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Let H be a real Hilbert space with closed unit ball B and let K(H)
denote the family of nonempty compact convex subsets of H supplied
with the Hausdorff metric D generated by the norm of H. A mapping
¢: H—-K(H) is coniractive if for any pair x, yEH, D(¢(x), ¢(¥))
=D(x,v). If xE¢(x), then x is a fixed point of ¢.

In this paper we shall prove the following fixed point theorem for
set valued contractions, which is an extension of a theorem of
Browder [1].

TuEOREM 1. Let ¢: H—HK(H) be a contractive mapping such that
¢ (x) CB for every x ©B. Then ¢ has a fixed point in B.

The proof relies on a generalization of the concept of monotone
mappings of H into H to mappings of H into K (H), and also depends
on Theorem 2 which we state without proof.

THEOREM 2. Assume that X is a complete bounded metric space and
that ¢ maps X into the family of nonempty closed subsets of X. If there
is a kE [0, 1) such that for any pair x, yEX, D(¢(x), ¢(y)) SkD(x, ¥),
then ¢ has a fixed point. (Here D is the Hausdorff metric generated by
the metric of X.)

A mapping G of H into the family of nonempty subsets of H is
monotone if given u, vEH and 4#EG(u) there is a 9&G(v) such that
(a—19, u—v)=0.

LeMmA 1. Let G: H—K(H) be a continuous monotone map, and
assume that for some pair v, IEH and every uESH there is ¢ aEG(u)
such that (3—a, v—u) 20. Then, 5EG(v).

ProOF. Suppose #€EG(v). By weak compactness, there is a wEH
such that (3, w) < (x, w) for every xEG(v). Let v, =v— (1/n)w; since
G is monotone there exists a 7, EG(v,) such that (3—73,, v—v,) =0
for all n. Therefore (3, w) = (3., w). Since D(G(v,), G(v)) tends to 0 as
n— o by continuity, we may assume that %i),.} tends weakly to a
point & and that there is a sequence {z.}, 2.€G(), such that
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lim D (fn, 2.) =0 and {2.} converges weakly to a point 2,EG(). We
assert that 2EG(v) so that (3, w) = (£, w), which is absurd. Indeed,
if 2EG(v) there is a ZEH such that (#, ) < (2o, 2) so that

0< (Zo - x,ﬁ) = (30 - zmz) =+ (Z” - 1_},.,2) + (77" - x,ﬁ),
which is absurd (because the right side converges to 0 as z— ).

LemMA 2. If G: H—K(H) is a continuous monotone mapping then
G(B) is closed in the norm topology.

ProOF. If v, is a limit point of G(B) there is a sequence {#;} in
G(B) such that #;&€G(u;), #;—v, and ;& B. Since B is weakly com-
pact we may assume that #; converges weakly to #,EB.

If for every u € H there is a &G (1) such that (4 —vy, u—ug) 20,
then Lemma 1 implies that vo&G(uo) and the proof is complete.
If not, there is a vEH and an ¢>0 such that

1 (B — 9,7 — %) S —e<0

for all 1E€G(v). We shall show that this leads to a contradiction.

Since G is monotone there is a 9; EG(v) satisfying (3;—4;, v—u;) =0
for each positive integer j. By the compactness of G(v) we may as-
sume that 3,—w &G (v). Therefore, (3;—@;, v—u;)—(w—vo, v —1u) =0,
which contradicts (1).

Given any u, v&EH and #E&¢(u) the compactness of ¢ (v) guarantees
a point 9E¢(») such that D(#, ) SD(p(u), ¢()). Therefore,
((u—a)—(v—19), u—v)= (D, v))2*—D(4%, 5)-D(u, v) 20, and hence
I—¢ is a monotone mapping. Clearly, I —¢ is continuous as a map-
ping of H into K(H).

If we show that 0 is in the closure of (I —¢)(B), then Theorem 1
will follow from the lemmas.

Let {k;} be a sequence in (0, 1) which converges to 1. For each 1,
ki maps B into the family of nonempty closed convex subsets of B,
and satisfies the hypotheses of Theorem 2. Therefore, for each 1
there is a fixed point wui,Ekp(ur,). Clearly, up, =k, for some
v, E¢(ue,) and hence

inf,e¢(u,“.; D(uk,,, y) = D(u,,,, 1)],‘) =1—-%—0 asi— o,
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