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1. Introduction. In 1958 R. C. Buck [2] made a study of the 8 or
strict topology (introduced in [1] and named for its resemblance to
a topology of Beurling) on the space C(S) of bounded continuous
functions on a locally compact space .S under which the dual of C(S)s
is the space M(S) of bounded regular Borel measures on .S. In 1966,
J. B. Conway [4], [5] showed that when .S is g-compact (or even
paracompact) the strict topology is the Mackey topology on C(S)s
—the finest locally convex topology on C(S) for which the dual is
M(S). However, when S is the space of ordinals [1, Q) less than the
first uncountable ordinal @, Conway showed that 8 is not the Mackey
topology on C(S)s.

In [10] Wang studied the strict topology generalized to Banach
algebras. More recently, the author and D. C. Taylor [8] studied the
strict topology defined by a Banach algebra B with approximate
identity on a left Banach B-module X by way of the seminorms
x—|| Tx||, one for each T€B such that B separates points of X. No
necessary or sufficient conditions were obtained for which this general
strict topology B is the Mackey topology on Xg. In this paper, suffi-
cient conditions are given in order that 8 be the Mackey topology on
Xg, with our aim being to obtain conditions which in some sense
differentiate between the case where S is o-compact, as opposed to
S= 11, Q), but in the general setting of [8]. A crucial step in the argu-
ment is provided by some results which generalize that of Dorroh
[6] and show that the continuity of linear maps on Xy is often deter-
mined by their continuity on norm bounded sets in X.

2. Some observations. It is a known result that if a space E has
its Mackey topology 7=7(E, E’), then every continuous map on E
into a locally convex space F with its weak topology is continuous on
E into F with its given topology. Actually one can prove
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THEOREM 2.1. E has the topology T iff every continuous linear map on
E into a space C(T) with the topology of poiniwise convergence on T is
continuous with the supremum norm topology on C(T), for every compact
Hausdorff space T.

This is not a very deep result, but it did motivate our approach to
the problem. In §4 we consider the continuity of linear maps on Xj.

In [8], (where we assume B separates points of X and from which
all further notation is taken) it is shown that B8 is the given norm
topology on X iff B contains a one-to-one operator on X with closed
range. Our approach is to weaken this latter condition and obtain
B=7. We note that in the case B=Co(S), X =C(S), there is a ¢
& Co(S) such that f—¢-f is one-to-one for f& C(S), when S is 6-com-
pact, but not when S= [1, Q).

However, we also note that when X is a separable Hilbert space
and B is the algebra of compact operators in X with countable ap-
proximate unit consisting of projections onto finite dimensional sub-
spaces, then, as our Theorem 3.3 asserts, there is a one-to-one 4 &EB,
but since X is reflexive and X =X, = { Tx: TEB, xEX} , the Mackey
topology on Xp is the norm topology. Hence a further condition is
needed to obtain B=7. Our Theorem 5.1 provides such a condition.

3. One-to-one operators in B. Suppose that {Ex} is a two-sided
approximate identity for B bounded by 1 and that there is an AEB
such that 4 is one-to-one on X and such that for each \, Ex4d~1lis a
bounded linear operator on 4 (X) CX,. It follows that one can obtain
a sequence {\,} such that

3(a) Map12\, and ||Ex,Br,—Enl| £1/27 for k<n—1

3(b) If B=N, then each of || Ead —A4||, || AEx—A4|| and || 4 Ex— Ex4]|
<1/2~.

Upon letting E, = E,, we have

THEOREM 3.1. (a) For x&EX, E.x—x in the strict topology.
(b) If A(X) is dense in X, then E.x—x in the norm topology for X,
for all xEX,.

Letting w denote the topology on X induced by the norm x—»“Ax”
we have

THEOREM 3.2. (a) kSw=8.
(b) k=w=pR on ¢’'-bounded sets.
(¢) If X is w-complete, then B is the given norm topology on X.

While in 3.1, { E,} need not be an approximate identity for B we
can obtain the partial converse.
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THEOREM 3.3. Suppose B contains a bounded sequence {G,.} such
that Gax—x in the strict topology for each xEX. Then, if 1Sa,—»,
then there is a 1-1 AEB such that ||G.4~Y| a, on A(X).

The proof of Theorem 3.3 depends on showing that

H=U (1/a)G! (V)
n=1

is equicontinuous in Xg, where U° is the polar of the unit ball U
in X..

We note that one can have 8 =7 and not have a 1-1 operator 4 in
B, for when S is not g-compact and C(S)g is Mackey (e.g., if S is
paracompact) no ¢ & Co(S) can separate points of C(S) since any such
¢ has o-compact support. However, it is important to note that when
S is paracompact, then S is the union of mutually disjoint open and
closed o-compact spaces and it is this fact which allows one to show
that B8 is the Mackey topology on C(.S)s.

Finally we note,

THEOREM 3.5. If A and {Ex} are such that sup)||Ead=Y| <  on

A(X), then B is the given norm topology on X whenever the 8 bounded
sets are norm bounded.

4. Continuity of linear maps on X3 Our Theorem 3.2 indicates
that B can be a relatively nice topology on bounded sets. In [5]
Dorroh showed that the “bounded strict topology” on C(S), whose
base of neighborhoods consisted of absolutely convex absorbent sets
W such that WNB,DB,N\V for some  neighborhood V, for each
ball B, of radius r >0, is equivalent to 8. We extend this result to the
general case of the strict topology studied in [8]. For a general study
of topologies of this type see [3].

THEOREM 4.1. If B,= {xEX: ||x|| <7} and if W is a B-closed, abso-
lutely convex, absorbent set in X such that for each r>0 there is a 8
neighborhood V of O such that WN\B,DB,N\V, then W is a B neighbor-
hood of 0.

COROLLARY 4.2. (a) B s the finest locally convex topology on X agree-
ing with 8 on each set B, iff every linear functional on X which is 8 con-
tinuous on each B, is B continuous on X.

(b) When X4 =X the equivalent conditions in (a) hold.

CoROLLARY 4.3. (a) A weakly continuous linear operator L on Xg
into a locally convex space E is continuous iff L is continuous at 0 on
each set B,.
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(b) If X4 =X, then a linear mapping L: Xg—E 1is continuous iff L
1s continuous at 0 on each set B,.

Since B =w=« on each set B, it follows that when an operator 4 of
the type considered in §3 exists, then 4 determines the continuity of
linear maps on X when X/ =X/.

5. The main theorem. We suppose B contains an operator 4 with
the properties assumed at the start of §3 and that {E,.} has been
chosen to have properties 3(a) and 3(b).

THEOREM 5.1. If Xg is complete, then B =1 when the following cond:-
tion holds: If {xk} CXN\B, is a sequence such that

(a) Axk“ <1/2%! gnd

(b) Enkxj] =1/2 for k<j—1, j=1, 2, - - - for a subsequence
{En} C{E.}, then

(c) sup?|| XoF.1 Enl| < .

To sketch the proof of Theorem 5.1, suppose H is a w* compact
absolutely convex set in X4 such that the polar H® of H in X is not
a B-neighborhood of 0. Then by Theorem 4.1 and [8, Theorem 3.1]
there is an >0 such that H°\B,D B, N\ Vr holds for no T&EB, where
Vr={x€X:|| Tz =1}.

Let ca=max{||Ex4~Y||: 1=k =n}. It then follows that there is an
x1E VaNB,NX.and anx!{ €H and E, € { Ex} such that | (Enx1, %! )|
=1. We then obtain x,& (1/2)¢a, VaNB,NX,, E,,, x4 €H such that
| (Enyxs, %4)| 21 and note that ||Eamx||=|End—14x|| <ca 4|
=<1/2.

Continuing this way we obtain sequences, {x,} €B,, {E,,,.} C {Ek} ,
{x! } CH such that | (En s, ! )| 21 and || Enxif| 1/2 for j<i—1.
From our hypothesis, if {a,. } &l,, then the sequence y, = Z?—x a;Enx;
is norm bounded in X and w-cauchy by choice of x;11& (1/2%)¢a, Va.
From 3.2(b), L{a;} =lim v, exists in Xj.

Since by our hypothesis and the uniform boundedness principle
applied to l,, L maps bounded sets into bounded sets, then from
3.2(b) and 4.3(a) it follows that L is continuous on I, with the strict
topology defined by ¢, into X;s. Hence L'(H) is 8-equicontinuous in
(lo)d =h. But this is contradicted by the inequalities | (E, s, 2/ )| 21
for i=1, 2, - - -.

The reader familiar with [4] or [5] will note some similarity of
argument in the above proof. We note also that it is often more
natural to view condition (c) in terms of the equivalent (by virtue
of (b)) condition
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Finally, suppose that X is a Banach algebra and B is a closed commu-
tative right ideal in X which is a sup norm algebra with approximate
identity {ex} bounded by 1. We then have

COROLLARY 5.2. If there is an a EB such that ax =0 implies x=0
for xEX and such that for each \ there is a number ky such that ||ax|| <1
implies []exxH =k, then B is the Mackey topology on the complete locally
convex space Homg(B, X.)s.

Regarding further applications, it is clear that our condition fails
for the example mentioned at the end of §2. In [8] several examples
in which B>%r are given, notably the strict topology on LZ(G),
1<P< =, defined by L(G). The most interesting case is that of the
strict topology on M (G) defined by L'(G) where it is not so clear that
our condition fails, as it must for G the group of real numbers because
of the following example. If e,(x) = —#n2|x| +n for |x| <1/ and 0
for |x| >1/n, then the collection of uniformly continuous functions
fa®)=(1/n)e.(1/n4+x)+e.(1/n—x)] in M(G){ is weak* compact
but cannot be B-equicontinuous [8, Theorem 4.8], since {e.} is an
approximate identity for L{(G) and ||eyfa—7fallo=1/4 for all . One
would like to determine whether our condition in 5.1 is necessary for
B=r.

Of the examples of the strict topology considered in [8], the only
remaining one is that defined by the Banach algebra B of compact
operators in a Hilbert space H on the left B-module X of all bounded
operators in H. Here Taylor [9] has shown that the Mackey topology
on Xp is not B, but (when H is separable) is the “double-strict” topol-
ogy obtained in the natural way by considering X as a left and right
B-module simultaneously and has extended this result to B*-algebras
with countable approximate identity.
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