢) at instant ¢, and 3C, is the so-called “in-
coming subspace,” i.e. the set of all initial data (fo, go) such that for
all ¢<0, f; vanishes in a (fixed) neighborhood of the obstacle. It is
easy to verify (15.1) in each case.

Now suppose that we have a linear, stationary, causal system, and
let

(15.3) V=0, S:= Rstr. Ur
d 3¢,

Then by (15.1), (S, t20) is a strongly continuous semigroup of iso
metries on 3Co into 3¢o. The following theorem of Cooper [7], which
gives the structure of such semigroups, therefore plays an important
role in the analysis of linear, stationary, causal systems:

15.4. CooreR’s THEOREM. Let (S:, £=0) be a strongly continuous
semigroup of isometries on a (complex) Hilbert space 3C into 3. Then
there exists a subspace 3, and indexed families (W;, jEJT), (Z;, FJEJT)

4 Causality is used here in the sense of temporal anisotropy, and not of course in
the narrower sense of determinism,
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of subspaces and maps, respectively, such that

(1) 3C=08Co+ D csMy R LM, j, kET, =k,

(2) Vth, St(gcw)ggcoo & St(mi)gmh

(3) Vt=0, Rstr.e,S: is unitary on 3C, onto 3C,,

(4) VjEJ, Z; is a unitary operator on Ly[0, ) onto IM; such that

JG=o), tzc¢

Viz0, S, = Z,-oa-,ozlh where (o.f)(t) = {0’ 0<i<e

To get the 9M; Cooper first obtains vectors 8; in 3¢ by a selection
procedure reminiscent of the Hellinger-Hahn Theorem.®* For the
analysis of linear, stationary, causal systems what is needed is a
version of his theorem free from any dependence on a nonunique
selection of vectors. Our aim is to get such a version by following
Procedure 12.1. To carry out step (i) of 12.1 we shall appeal to the
corresponding result for the semigroup (V”, #=0) where V is an
isometry on 3C into 3¢, and then make a transition from the discrete
to the continuous, cf. 1.3. In the discrete case the result we are seek-
ing is in essence a mere reformulation of the following fundamental
result, cf. Halmos [14, Lma. 1]:

15.5. THEOREM (DISCRETE WOLD DECOMPOSITION). Let V be an
isometry on a (complex) Hilbert space 3C into 3¢. Then 3 a unique sub-
space W such that

3 = ﬁ V() + D VW),
0 n=0

and
NveEe) LVviw) LVs(Ww), j>kz0.
0

This W is { V(3¢) } L.

It is easy to see that the restriction of V to 3C,=ay V"(5C) is
unitary. Also, on letting l5(9;; W) be the Hilbert space of square-
summable functions on the set 9,y of nonnegative integers to the
space W, it easily follows from 15.5 that

2 6() = 3 Vo{o(n)}

n=0

41 As Kallianpar and Mandrekar [19] have pointed out, Cooper’s method in es-
sence amounts to constructing from each g;, a c.a.0.s. measure §;, and then taking M;
to be the subspace of ¢;, cf. 2.2(a).
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is a unitary operator on L(9; W) onto 3N3%, and Vu=1,
Vr=2Z 00_n 027!, where o, is defined as in 15.4(4). Thus, in the
discrete case the Wold decomposition immediately yields an explicit
version of Cooper's Theorem.

The last fact suggests that in the continuous parameter case as
well, an explicit version of Cooper’s Theorem may be derivable from
a Wold decomposition established beforehand. Indeed, the equation
in 15.5 strongly suggests for the semigroup (S, ¢=0) a Wold decom-
position of the form

) g = N S«(x0) + f " To(d) (W)

20

where W is a unique subspace of 3¢ and Ty(-) a W-to-3¢C, c.a.q.i. mea-
sure over ([0, ), ®,, u), where u is Lebesgue measure, and ®, is the
d-ring of Borel subsets of [0, =) of finite Lebesgue measure. In the
announcement [28] we sketched a proof of (1). We shall now present
this in a somewhat improved and systematized form. To avoid repeti-
tion let it be understood in what follows that:

1) (S, t=0) is strongly continuous semigroup of isometries
on a (complex) Hilbert space 3C into 3¢,

(i)  8C,=MN¢o S:(3) & 3JCy=3cCL,

(i) V=al—2f7 e tSdt & W={V(sw)}Le

(15.6) (iv) @ is the prering of intervals (a, b, where 0<a <b< =,

(v) V(e b]lE®, T(a,b]l=a(1/v2){Ss—S.—J2 Sidt},

(vi)  To(:) =a RstrwT(:) & Iw=g4Rstr.wl,

(Vll) VtéO, Rt =4 Sg—I—“f:) (t—'S)S.dS.

Our goal is to show that T'(:) is a W-to-3¢, c.a.q.i. measure over
([0, =), ®u, u(-)Iw), where u is Lebesgue measure, and then use
Thm. 10.8 to get both (1) and the explicit version of 15.4, thereby
carrying out Procedure 12.1. But the unrestricted set-function 7°(-)
must first engage our attention.

In the first place, the semigroup (15.6)(i) yields a continuous func-
tion Sy on [0, =) to the vector space CL(3¢, 5¢) taken with the
strong operator topology. Hence for 0<a<b< «, [7 St exists as a
strong Riemann integral, which obeys many of the usual laws (cf.
[18, p. 62—, Def. 3.3.1 & Thm. 3.3.4]). Hence T'(a, b] is well defined
by (15.6)(v), and it follows easily that

@ Thus V is the Cayley transform of H, where ¢H is the infinitesimal generator of
(Se, t=0), and W is the so-called deficiency subspace of the semigroup. As Cooper
showed in [6], H is a maximal symmetric operator.
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(15.7) (a) T(-) is a finitely additive measure on ® to CL(3C, 3C),
by viz0& VAER, Siof{T(4)}=T(4+1).

Furthermore, the equation in (15.6)(v) for T'(-) in terms of S, can be
inverted to yield an equation for S, in terms of T°(-):

15.8. LEMMA (INVERSION FORMULA).
Vaz0, S,= —+/2 J'owe"‘T(a, o+ t]dt.
ProoF. In view of (15.7)(b) we shall prove the result for a =0, viz.
(A) —\/2fwe“‘T(0, tldt = I,
0

and then apply S, to both sides. By (15.6)(v)&(), T(0, -] is a
continuous function on [0, ) to the space CL(3¢, 3¢) taken with the
strong operator topology. Hence, the function e™7T°(0, -] is likewise
continuous on [0, «) and therefore Riemann integrable on any in-
terval in ®. But from (15.6)(v)

t
vtz 0, |Nmﬂb§|&b+lﬂa+fl&ha
0
<241

It follows that [¢ e~*T(0, t]dt exists as an improper R-integral. Hence
(A) is meaningful.
Next, we observe that

f " {~s, +I4 f s.ds} a1
- _ f 1St + I + f { f ts,,ds} .

By Dirichlet’s formula the last term on the RHS is

f { f e“Sadt} ds = f Sse~2ds,
0 8 0

and so cancels the first term, to yield 7 on the RHS, as required
by (A).
Finally, from (A) and (15.7)(b)

LHS(A)
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Se = —+/2 f €S, T(0, t]dt
0

= —4/2 f etT(a, a + t]dt.
0

Let us note that
VXC 3 & Va=0,
S{SuX):t = a} = &{T(c, d](X) :(c,d] C [a, »)}.

This is clear since on the one hand by (15.6) (v), we have V(c, d]
C [a, ») and Vx € X,

(15.8")

d
T, d)(x) = (1/+/2) {sd(x) s~ [ S:(x)dt}
€ S{Sy(X): t = a,

and on the other hand by the formula in 15.8, we have Vi=a and
vV € X,

Si(x) = —\/wae*'T(t, t+s](x)ds
€ &{T(, dl(X): (¢, d] C [a, «)}.

The next result we prove concerning 7T'(+) is chosen with an eye to
establishing the quasi-isometry of To(-) by appeal to Lma. 8.12:

15.9. LEMMA.
(a) 2T(0, a]*oT(0,5] = Rs—o — R*— Ry, 0<a<b,
) 2T(0, b]*oT(0,a] = R*s — R, — R*, 0=a<b.
Proor. The proof consists of a long but routine calculation. The
following are the main steps. Let 0 <a <b. Then using the relations
Sa*Se = Soa & Sp*Ss = Sp¥a,
we find that

c—t t
Set — SF— Seds —f Skds, 0=t<eg,
(1) 25*oT(0, ¢]= 0 0

t
S*.— SF— Skds, 0=5c<t
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By (1)

LHS(a) = /2 {Sa* o f oas,*dt} 7(0, 5]

b—a
= {Sb_., — S.* — f S.ds} — /270, b]
0

a b—t ¢
»—-f {Sb_t — S — Seds — f S,*ds} dt
0 0 0

b—a b
(2) =Sp 0 — SF — Seds — {Sb —-I- f S;ds}

0 0
a a b—t a ¢
-—-f Sp—dt + f f Sidsdt + f f Srtdsdt.
0 0 0 0 0

Denoting the last 3 integrals by Ji, Js, J3, and using the rule of sub-
stitution, Fubini’s Theorem and Dirichlet’s formulae, we find that

b

Jy = Ssds, Js =f (a — 5)S¥ds,
0

b—a
b b—a
Je = f b — 5)S.ds —f ® — a — 5)S.ds.
0 0
Inserting these expressions in (2) and simplifying we get (a). (b)

follows on taking adjoints on both sides. [}

We now turn to the restricted measure T4(-). What concerns us
is of course the product T(0, b]”T(O, a], where ? is the adjoint op-
eration for W-to-3C (not 3C-to-3¢) linear operators. Obviously,

(15.10) v4 € @, To(A) = PwT(A)* = PyTo(A)*,
and therefore
VA,BE®, ToBYTo(4) = PyT(B)*T(A)Iw
= Rstr.y Py T(B)*T(4).
Combining 15.9 and (11.11), we get

2To(0, al*T4(0, b] = Rstr.w Pw{Rs—o — R*— R}, 0= a<b,
15.12
( )2T0(0, b To(0, a] = Rstr.w Pw{Ri*, — R, — R*}, 0 =< a <b.

Next, we appeal to the fundamental result:

(15.11)
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15.13. LEMMA (RELATION BETWEEN S; AND V7).

@ ViZ0, Si=e+sim 3 {i( —n )kﬁ‘,(k)zc‘}

n—o 1 kl n+1 F=1 ]

where

2n n—1 -1
K, {I — V} v, and so K,(3¢) C V(3¢).

n-+1
(b) vn = 0, Vo= T4 Zf L4 (20)etSdt,
0
where
n (___,1)k n .
L)) = > T\ )t”, (nth Laguerre polynomial).
k=0

Proor. The proof is the same as that of the corresponding rela-
tions between U, and V% given in [33, Lmas. 2.7, 2.8], where
(U, tER) is a strongly continuous group of unitary operators on
J¢onto 3¢ and Visdefined asin (15.6)(iii), but with U, instead of S;. |l

The last lemma (a) immediately yields the following crucial
theorem:

15.14. THEOREM.

(a) V=0 & VxE30, Si(x) =e"tx+y:,, wherey,& V(3C)= W +.
(b) PySi = e¢'Py & Rstr.gSF = ¢ ty.

We can now assert the result we were after:

15.15. THEOREM.

(@) Va, 520,  To(0, alfT(0, b] =min{a, b} Iw.
(b) To(+) is @ W-to-3¢, c.a.q.i. measure over ([0, =), ®, u(-)Iw),
where u is Lebesgue measure.

Proor. (a) Let ¢=0. Then from the definition (15.6)(vii) of R,
and the first equation in 15.14(b) we get

PwR, = Pw {So -1 -—f (c ~ t)Sgdt}
0

1) = {e“‘ -1 - foo(c - t)e"‘dt} Py = —~ cPy.

Similarly, from (15.6) (vii) and the second equation in 15.14(b) we get
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) Rstr.y PwR* = — cly.

Combining (1) and (2), we have

3) Ve = 0, Rstr.w PwR, = — cIw = Rstr.w PwR>.

Using the relations (3) and (15.12) we find that for 0<a<b
2T4(0, alfTo(0, 8] = {—(b — a) + a + b} Iw = 2alw,
2T0(0, bJ#T0(0, a] = {— (b — o) + o + b} Iw = 2aly.

This establishes (a).

(b) By 15.7(a), To(-) is finitely additive on ®. In addition it satis-
fies the condition (a). Hence by Lemma 8.12(b) we have (b).

We turn next to the subspace Sz, of the measure Ty We first note
that

(15.16) 81, = S{S.(W):t = 0}.

This follows at once from (15.8’) on setting X = W. Next, we notice
that the equations in 15.13(a)&(b) yield the inclusions € and D
involved in the following useful identity:

(15.17) VX C s, S{S(X):tz 0} = S{V*(X):n = 0}.

Finally, we assert a corresponding identity for the “remote” sub-
spaces of the S;- and V*-semigroups:

15.18. THEOREM. 3, =4 Nizo Si(3C) = NuzoV"(50).

PROOF. As mentioned in [28, 3.2] a proof can be completed on the
basis of the identities in 15.13(a)&(b) and the limiting behavior of
the Laguerre polynomials L,(¢), as ¢ — . But a shorter proof due to
Nagy [37, p. 46] is also available. [l

We can now get our final expression for $r,, by putting together
these fragmentary results and appealing to the discrete Wold decom-
position. Thus,

Sr, = S{S(W):t = 0} by (15.16),
=&{V*(W):in 20} by (15.17) with X = W,

= Y, V»(W), by 15.5, since V(W) are L,

ne=0

L
=3CNM {ﬂ V"(GC)} by 15.5 (decomposition),

nz0

(15.19) =30 3L = 3 by 15.18 & (15.6) (ii).



520 P. MASANI [May

By establishing Thm. 15.15 (b) and (15.19) we have completed
the hard steps (i) and (ii) of Procedure 12.1. We can now appeal to
the general theory in §§10, 11 to assert our main theorem:

15.20. THEOREM (WoOLD DECOMPOSITION & COOPER’S TuM.) Under
the assumptions (15.6) we have

(@) To(+) is @ W-to-3¢y basic, c.a.q.i. measure over ([0, ®), ®,,
w(-)Iw), where u is Lebesgue measure;

®  ®=ge.+ [ T, & w0t [ TEW);

(c) the correspondence Z:¢—[5 To(dt)p(t) is a unitary operator on
Ly([0, ©); W) onto 3Co, such that

Vi = 0, RStl‘.gc‘,Sg = 2000 2_1,

where o4 is as in 15.4(4).
(d) Vt20, Rstruye,S:is unitary on 3o, onto 3o,

PrOOF. (a) is just a restatement of 15.15(b) and (15.19).(b)
follows from (a) and Cor. 10.9 (a). The first part of (c) follows
from (a) and Thm. 10.8. The second part of (c) follows from Thm.
11.10 (a), since by (15.7) (b) the measure T is stationary with shift
semigroup (S, £=0).

(d) Since S; is an isometry, to prove (d) we have only to show that
S; carries 3C, onto 3C,. Let t=0. Since S; is one-one,

(1) Si(3s) = S { N S,(CFC)} = N Sepe(30).
20 820
But, since S,.:(3¢) Z.5,(3¢), we have
(2) RHS(1) € N Si(3C) = 3Cs.
On the other hand, =
A3) RHS(1) = N S.(3) 2 N S.(3¢) = He.
uzt uz0

By (1)-(3), S.(3¢,) =3C, as required. [l

Hitherto we have treated the set L(E; W), where ECR, e.g.
E=10, »), as comprising functions on E to W. In certain cases, e.g.
when S: is obtained as in (15.3), it is convenient to redefine this
symbol by

(15.21) Ly(E; W) = {¢: ¢ € Ly(R; W) & ¢ vanishes a.e. on R\E}.
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Then by (11.13) the equation in 15.20 (c) can be written
(15.22) vt = 0, Rstr.ge, S: = Zor_0Z7},

where 7, is translation through h; ie. (7)) =¢(t+k), htER.
The correspondence 2! is therefore called the translational repre-
sentation of the restricted semigroup (Rstr.gp,S: t=0). An application
of the FP transformation and the Paley-Wiener Theorem yields a
corresponding spectral representation:

15.23. THEOREM (SPECTRAL REPRESENTATION). Let

(i) Z be as in Theorem 15.20(c),

(ii) £=42 o U, where U= 4Z,1s the FP transformation on Ly(R; W)
onto Loy(R; W), ¢f. 13.7,

(iii) Ly*(R; W) be as in the Paley-Wiener Theorem 13.117.
Then the correspondence £ is a unitary operator on LY (R; W) onto
3Co such that

vVt 2 0, Rstrge, S¢ = ZoM02™, where ex(\) = e,

Proor. By the PW Theorem 13.17, U carries L3*(R; W) onto
Ly([0, ©); W), i.e. by 15.20(c) onto the domain of Z. Hence the
domain of £=,ZoU is L} (R; W) and its range is that of I, i.e. by
15.20(c) it is 3Co. Also, since U and = are unitary operators, so is 2.

Now let ¢20, and write .S} for Rstr.ge,S:. Then by (ii), (15.22),
13.12 and (ii), applied in succession we get

S8 = SW2U = 3r_,U = SUM,, = $M.,
This completes the proof. B

When the semigroup (S; t=0) is derived as in (15.3) from a
strongly continuous unitary group (U, tER), the preceding semi-
group representations can be extended to yield translational and
spectral representations for the group (U, tER) itself, as shown in
[31, §5]. When applied to the closely related theories of the vectorial
Hardy class H,, prediction and scattering, cf. 15.2, these explicit
results for U, yield the theorems of Nevanlinna, Beurling, and Lax;
the Wold and spectral decompositions of a stationary stochastic pro-
cess; and the translational and spectral representations of Lax and
Phillips [22, p. 7]. This has been indicated in the papers [27], [33],
[31], the second of which is with J. B. Robertson.

16. Unfinished work

In this section we shall comment on aspects of our theory which
have either not been discussed above or discussed perfunctorily.
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16.1. ON THE INTEGRALS [4 ¥(\) M(dN\)P(). Our work is affected
by the as yet embryonic state of the theory of such integrals in
which for A\€A & ACA, ®(\), M(A), ¥(N) are continuous linear op-
erators, W'-to-W, W-to-W, W-to-W", respectively. In §9 we had to
define this integral by the different formulae (9.12), (9.17) for two
different types of measures M. Wanted is a single definition covering
all choices of Hilbert spaces W, W', W'’ and all measures M(-). This
definition should follow the classical pattern: the integral should first
be defined for simple ®, ¥, and then by a limiting procedure (say,
with respect to the strong operator topology) for arbitrary integrable
pairs (®, ¥). An important interim step would be to treat the integral
concept as primitive, and to augment the list of basic properties
given in (9.3) into a list of axioms from which all other properties
could be deduced. Any proposed definition of the integral would then
be deemed “acceptable,” if it yielded a realization of the axiom-
system. With an acceptable definition of the integral, the definition
(9.5) of L2=Ls(A, B, M; W'oW)®# would become unambiguous, as
would the Criterion 9.9 for the adequacy of M.

16.2. OPERATIONAL CALCULUS. Let T be a W-to-3¢, c.a.q.i. measure
over (A, ®, M), §8. In §10 we defined for certain measures M (e.g.
adequate ones) the integral

1) f T(d)\){q‘)()\)}, where pison Ao W & & € La,w,
A

as a vector in JC. It is also possible to define a related integral
(2) J = f T(@\)®(\), for suitable ® on A to CL(W', W),

A
so that it is a linear operator on W’-to-3¢, by letting

J@) = f T@{eMW @)}, ' EW,

A

the integral on the right being of type (1). On the basis of the last
definition we can build an operational calculus for quasi-isometric
measures somewhat akin to the operational calculus for spectral
measures. An especially simple choice of ®(-) is ¢(-)Iw, where ¢(-)

is complex-valued. This calculus has already found uses (cf. 16.5),
but its full scope remains to be investigated. It would be worthwhile

4 In which the clause “and is of the trace-class” should be added in case W’ is
infinite dimensional.
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to find out how it relates to the theory of integration of operator-
valued functions with respect to c.a.o.s. measures in the “inflated”
tensor product W/oW. In the latter space the inner product of 4
and B is taken to be the operator (“Gramian”) B*A4 rather than
trace B*4. Such inflated spaces are important in the study of vector-
valued stochastic processes.

16.3. PSEUDO-EIGENFUNCTION EXPANSIONS. The concept of pseudo-
eigenfunction is usually explicated by going from the initially given
Hilbert space 3C to other spaces, such as generalized function-spaces
or rigged Hilbert spaces. Our use of c.a.0.s. measures in L,-transform
theory (§§4-6) and their application to a boundary-value problem
of the reduced wave equation given in Appendix II of the Report
cited in [30] suggests an alternative approach. In this the pseudo-
eigenfunctions would be integrated to form eigenpackets, i.e. values
of a measure in the Hilbert space ¢ itself, cf. [16, §10.4], and this
(vector-valued) measure used for purposes of integration. Then it
would become unnecessary to leave 3¢. In future work we hope to
demonstrate the efficacy of this approach by bringing it to bear on
the work on eigenfunctions of F. I. Mautner [35], W. G. Bade and
J. T. Schwartz, and others, cf. [11, II, pp. 1269-1270].

16.4. PERTURBATION THEORY. In the so-called stationary approach
to perturbation theory due to S. Kuroda, L. de Branges, M. S.
Birman and others, cf. references in [21], perturbation theorems are
derived from certain spectral representation theorems. In some of
these the representation space is a von Neumann direct integral, in
others it is the completion of an Lsy-space of vector-valued functions
with respect to an operator-valued measure. Differing concepts of
operator-measure and vector integration are employed. Certain
proofs lean on Hilbert-Schmidt kernels, others on vector-valued
holomorphic functions.

The results in §§13-15, especially 14.15, suggest that the sys-
tematic use of quasi-isometric measures and integration might pro-
vide a simpler and more uniform approach to such representation
theorems. We hope to investigate this question elsewhere.

16.5. EXPLICIT FORM OF THE IMPRIMITIVITY THEOREM. Let
(U, NEA) be a strongly continuous unitary representation of a
locally compact group A on a Hilbert space 3¢, & be the o-algebra
generated by the Borel subsets of A and their complements, and
E(-) be a spectral measure for 3¢ on & with multiplicity ¢=N,
such that
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(1) VNEA&VBE®, EB+)\ = UE®B)Ux.

Take any H.H. sequence (8;, j&J) for this E(:), and define the
space W, the c.a.q.i. measure Eo(-) and the hermitian operator-
valued measure M,y(:) as in 14.9. Then by Theorem 14.12 the in-
duced unitary operator Zy on L:(A, B, My; W) onto 3C possesses the
first intertwining property demanded by the Imprimitivity Theorem
(cf. 11.20), viz.

) VBEG®, E(B) =ZwM,oZ .
2 does not of course possess the second property, viz.
®3) VAE A, Ur=ZoraoZ

for such possession would make the measure M, right-invariant,
which is absurd since M, is bounded.

To treat the Imprimitivity Theorem explicitly we will therefore
construct from E, and M, new measures I" and N, such that N is
W'-to-W’, nonnegative hermitian operator-valued, T is W’-to-3C,
c.a.q.i. over (A, ®, N), and the unitary operator 2 induced by T has
both the desired intertwining properties. In view of Corollary
11.19(b) for this we need only show that T fulfills the three require-
ments.

I. T(-) is W’-to-3C basic,
I1. E(-) is the spatial integral spectral measure Q(:) of T(-),
cf. 10.25(b),
II1. T(-) is right-stationary with shift group (U, NEA).

Space will not permit us to give more than a bare outline of the
construction. It hinges on the very simple form assumed by M, in
the present situation, as revealed in the following lemma:

LEMMA. For the above-mentioned spectral measure E(-), the dominant
measure p=pg, of any H.H. sequence and the right-invariant Haar
measure m over A are mutually absolutely continuous. Moreover,

Mo(-) =p(-)Iw.

The proof, which depends on Mackey’s lemma on quasi-invariant
measures [24, 3.3], will be omitted.

We now proceed heuristically. A little reflection suggests defining
T(-) in terms of Eo(-) by an integral of the type 16.2(2):

@ 1) = [ E(@ye(), BE,
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where ®(-) is a W’-to-W operator-valued function, to be chosen so
as to secure the requirements I-II1. From the calculus of the integrals
16.2(2) and the last lemma we find that

(5) T(B)*T(4) = N(A N B), where N(4)= f S+ (@) 0.
A

We also find that if the operator ®(\) is invertible for almost all A
(u measure), then T will fulfill the requirements I and II. To deter-
mine ®(-) further we have therefore to turn to the requirement III.

Let III prevail. Then by Theorem 11.15, N(-) =m(-)H,. The last
lemma suggests that H, should be Iw., and so we conclude from
(5) that

VAE®, m(d)Iw = f BO)*EO)u(N),
A

ie.

N2 = (dm/dp)(N)-Iw:,  a.e. (u).
The Polar Decomposition now yields

() = YO -V{(@m/d)N}-Tw, ae. ()

where the partial isometry ¥()) is, for almost all A (v measure), a
unitary operator on W’ onto W since ®(\) is invertible. Thus (4)
becomes

© ) = [ B V{@n/aW}¥e),  BEG.

Elsewhere we hope to show that a W’-to-W unitary operator-
valued function ¥(-) exists for which the T'(-) given by (6) satisfies
the requirement III.
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