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Let Q be a bounded open subset of R”, with smooth boundary T’
(the theory is easily extended to compact manifolds). Let A be a
differential operator of order 2m (m =1), with coefficients in C*(8),
such that A4 is uniformly strongly elliptic and formally selfadjoint
in 8. We consider the L2(Q)-realizations of 4, determined by bound-
ary conditions of the form

® viu— 2, Famu=0, jEIT;

k€K k<j

here J and K are complementing subsets, each consisting of m ele-
ments, of the set M=1{0, - - -, 2m—1}; the Fj denote (pseudo-)
differential operators in I' of orders j—; and the <, denote the stan-
dard boundary operators: 'you=u| r, 'yku=Df,u| r, for u&C=(Q),
where 2D, =09/dn is the interior normal derivative at I'. (1) is a re-
duced form of the usual normal type of boundary conditions, general-
ized to include pseudo-differential operators in T'.
Let 4 be the operator in L2(Q) defined by

D(A) = {u € L¥Q) | Au € L¥Q),  satisfies (1)},

@ Au = Au on D(4).

(The definition is given a sense by the general concept of boundary
value introduced by Lions-Magenes [7]). We shall give below a
necessary and sufficient condition on the operators Fj, (together with
A) in order that 4 be m-coercive, i.e. satisfies

3) Re(Au, w) + N|ulo 2 d|u|my  Vu € D(A),’

for some ¢>0, AER. The condition has two parts:

1° it is necessary that the Fj with j and k=m are certain functions
of the Fj with j and k<m in order that 4 be even lower bounded
(Theorem 1);
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1 Here ||u/, denotes the norm in the Sobolev space H*(@), sER.
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2° when 1° is fulfilled, the m-coerciveness is equivalent with an
algebraic condition on the principal symbols (Theorem 2).
Theorems 1-2 arise as corollaries of a general result (Theorem 3),
which permits application of [4], [5].

In [1], Agmon gave an algebraic condition for m-coerciveness of
selfadjoint realizations defined by differential boundary operators;
restricted to such realizations, our condition is equivalent with his.
Our result also extends those of Fujiwara-Shimakura [3] and Grubb
[5], treating certain nonselfadjoint classes of (1). The theory avoids
the classical considerations of integro-differential forms, which are
not very convenient for the question of necessity. However, our
m-coercive 4 are variational in the sense of [5] (i.e., A+ is regularly
accretive in Kato's sense, for suitable A\&ER).

1. A necessary condition for lower boundedness. For a (pXgq)

E = ((Ej))j=0,+++, p-1,

kwa0,yo0e, g—1

and two ordered subsets N; and N of {0, -+, p—1} resp.
{0, ey, g—1 } , we denote the minor ((Ej))jenyrens DY Enw,.
Similarly for a row- or column-vector ¢ = {¢o, cee, ¢,,_1} we denote
{¢,~},-e ~, by ¢n,. We also use ¢, to indicate a vector {¢,~} jen, indexed
by N].

Let J, K and M be as above, then we introduce the ordered subsets
of M: Mo={0, -, m—1}, Ma={m, - -+, 2m—1}, Jo=JNM,,
Ji=JNM, Ke=KNM, and K;=KNM,. When NCM we set
N'={n|2m—1—nEN}, considered again as an ordered subset of M.

The “Cauchy” boundary operator {70, <, 'y2,,._1} will be denoted
by p.

With this notation, (1) is equivalent with

€)) pse = Fopru,  pr = Fipru + Faprtt,

where Fo, F; and F; are the matrices of (pseudo-)differential operators
(where we put Fjz=0forj=<k): Fo=((Fir))jesokers F1=((Fit))jer, ke,
and Fr=((Fj))jes, kek,. (Evident modifications when empty index
sets occur.) They are of types (—k, —j)jerokers (—k, —j)jernex, and
(—%k, —j)jer,kek,, respectively. (The notion of type is a convenient
generalization of order to matrices, the principal symbol ¢° is defined
accordingly, see Hérmander [6], or [5].) Note the way in which F,
and F, are minors of matrices with zeroes in and above the diagonal;
we shall say that they are subtriangular.

The operator Fy, which maps [[rex, H*~*(T") into [[res, H*(T),



66 GERD GRUBB [January

all sSER, can be supplemented with the identity on [Jsex, H*-*(T) to
yield an operator ® from ] Jiex, H*(T') to []rea, H*T):

Y ¢K0H ‘pﬂo, where KbKo = ¢Ko, 'p-ro = F0¢Ko'

We write in short

Ik,

P = , where Ir, = ((0;x));.rekqy
Fy

The adjoint ®* sends ¢, into ¢x,+ Fifds, and is written in short as

®* = (Ig, F¢¥). @ and ®* are (pseudo-)differential operators of types

(—k, —7)jemohek, resp. (B, j)jex,xem,; With an analogous notation

for their symbols one has e.g. ®(®*) = (Ix, d°(Fo)*).

At the points of T one may write 4 in normal and tangential coordi-
nates

2m )
(6) A =), AD,,
=0
where the 4; denote differential operators in I' of orders 2m —1; Asm
is a positive function. Then one has the Green’s formula

@) (Au,v) — (u, Av) = frapu-p_vda, u, v € C°(Q),

where @ is a (2m X2m)-matrix of differential operators in I': @
=((@j))jvemw where each @; has the form 44 x1-+differential
operators of orders less than 2m — (j+k+41) (we put 4;=0 for > 2m),
cf. Seeley [8], or [5]. We note that @*= —@, and that @ is skew-
triangular and invertible with @~! a differential operator; @ is elliptic
of type (—k, —2m-+j+1);kenm.

THEOREM 1. If A is lower bounded, that is, if there exists NER such
that Re(Au, u) = N|u||2, Vu €D(4), then Ko=Jy, and
(®) Fy = — (2*Cuy,) ' ®*Quox,

(Here ®*Q@uy,y, is invertible when K,=J//, thanks to the special char-
acter of @ and the subtriangularity of Fy.)

REMARK 1. The case treated by Fujiwara-Shimakura [3], Fujiwara
[2] and Grubb [5, 4.3-4.4] is the case where

K0=Jl,={m—?"",m—1}

for some p =<m, here Fy and F, are 0 by their subtriangularity; the
case in Grubb [5, 4.5] takes general K, but Fy=0.
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2. The condition for m-coerciveness. In accordance with (6), the
principal symbol of 4 may at points y&EI' be written in the form
ay,n,7)= 2" a*(y, n)r', where a;(y, n) denotes the principal symbol
of A;; here 5 belongs to the fibre at ¥ of the cotangent bundle 7*(T),
and 7&ER. For each (y, 7) with 950, the polynomial a(y, 7, 7) has
exactly m roots {7} (y, 7)}; in {AEC|ImA>0}. We can then form
the polynomial [J7, (r—7F(y, 1)) = 2™, si(y, n)r!, and use the
coefficients to define the following (m Xm)-matrix valued functions
on the nonzero subbundle T2 (T') of T*(T"): So(¥,%) = ((52—;(¥,1))); kenm,
and Sn(¥, 1) = ((Sm4-3 (¥, 1)))s ke n,, where we put s;=0 for I [0, m].
Denoting by I the skew-unit matrix ((8jm—1-%));renm, we finally
introduce Q=4I% S, Sp, R=1I%5, So, here S denotes the complex con-
jugate of S. (More details in [5, Chapter 4], in fact Q=45 ¢%(Qaroar,),
and R is the principal symbol of a certain pseudo-differential operator
inT.)

THEOREM 2. 4 is m-coercive if and only if it satisfies (i) and (ii):

(1) Ko=Jv, and Fo= — (®*Qu,) ' ®*CQu,x,-

(i) Let Jo={j|j+mEN}, and let E(y, n) be the matrix valued
function on T¥(T):

€ E = o%(®)*Qu,1,0°(F1) + o°(2)*Ro*(®),

then E-+E* is positive definite on T¥(T).
In the affirmative case, A is 2m-regular (Au E H*(Q)=u E He+m(Q),
Vs=0), and A* is also m-coercive and 2m-regular.

3. Explanations and further developments. The first step in our
proof of Theorems 1-2 is the transformation of (4) into an equivalent
boundary condition of the form

(10) Y U = Fo’YKo U, XIyu = nyxou + szxllu,

where vy and x denote the m-vectors of boundary operators: ¥ =par, x
= Quom,PM, % Qargmorry, With which Green’s formula (7) takes
the simple form: (4u, v) — (4, Av) = [v(xu -¥9—vyu-X5)do. Note that
x = { X} ren, where xx is of order 2m —k—1. There is 1-1 correspon-
dence between the systems (F,, Fi, Fz) and (Fy, G1, Gz) (we omit the
formulae); Gs* is again subtriangular.

Assuming, as we may, that the Dirichlet problem for 4 is uniquely
solvable, we define the operator P, in D'(I')" by: P, ¢ =xz, where
z is the solution of 4z2=01in Q, yz=¢ (cf. [4], [8]). P,.x is a selfadjoint
pseudo-differential operator in T' of type (—k, —2m-4j+1);ren,
(Vainberg-Grusin [9]); its principal symbol is described in detail in
[5, Chapter 4].
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THEOREM 3. In addition to the motations iniroduced above, let W
be the operator analogous to ® with F, replaced by —Gs*. Let X
=®([rer, H*12()) and let Y=Y (][icsrH*Y2(T)). Let ®, and
W, be the restrictions of ® and V with domains [[rex, H+1%(T') resp.
I1xesy H7Y2(T") and ranges X resp. Y, clearly they are isomorphisms.
Finally, introduce the pseudo-differential operator £, of type
(—k, —2m~+j+1)erner,:

£1 = G1 - ‘I’*Py,,‘q).

Then A corresponds, in the sense of (4, Theorem 111 2.1] (based on the
Dirichlet problem), to the operator L: X—Y’ defined by

D(L) = {¢ ex|esrse I1 H"“’z(r)} ,

keJy’
Lo = (V1) £.81 ¢, when ¢ € D(L).

Theorem 1 follows from this by use of [4, Theorem III 4.3]: Lower
boundedness of 4 implies X C Y, and then by the subtriangularity
® =V, so that K¢=Jy and Fo= —G3*, which leads to (8). Note that
then X =Y.

Theorem 2 uses [5, Corollary 2.4]: 4 is m-coercive if and only if
L is m-coercive, i.e., XC Y and 3¢>0, AER so that

Re(Loy, ¢v+)+N||o||2-s1/23 Z ¢||$]| 21/ on D(L).2

This is equivalent with a similar property for L, =¥y L®,, which is a
certain “realization” of &£;, and here the property amounts
(besides ®=¥) to the positive definiteness of o°(£;+£7) (in fact
E=A4;)06%£,)); the computations resemble those in [5]. The last
statement in Theorem 2 uses the ellipticity of £;.

REMARK 2. The selfadjoint m-coercive 4 are characterized by Theo-
rem 2 (i), (ii), plus selfadjointness of Gi=¥*Qu,F1+3iP* Qs u P
(then E is also selfadjoint).

REMARK 3. Theorem 3 gives a basis for the discussion of many
other properties of 4, because of the way in which they are preserved
by the correspondence between 4 and L, see [4], [5]. Regarding
coerciveness, we mention that:

1° the conditions in Theorem 2 are also necessary and sufficient for
(m —e€)-coerciveness with ¢ [0, 1/2[ (cf. Fujiwara-Shimakura [3]),

2° the discussion of (m—1/2)-coerciveness in Fujiwara [2] (re-
lated to subellipticity [6]) seems extendable to the present case,

1{|¢|| (s-s-12) denotes the norm in Maear, H*12(T).
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3° a necessary condition for lower boundedness (“0-coerciveness”)
is the positive semidefiniteness of 6°(£1+£7) (cf. [5, Theorem 4.3]).
Let us mention that lower boundedness +2m-regularity do not imply
m-coerciveness as in the selfadjoint case; examples using pseudo-
differential operators: take £ elliptic with £¥*= — £,.

Concerning extensions of the results to operators 4 that are
merely strongly elliptic, let us mention that the case Ko=J/
={m—p, - - - ,m—1} has been treated by Fujiwara [2]; the device
of [2] does not extend to our general case.

REFERENCES

1. S. Agmon, Oz the eigenfunctions and on the eigenvalues of general elliptic boundary
value problems, Comm, Pure Appl. Math. 15 (1962), 119-147. MR 26 #5288.

2. D. Fujiwara, On some homogeneous boundary value problems bounded below, Proc.
Japan Acad. 45 (1969).

3. D. Fujiwara and N. Shimakura, Sur les problémes aux limites stablements varia-
tionnels, J. Math. Pures Appl. (to appear).

4. G. Grubb, 4 characterization of the non-local boundary value problems associated
with an elliptic operator, Ann. Sci. Norm. Sup. Pisa 22 (1968), 425-513.

5. , Les problémes aux limites généraux d'un opérateur elliptique, provenants
de la theorie variationnelle, Bull. Sci. Math. France (to appear).

6. L. Hormander, Pseudo-differential operators and non-elliptic boundary problems,
Ann. of Math. (2) 83 (1966), 129-209. MR 38 #1387.

7. J. L. Lions and E. Magenes, Problémes aux limites non homogénes et applications.
Vol. 1, Dunod, Paris, 1968.

8. R. T. Seeley, Singular integrals and boundary value problems, Amer. J. Math. 88
(1966), 781-809. MR 35 #810.

9. B. R. Vainberg and V. V. Grudin, Uniformly nonelliptic problems. 11, Math.
Sb. 73 (115) (1967), 126154 =Math. USSR Sb. 2 (1967), 111-133. MR 36 #552.

UNIVERSITY OF COPENHAGEN, DENMARK



