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1. Introduction. One of the reasons that reducing subspaces of
operators on a Hilbert space are more easily studied than invariant
subspaces is the relation between reducing subspaces and von Neu-
mann algebras. If ¥ is a von Neumann algebra containing the identity
operator and B is an operator such that every reducing subspace of U
reduces B, then B is in 9.

If U is any algebra of operators and if ¥’ is the algebra of all oper-
ators which leave invariant every invariant subspace of U, then
clearly ACSU’. Professor P. R. Halmos has suggested the following
definition.

DEFINITION. An algebra % of operators on a Hilbert space is
reflexive if whenever every subspace invariant under ¥ is invariant
under B, then B is in Y.

Examples of reflexive algebras are easily constructed: if § is any
family of subspaces of a Hilbert space $ and if ¥ is the algebra of all
operators which leave every subspace in { invariant, then ¥ is reflex-
ive. Clearly, every reflexive algebra is weakly closed and contains the
identity operator. Also every von Neumann algebra containing the
identity is reflexive.

In this paper we consider two sufficient conditions that a weakly
closed algebra be reflexive. Our work is based upon elegant techniques
introduced in recent papers of D. E. Sarason [4] and W. B. Arveson
[1]. The main results of Sarason and of Arveson may be stated as
follows.

SARASON's THEOREM. If U is a weakly closed algebra (containing the
identity) of commuting normal operators, then U is reflexive.

ARvVEsON’s THEOREM. If U is a weakly closed algebra which contains
a maximal abelian von Neumann algebra and which has mo invariant
subspaces except {0} and D, then U is reflexive (i.e. U is the algebra of
all operators on D).

Below we give two theorems that are similar to the above. Our
main result (Theorem 1) is a generalization of Arveson’s Theorem.

2. Statement of results.

TueorEM 1. A weakly closed algebra which contains a maximal
abelian von Neumann algebra and whose lattice of invariant subspaces is
totally ordered is reflexive.
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Note that Arveson’s Theorem is a special case of Theorem 1. Our
proof of Theorem 1 shows that the hypothesis that the lattice be
totally ordered can be slightly weakened.

COROLLARY 1. Let A be an operator whose lattice of invariant sub-
spaces is totally ordered. Then there exists a Hermitian operator H such
that the weakly closed algebra generated by A and H is the algebra of all
operators which leave invariant every tnvariant subspace of A.

A particular instance of Corollary 1 is the following.

COROLLARY 2. Let V be the Volterra operator on L%(0, 1), defined by
(Vf) (x) = [if(t)dt. Let H denote multiplication by the independent vari-
able on L*(0, 1), and for each « € [0, 1] let M= {fEL?: f=0a.e. on
[0, &] } Then the weakly closed algebra generated by V and H is

{4 :AM. C M, for all a}.

TuEOREM 2. If Uy 15 a weakly closed algebra containing the identity
and if A=W ® I, where I is the identity operator on an infinite-dimen-
stonal space, then U is reflexive.

The hypotheses of Theorem 2 state that ¥ can be regarded as an
algebra of “inflations” in the sense defined by Halmos [2]. Theorem 2
is of interest primarily because the algebra 9, is completely arbitrary,
and hence ¥ need not contain any nice (i.e. normal, shift, etc.) oper-
ators.

3. Remarks. In the course of proving Theorem 1, we give a simpli-
fied proof of Arveson’s Theorem. The corollaries follow easily from
Theorem 1. The proof of Theorem 2 is very easy using ideas of
Sarason’s. We shall publish proofs of Theorems 1 and 2 and some other
results elsewhere.

It seems to us that the problem of finding other sufficient condi-
tions that algebras be reflexive is interesting. It is also interesting to
seek properties of reflexive algebras (see [3] for some results related
to this).
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