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Introduction. Let @ be the category whose objects are pairs (G, w),
G a group and w a homomorphism of G into Z,, and whose morphisms
are the obvious ones. Every finite Poincaré complex X* determines
functorially an element (m1(X), w(X)) of this category; let w(X)(d) =1
if b preserves orientation and let w(X)(b) = —1 otherwise. There is a
sequence of functors L,, = 5, from @ to the category of abelian groups,
with L, =L,4 all =5, which plays the role of the range of a surgery
obstruction. More precisely, let X» be a compact smooth manifold
and let v be its stable normal bundle. (Actually, one only needs a
finite Poincaré complex with a given vector bundle; see [3] and [4].)
Let Q.(X, v) be the cobordism classes of triples (M, ¢, F), M a com-
pact smooth manifold, ¢: (M, dM)—(X, dX) a map of degree
one which induces a homotopy equivalence of boundaries, and F a
stable framing of (M) ®¢*v, where t M =tangent bundle of M. Then
for n=5, there is a map 0: Q,(X, v)—L,(m(X), w(X)) such that
0[M, ¢, F]=0 if and only if this class [M, ¢, F] contains (N, ¢, G)
with ¥ a homotopy equivalence. For # even, the functors L, and this
map are defined by Wall in [3]. For # odd, they are defined by Wall
in [4], but with “homotopy equivalence” replaced by “simple homo-
topy equivalence.” However, one can slightly alter the procedures of
[4] to define L, and 0 with the properties just mentioned.

The groups L,(mX, wX) are not too large in the sense that every
one of their elements is the obstruction to some surgery problem with
boundary. In fact, we have the following result, due essentially to
Wall (see [3, p. 274] and [4, §5, 6]).

THEOREM 0.1. Let X™1, m =6, be a compact connected smooth mani-
fold. Let v be the stable normal bundle of X. Let vy be a given element of
Lp(mX, wX)=La(m (X XI), w(XXI)). Let ¢, be a homotopy equiva-
lence of M™ ! and X, M a compact smooth manifold, which induces a
homotopy equivalence of boundaries. Let Fi be a stable framing of
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tM D*v. Then there is a map of smooth manifold triads (with corners),
o (W, 0_W,a, W)= (X XI,XX0UIXXI,XX1,
and a stable framing F of tW ®¢* (v XI) such that

1) O_W=MX0JIMXI and ¢(x, t)=(pix, £) of xEIM or
x&EM and t=0;

) ¢| . W:93,.W—X X1 is a homotopy equivalence;

](3) Fextends Fy (W@ ¢*(v XI)| M=tModp*v&¢); and

4) o[W o, F] =7.

Hence it seems interesting to try to compute the groups L, (G, w).
The main result of this note, Theorem 1.1, is the computation of
L.(GXZ, wy) in terms of L,(G, w) and L,.1(G, w), provided that the
abelian group C(G, id) =0. Here Z denotes the integers and w; is the
composite G X Z—G% Z,, while if « is any automorphism of G, C(G, a)
is defined in [1] as follows: Let ©(G, ) be the abelian category whose
objects are pairs (P, f), P a finitely generated projective Z(G)-module
and f an a-semilinear nilpotent endomorphism of P; and whose
morphisms are Z(G)-module maps which preserve the nilpotent endo-
morphisms. Let ©; be the set of isomorphism classes of objects of
(G, ). Then C(G, ) is the range of the additive map of @€; to an
abelian group which vanish on free modules with the zero endomor-
phism and which is universal among such maps. If G is free abelian
and finitely generated, C(G, o) =0 (because Z(G) is regular and
Ro(Z(G)) =0).

1. Statement of results.

THEOREM 1.1. Let K*2, n=17, be a compact connected smooth mani-
fold with fundamental group G, and let w: G—Z, be its orientation map.
Assume that C(G, id)=0 and that for amy choice of basepoint,
C(m(dK), id) =0. Let w, be the composite of w and the natural projection
of GXZ onto G. Then there is a split exact sequence

a(K)
0 — ker a(K) = Lo(G X Z, w)) — Lya(G, w) —» 0
and an isomorphism B(K): ker a(K)—L,(G, w). Let v be the stable nor-
mal bundle of K XI. Then there is a splitting 1(K) of the exact sequence

above such that the following diagram commutes (e=the trivial line bundle
over S1):

SI
Ora(K X I, ) s Q3K X T X % 0 X 9
16 10

(K
LG, )~ 1.6 X 2, ).
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Norte. By @}(X, v) we denote those classes of triples which contain
an element of the form (W, ¢, F) with d.W =X and ¢(x) = (x, 0) for x
in d_W.

In particular, since the groups L,(H) are well known if H is the
trivial group, this theorem allows us to compute L.(Z*) for all &,
where Z* is the free abelian group on & generators. This computation
has been found independently by C. T. C. Wall (private communica-
tion).

THEOREM 1.2, Let ¢: (M, dM)—(X, 0X) be a map of degree one of
connected compact smooth manifolds which induces a homotopy equiva-
lence of boundaries. Assume n=dim X =dim M =S if X is empty and
=6 of not. Let v be the stable normal bundle of X, and let F be a stable
Sframing of tM @¢p*v. Let FXS* be the corresponding stable framing of
LMXSY) D (X S)*(wXS) = (M Dp*v) Xe. Assume that C(G, id) =0
and that for any basepoint C(w1(8X), id) =0, where G=mX. Then the
following are equivalent:

(1) (M, ¢, F) is cobordant to (N, ¢1, G) with ¢1 @ homotopy equiva-
lence; and

(2) (MXSY, ¢XSY, FXS') is cobordant to (P, ¢, E) with ¢ a
homotopy equivalence.

2. Outline of proofs. The first step is to recast a portion of the
main result of Farrell’s thesis [1]. Suppose that K*, % 2 6, is a compact
connected smooth manifold and that f: K—.S* is a map with regular
value *, the basepoint of S*. Suppose also that * is a regular value of
f l 0K, and let N =jf-1(x). Assume that the map of fundamental groups
induced by f is an epimorphism with kernel G, and assume that the
covering space of K associated to G is dominated by a finite complex.
Assume that f also has the following property: (0K),x, the manifold
obtained by splitting K along 9N, is an h-cobordism. Then one can
still define ¢(f) in C(G, @) as in [1], and as in [1] one can prove the
following:

THEOREM 2.1. Under the above hypotheses, the following are equiva-
lent:

(1) fis homotopic relative K to a map g such that * is a regular value
of g and such that Ky, the manifold obtained by splitting K along M,
is an h-cobordism, M=g~1(x) (i.e. gx: m{(K, M)—m;(S, *) is an iso-
morphism all © and M is connected); and (2) c¢(f) =0.

Note. In [1] Farrell defines another obstruction 7(f) in a quotient
group of Wh(G). He shows that f is homotopic rel the boundary to a
differentiable fibration if and only if 7(f) and ¢(f) both vanish.

Now suppose that g: X"—S1, n=6 if X is empty and # =7 other-
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wise, is a differentiable fibration of the compact connected manifold
X whose restriction to the boundary is also a fibration. Assume that
the map induced by g on fundamental groups is an epimorphism with
kernel G, and that C(G, a)=0. Here & is the automorphism of G
determined by conjugation with an element of m(X) that is carried
onto the standard generator of 7.5 by gx, as in [1]. Assume also that
the restriction of g to each component of dK induces an epimorphism
of fundamental groups, and that if H is any one of the kernels of
these induced maps and agy the corresponding automorphism of H,
then C(H, ax)=0. Let v be the stable normal bundle of X. Let
(M, ¢, F) represent an element of Q,(X, v). After a homotopy of ¢ as a
map of the pair (M, dM) to the pair (X, X), we can assume that *
is a regular value of g¢ and of gqsl O0M. By Theorem 2.1 we can also
suppose that qS[ ON: dN—IL is a homotopy equivalence, where L is
the fibre of g and N=¢~1(L). Let y=¢| N: N—L. F|N is a stable
framing of Y*(v| L) ®tN and v|L is the stable normal bundle of L.
Define

ay(M, ¢, F) = §(N, ¥, F| N) € La-s(G, w(X)| L).

PROPOSITION 2.2. ay(M, ¢, F) is well defined and depends only upon
the cobordism class of (M, ¢, F). If ¢ is a homotopy equivalence, then
a,(M, ¢, F)=0.

The proof of this proposition is a fairly straightforward, if tedious,
application of Theorem 2.1 and the basic properties of § and of the L,.
Theorem 1.2 is an easy consequence of Proposition 2.2 for the special
case where X =L XS and g is the projection on the second factor.

Now suppose that a,(M, ¢, F) =0. Then (M, ¢, F) is cobordant to
(M, ¢1, F1), where « is a regular value of g o ¢; and where, putting
Ny=¢i1(L), the restriction of ¢; to Ny is a homotopy equivalence of
N; and L. Let X, be the manifold obtained by splitting X along L.
Let v;, be the bundle induced from v by the natural map of X onto X1.
Let P be the manifold obtained by splitting M; along N;i. Then ¢,
induces a map ¢, of P into X ; which restricts to a homotopy equiva-
lence of boundaries. Moreover tP @¢ vy, is induced from tM; @y
by the natural map of P onto M;; hence F; induces a stable framing
Fy, of this (stable) vector bundle. Define

Bo(M, ¢, F) = 8(P, ¢1, Fz) € La(G, w(X1)).

ProPosITION 2.3. B, ¢s well defined on triples (M, ¢, F) with
oy(M, ¢, F)=0 and depends only upon the cobordism class of such a
triple in Qu(X, v). If ¢ is a homotopy equivalence, then B,(M, ¢, F)=0.
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Thus we have, under the hypotheses stated in the paragraph fol-
lowing Theorem 2.1, two necessary conditions that (M, ¢, F) be
cobordant to (V, ¥, G), with ¥ a homotopy equivalence. These condi-
tions are also sufficient.

THEOREM 2.4. The following are equivalent:
(1) an(M) ¢r F) =O and Ba(M; ¢r F)‘_"O; dﬂd
(2) 6(M, ¢, F)=0.

In fact, it follows from the definitions of e, and 3, that if (1) holds,
we can, after a cobordism (of triples), assume that if p~!(L)=N, N is
a proper submanifold of M and ¢ induces homotopy equivalences of
N with L and of My with X ;. But in this case, ¢ is itself a homotopy
equivalence; this follows by taking the universal cover of S! and an-
alyzing the covering spaces over M and X induced by g and g¢ respec-
tively.

Now assume the hypotheses of Theorem 1.1 and set X =L XS
Let g be the canonical projection of X onto S. Then using Proposi-
tion 2.2 and Theorem 0.1, the correspondence 8 [ M, ¢, Fl]—a, [ M, ¢, F]
defines a homomorphism a(L): Ly(GXZ, w1)—>L,-1(G, w). If i(L) is
defined by taking the product with S! of representatives in
Q1(LXI, v) of elements in L,1(G, w), it is easy to see that
a(L)o 1(L) =1d. By applying Proposition 2.3 and Theorems 2.4 and 0.1
one can construct similarly an isomorphism B(L): ker a(L)—L, (G, w)
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