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We consider nonlinear eigenvalue problems of the general form:

€)) Lu = FQ\, x,u), x&E D,
2) B(x)ou/dv + a(x)u = 0, x & aD.
Here x = (x1, %2, - * -, ) and
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All coefficients and the derivatives of the a;;(x) are continuous on the
appropriate closed sets D or dD, and the latter is piecewise smooth
with exterior unit normal vector (#:(x), n2(x), « « «, #,(x)) at x E9D.
We first prove a simple but useful result on conditions for the non-
existence of positive solutions of (1)—(2).

THEOREM 1. Let F(\, x, 2) be continuous on xED, 2>0. For any
positive continuous function r(x) on D, let iy {r} be the least eigenvalue of
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Ly + pr(x)y =0, ax€ D,
B(x)dy/dv + a(x)y = 0, x € 4D.
Then (1)—(2) has no positive solution for any )\EA{r} where
(5) Ar} = (M| FQ\, %, 9) + mfr}r(@)z 0, allzxe€ D,z> 0}.

ProoF. Suppose (1)-(2) has a positive solution, #(x) >0, xED, for
a given fixed N. Then this solution trivially satisfies

Lu + wir}r(@)u = FQ\, %, u) + m{r}r(x)u

and (2). Since L is selfadjoint, the right-hand side must be orthogonal
to yi(x), the eigenfunction of (4) belonging to w{r}. From (3) it
follows that y1(x) is of one sign on D. Thus the orthogonality relation
requires that the continuous right-hand side change sign on D. Hence
AEA{r). W

Of course piecewise continuous F(\, ¥, #) and r(x) >0 are easily
included by replacing 0 in definition (5) by either alternative: >0
or <0. The above theorem generalizes some nonexistence results
contained in Keller & Cohen [1].

We now consider some special cases of (1)-(2) in which positive
solutions are known or conjectured to exist. The problems are of the
form:

*)

Lu 4 Mr(x)u = f(x, w), *&€ D,
B(x)ou/dv + a(x)u = 0, x € aD,
where r(x) is continuous and positive on D.

Some nonexistence results for the above problem are a simple conse-
quence of Theorem 1.

(6)

CoROLLARY 1.1, (a) For some constant k let f(x, 2) > kr(x)z for all
2>0 and x ED, Then (6) has no positive solutions for any NS {r} +k.

(b) For some constant k let f(x, 2) <kr(x)z for all 2>0, and xED.
Then (6) has no positive solution for amy N2 {r} +k.

PrOOF. (a) F(\, %, 3)=f(x, 2) —Nr(x)z> (E—N)r(x)z2 —m{r}r(x)z
for 2>0if NS {r} +k Then NEA{r}.

(b) As above, we see that F(\, x, 2) < —m {7} r(®)z if Az {7} +E.

Note that k in the Corollary may have either sign, but the case
k=0 is of particular interest. It implies that if (6) is to have positive
solutions for all A=0, then f(x, 2£) must change sign on 2>0, x&D.
In a recent paper D. S. Cohen [2] proves that (6) has unique positive
solutions for 0=SA< m{r} when f(x, 2)=—f(x)+g(x, 2) where:
flx) <0, g(x, 2)>0, g.(x, 2)>0, g..(x, 2) >0 and g,(x, 2)2>g(x, 2) for
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all 2>0, x&ED. It can be shown that if f(x, 0) <0, f.(x, 2) >0 for all
2>0, x&D and lim,., f:(x, 2) = «, then (6) has positive solutions
for all A\. Under these conditions D. Cohen has observed that a result
of Levinson [3] implies that (6), with L=A and 8=0, has solutions
for all values of \. We shall show that positive solutions of (6) are
unique if only f.(x, ) is increasing in 2 for 2>0 and f(x, 0) 0.

THEOREM 2. Let f(x, 2) have a continuous s-derivative and satisfy for
all x&D:

(@) f(x, 0) = fo(x) =0,
(b) folz, 2) > falx,8') > 0 ifz>9>0.

Then positive solutions of (6) are unique (for all N for which they exist).

Q)

ProoF. Assume %(x) and v(x) are distinct positive solutions of (6)
for the same value of N\. Then since f.(x, ) is continuous for 2>0,
we have

J(, (%)) — (5, v(2)) = g(=, (%), v(x))[u(x) — o(x)]

where

® o3 4,0) = f o, ) + (1 — Do()d.

Thus with w(x) =u(x) —v(x), we obtain from (6) for » and v:

Lw + \r(x) — q(x; 4, v)]w = 0, x € D,

B(x)dw/dv + a(x)w = 0, x € dD.

Noting that f(x, #(x)) —f(x, 0) =g (x; u(x), 0)u(x) we can write (6) as
Lu + [\r(x) — g(x; u,0)]u = fo(x), «& D,

B(x)ou/dv + a(x)u = 0, x € aD.

)

(10)

Now consider the two eigenvalue problems, with eigenvalue param-
eters ¢ and 7:

Lé + [or(®) — q(x;4,0)]¢ =0, «& D,
B(x)0¢/dv + a(x)p = 0, ¥ € dD;

LY + [rr(x) — q(x;4,0)ly =0, x& D,

(11b) B(x)oy/ov + a(x)y =0, €& oD.

The least eigenvalue, oy and 7, respectively, of each of these problems
can be characterized by the variational principle:

(11a)
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o= min {olel + [ futwim, Ve [ Hlo),
= nin {ole) + [ fuin 0#esf [ Aol

Here the class of admissable functions is, say, a=——_{¢l¢eC(E)
NC'(D); ¢(x)=0, xE3D1} where B(x)=0 if and only if xEaD;,
oD =6.D1U6.D2, 6D1ﬂ6D2 =0 and:

obl= | [ i_ a,-,~<x)a..¢a,¢+ao(x)¢2] PR N

dp, ﬁ(x)
H[¢] = f N fr(x)¢2dx.

Since f,(x, 2) is increasing in 2 for 2>0 and v(x) >0 on D, we must
have for all xED,

g(w; u(x), v(x)) > ¢(x; u(#), 0).
Thus from the above variational principle it follows that
o1 > T1.

By assumption, w(x) 0, and so the parameter \ appearing in (9)
must be some eigenvalue of the problem (11a). Since ¢ is the least
eigenvalue of that problem we must have AZa1>7.. Now write
(10) as:

Lu + [rr(x) — q(x; u, 0)]u = fo(x) +i(r1 — Nr(®)u(x), «& D,
B(x)du/dv + a(x)u = 0, x&E 9D.

But 7, is the least eigenvalue of (11b) and so the right-hand side in
the above differential equation must be orthogonal to Yi(x), the
eigenfunction belonging to 1. However, this is impossible since ¥1(x)
is of one sign on D and, since u(x) is a positive solution,

fo®) + (71 — Nr(x)u(x) <0  on D.

The contradiction implies w(x) = 0. [}

The above proof remains valid if we relax the monotonicity condi-
tion (7b) to just nondecreasing derivative, f,(x, 2) 2f.(x, 2), 2>’ >0;
but strengthen condition (7a) to fo(x) <0. Clearly our result also
applies to the case with f=f(\, x, #) provided (7) holds for the appro-
priate values of A,
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Many additional results have been obtained under the hypothesis
of Theorem 2; namely: (i) positive solutions of (6) are increasing
functions of A for all x €D; (ii) the set of X for which positive solutions
of (6) exist is open above; (iii) if fo(x) = 0, then (6) has no positive
solutions for all N S\; where )\, is the least eigenvalue of

L¢ + [)\'(x) _fu(x; 0)]¢ =0, z& D,
B(x)0¢/0v + a(x)p =0, =€ ID;

(iv) if fo(x) <0 on D, then (6) has positive solutions for all A<A;;
(v) if fo(x) <0 on D and a positive solution of (6) exists for some N/,
then positive solutions exist for all ASN'.

Also, we can show that (6) has a positive solution for arbitrarily
large N if in addition to (7) and fo(x) <0 on D we have lim,., f,(x, )
=+ on D. Combined with (v) above and Theorem 2 this yields
unique positive solutions of (6) for all N\. The results in (i)—(v) are
proven by combining the technique in Theorem 2 with the use of the
Positivity Lemma as in [1], and are thus constructive results. Varia-
tional procedures are employed to show existence for arbitrarily large
A. The detailed proofs will be given elsewhere.
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