ON ASSOCIATIVE DIVISION ALGEBRAS!
BY A. A. ALBERT

1. Introduction. It seems highly appropriate to us that, in this
address,? we should present to you results which represent new prog-
ress in the structure theory of associative division algebras, a field
untouched for nearly thirty years, and which provided the topic of
our doctoral dissertation of 1928.

As in the paper already published,? we shall study the structure of
a central division algebra 9, of odd prime degree p over any field §
of characteristic p, which has the property that there exists a quad-
ratic extension field f of § such that the algebra Do=D X & is cyclic
over §. We shall obtain a simplified version of the JA condition thata
cyclic algebra D, of degree p over R, shall possess the factorization
property Do=D X . We shall also derive a new sufficient condition
that such a D shall be ¢yclic over §, and shall present a large class of
our algebras ©, which satisfy this condition.

These results still leave very much open the fundamental question
of the existence of noncyclic division algebras of prime degree. How-
ever, they do show that we are still far from an end to the considera-
tion of the algebraic aspects of the problem, and are not yet really
ready for the computational attack proposed in JA.

2. The field N. The main ingredient of our study of factorizable
algebras D, over  is a certain inseparable field N. We let & = F(u)
be a quadratic extension of {§ so that we can assume that #%*=y in
&. Then & has an automorphism y =v1+7vu—7 =v1+v.u for every
v and v, of §, and this conjugate operation has period two. Let g be
an element of & and K(,) be a splitting field of D, where 9§ =g. If
there exists an element y¢* in & (v0) such that (y¢*)?=g, it was shown
in JA that Do=D X R implies that D is cyclic over §. We thus assume
that the ring & [yo, ¥&] =N, of dimension 2p* over § defined by v5=g,
(yF)r=g, is a field.

The field M now has degree p? over &, degree 2p2? over §, and &
is the maximal separable subfield over § of . The mapping over F
of N induced by

1 The research of this paper was supported in part by a National Science Founda-
tion grant.

? This retiring Presidential Address was delivered at the Seventy Fourth Annual
Meeting of the Society on January 23, 1967, in San Francisco.

3 New results on associative division algebras, J. Algebra 5 (1967), 110-132. We
shall refer to this paper as JA.

438



ON ASSOCIATIVE DIVISION ALGEBRAS 439

LI T * -
1) Yo—> Yo, Yo, Yoo, YT—>F

for every v of &, is an extension to N of the conjugacy automorphism
of ® over §, and we may write every ¥ in & as

—1 p—1

@) V=3 X vy (Wiin ),
=0 =0
and have
7—1 p—1 i
A3) v = 30 3 Fiila0) vo.
$=0 j=0

Then the automorphism ¢—y* has period two over §.
The field N is also generated over § by

%*,
“4) y =935, ¥ =n0O)"
where
Q) =gz  ()? =@

Evidently y* =y, that is, ¥* is a symmetric element of 9 relative to
the automorphism y—y*. However,

(6) OH)* =0
The field N is clearly also generated by
2 * * 2 -1
(N n=y=3, =) =y0) .
It will prove convenient later to use these generators. We note that
W=g, ()P =2.

The ring N has a pair of derivations D and D’ over & induced by
the mappings

(8) yD=y, yD=yD =0, D =y,

and clearly DD’=D’'D. If m=ayiy'/ is any monomial in N with
in &, we have

©) mD =im, mD =jm, m* = a*y(y)i

Then

(10) m*D = im* = (mD)*, m*D = — jm* = — (mD')*,

Since D and D’ are linear transformations over & we conclude that
(11) WD)* =y*D, (YD)* = —Y*D,

for every ¢ in N,
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Suppose that ¢ and ¢’ are elements in N so we can write

=2 iy R~ Y
(12) b= 2 dyy, ¢ = 2, ¢y(),
§,Jm0) §,jm=0
for ¢.; and ¢, in K. Then it should be clear that
-1 p~1 p—1
@Dt = 3 ity = 20 2 duy'y'h.
$,Jm0 fe=] fum(
Similarly ¢/D'?~1= ) ?-3 > 214" yiy's, Thus the conditions
(13) ¢ =oDrl, ¢ = ¢/ D'

are equivalent to the conditions ¢= D 2} > 27le.yiy', ¢’
= 20 24-1%iy™y'%, as in JA.
We now define two additional derivations of 9 by
(14) E=1/2(D+ D), E* =1/2(D — D).
Then a direct computation shows that
(15)  ymE =191, 9'E=yE* =0, y'E* = (nE)* =y

It follows that f(,) is the set of all elements y in N such that Y E* =0,
R(y*) is the set of all elements ¥ in N such that YyE=0, and

(16) (WE)* = ¢*E*,  (JE)* = J*E.
We now turn to a reformulation of the main result of JA.

3. The principal theorem. Let us call an element v of M almost ad-
missible if

an rE* = — 7*E,

that is, if 7E* is a skew element of N. We shall also define two ele-
ments ¢ and ¢’ in N by

(18) p=r—1% ¢ =14
Thus

(19) r=1/2¢+¢), *=1/2¢—9¢),
and

(20) p*=—9, ¢*=4¢.

Compute 4(rE* + 7*E) = (¢ + ¢')(D — D’) + (¢’ — ¢)(D + D')
=2(¢’D~¢D’). Then we have proved the following result.
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LEMMA 1. Let T be an element of N, and define elements ¢ = —¢* and
¢’ =¢'* by (18). Then ¢D’ =¢'D if and only if T is almost admissible.

We now turn to the condition (13). We observe that if £ and &’
are indeterminates over & we know that (§—u)r1(f—1n)=(E—9)?

=tp—np=(E—g)(Er14Er-24 - - - +Egp-249r1), It follows imme-
diately that we have the identity

(21 (E—mrt=pt it g
This implies that
(22) (E — E¥» = Ev-' + Er—2E* + . . . 4+ EE*-t 4 E*r-,

If 7 is almost admissible we have

(23) 7(E — E¥)?! = tEr! + 1 E*G,

where

(24) G = Er? 4 Er3E* 4 . . . 4 EE*»3 4 E¥»2,
Also

(25) T™(E — E¥)r-! = t*E*»-1 4 *EG.
Hence the fact that D’ =E— E* implies that

(26) ¢'D'71 = 7 Er-1 | (rEr-Y)*,

We know similarly that
(E+E*)p-l = Fr-l — FEpriF* 4 ...

@ + (—1){Er—E* 4 - . . 4 E*»1,
Then

(28) 7(E + E¥)r ! = ¢Er! + rE*G/,

where

(29) G = — Er 2+ Er3E*+ « « 4 (—1)fHEP—E¥ - . . . 4 E¥r2,
Also

(30) ™(E + E¥)>! = P E¥ o+ rEX(—G).

Then if 7 is almost admissible, we have

(31) ¢D7 ! = (r — ™)(E + E¥)r! = 7Er~1 — (rEr-Y)*,

If r=7E*! we have ¢D?'=7—7*=¢, ¢'D'?*~1=7+47*=¢'. Con-
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versely, if pD?1=¢ and ¢’D'?~1=¢’ then 7—7*=7Er—1— (rEr-1)*,
and 7+7¥*=7E?"14(rE*!)¥, so that 7 =7E?"1,

If 7 is almost admissible the element (r —7E?Y)E=7(E—E?)=0,
(r—7ErY)E*=7E*(I—E* )= —7*E(I—E* 1) =0. Hence 1—7E?!
is in &, and the element 7E?~1=7— (r —7E?"1) differs from 7 by the
element 7—7E?1 in ®. Then (FE*Y)E*=7E* (rEr1)*=7%*
—(r—7E1)* and (rEF )*E=7*E= —7E*= — (tE*~1)E*. We state
this result as follows.

LeMMA 2. If 7 is almost admissible, the element T —1E?*! is in &,
and T— (r—7E?" 1Y) =7E?"! 45 admissible.

We will now restate the principal theorem of JA. We consider a
cyclic field § of degree p over ® with generating automorphism
h—hS over &, for every k of §. We then define a cyclic algebra

32) Do = ($,90,8) =S+ Sy + - - + Hyo s

where ¥§=g, and yoh=(hS)y, for every % in . We assume than
N=RK (¥, ¥¢*) is a field, and may now restate the principal theorem
as follows.

THEOREM 1. The algebra D, is the direct product DX R, of & and a
central division algebra D over §, if and only if there is an element x in
® and an admissible element v in N such that x?—x—71?=y0x
—(x+1)y,=0.

We shall now reproduce the essentials of the machinery which led
to the proof of this major theorem. We define two cyclic algebras

(33) D1 = (9,92, D= (9,9,8/8)
over &, where
(34) $=80), 9 =8, »—2x=(@)? -4 =4

is in . Thus  and ' are isomorphic over &.
Define a central simple algebra 8 over & by

(35) B = D1 X D
The algebra B can then be expressed in the form
(36) % = sz’ X (@,’ Y1, g2)7

where y1=7yy'. Here I, is the total matric algebra of degree p over
& defined as

BT M =My = (Do, 3, 82), Do = Flwo], 70 = 20 = (& — #).
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By (35) we see that x'xo—xox'=x"y—yx’=0, and so %’ is in the
algebra 8% of all elements of B which commute with every element
of M. Also yy=yy;, and mlx—=x')=yy' (x—x')=(x+1)yy’
— (&' +1)yy’ = (@x—x")yy’ = (x—x")y1, and so y is in B®. But the
algebra (', v1, g?) is isomorphic to D} and is central simple. Hence
(36) holds and may also be written in the equivalent form

(38) B =M X Do.

The assumption that Do=D X K implies that
(39) B = D) X Diy
where
(40) D1 = ($* 9, 82,

for $*=R(x*), yx=(x+1)y, x*?=x*-43a where y is the element in
Dy of (33). Also

(41) s = (™, v, 2/2),

where $'*=R(x'*), (x'*)?=(x'*)+4, y'1(x'*) =(x"*+1)y"1, y' is
the element ¥’ in . of (33). Then it can be shown that there exist
elements ¢ and ¢’ in N = K(y, ¥’) such that

(42) w* =z — ¢, (a)* = ¢ — «'.
By the arguments already given it can be shown thatr= 1/2 (¢+¢*)
is almost admissible, and an easy normalization results in an admissi-

ble 7 with the properties of Theorem 1.

The mapping J over § of B induced by the definitions
xJ = a¥, )T = (2)*
43) % ,( ) '( )* .
W=y OW=0)", W=r"=7

for every element v in &, is an automorphism of B. It can then be
shown that there exists a construction which imbeds 9 in an algebra
A which is central simple of degree 2p? over §, where

(44) A =3B+ By,

for an element y; such that, for every element b in B, we have
(45) yib = (®T)ys, 9 =1,

where then ¥ contains the total matric algebra

(46) Ma = (R, 90, 1)
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in which y;u = —uy;. Thus
(47) 2[ = map X mzo X @2)

for a total matric algebra 9%, isomorphic to M, and containing K.
Indeed we can write

(48) ﬂnzo = («Q, ?, 1), 2 = 1, MU = — UL,
However, in general, v5£y;. It now follows that
(49) QI = tho X lemo’

where MM, is the total matric algebra of degree p over § generated
by xo=x—=x and v, and A™» is the set of all elements of ¥ which
commute with x and y. Then

m
=D X Mo = Do+ Dov.

(50) A

We shall now derive a property which is actually the result of an
effort to find the element v in the corresponding algebra I, and
hence the algebra D2 over § of (50).

3. Determination of g(3). We first consider the set € of all ele-
ments of ¥ which commute with y. This is clearly the vector space
(51) € = [Do X ()] + [Ds X &) ]ys,
where it will be convenient to use the notations

z=2a, O =R, 2 —2=a,

Do = (%, 8), 5= (3+ Dy

The elements of DX K(y) which commute with xo=x—x are those
which are in ©F, and all of these elements commute with «. Then the
elements of € which anticommute with # are exclusively those in
[DiX R(v)]ys. Every such element has the form

(52)

(53) g = (8o + 281 + 2% + - - - + 27,1,
for 8, + + +, 8p1 in N=R[y, ¥']=8R(, y1) =K, y*). Note that
(54) 0z =20 + oD, vz =gy + YE

for every 6 of Mt and ¥ in R (y1), since y1.E =3D =y,. We are, of course
only interested in those elements ¢ of (53) which commute with x,.

The dimension of Dv over § is 2p2 since D} has dimension p? over K.
This is the same as the dimension of N over §. We shall actually
show that there is a linear mapping
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(55 &= q(9)

over § of § into the set Dv and also that ¢(8) =0 if and only if §=0
so that it will follow that this mapping is one-to-one onto. We state
this property as follows.

THEOREM 2. An element g in [DiX K () lys commutes with xo, and
so0 s in Dy, if and only if ¢=q(8) for & in N, where q(8) is defined by
(53) for
56 O e et = OA s oy = BAR by = B0,

8o = 8(A7 — I).
Here A is a linear transformation over ® of M defined by
(57 SA = ér — SE,
where T is the admissible element of Theorem 1. The mapping 6—q(d)
s one-to-one onto and
(58) A? — A = 77],

For the condition g(x—2)=(x—2)q is equivalent to (x—2)gys
=qys(x*—2*) =qy;(x+2—¢—a’). Thus

(59) (gyn)x — 2(gys) + (qyn)z + 2(gys) = gys(9 + &),
where qy; =08+261+ - - - +27-15, is in DgX K(y). But
—1 p—1
(gy)x — 2(gys) = 20 2 — xd)) = 3 2i(8:D),
S0 (2]
and
—1 -1
(gyn)z + 2(qys) = 2 28z + 380) = D [227415; + 2°(5:D")].
=0 =0

It follows that ¢ commutes with x, if and only if

-1 1
(60) > g1y, = 3 2(8:A).
) =0
We put 6§ =6,-; and obtain
(61) 0i1 = 8:A = A7 (G=2--2,p—1)

from (60), as well as
(62) S0+ 8 =814, o? = 8(s? — 5) = §oA.
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Since (61) yields 6,A =8A?~1 we have §,=06(A?1—1), §(A?—A—7?) =0,
The condition (56) certainly implies that the mapping 6—¢q(8) of N
onto D is linear over §. By our dimension argument this mapping
is one-to-one onto, and so 6(A?—A—7?I)=0 for every §, and (58)
holds.

4. A representation theorem. We have seen that

(63) Dov = (D' + D'w)o = o(D’ — D'w) = 1D,
Since D} is a division algebra we see that
(64 Do(Dor) = (D) De = Do

Thus, for every § in it and f in D}, there exist §’ and 8’’ in N such
that

(65) fa(®) = ¢(®),  qO)f = ¢(@).

Let us now compute 8’ and §’’ for the generators z and y; of 3.

We see first that 2¢(8)ys=2(80+20+ « « « +27718) =28,+2%
+ -+« 427715, 5+ (2-+77)8. Thus the coefficient of 27! in ¢(8’) is
8,—2=0A and we have 2q(8) =¢(8A). It follows that

(66) z"q(b‘) = Q(aAi) (i = 0’ e, d— 1)'
We also see that

gz = [q®)ysle*yr = [(Go + 281+ « - - + 277%8,)(¢' — 2)]ys

p—1 —1°
= ( Z 2‘5,'(15' - z‘6;z) yr = E z"&.—q&’ -_— z‘+16.- bl z‘5.~D’.

=0 $=0
The coefficient on the right of 27! is the 8’/ for 2z and this is clearly
8¢/ —8A—8D =8A'=5R(¢') —5-1/2[R(¢+¢')—(D+D")]—-8D'.

Hence

(67) g(0)s* = g(s4"),

where

(69) 34’ = 57* + OE*.

Since [2g(8) ]a=2[g(8)2z] we have derived the commutativity relation
(69) AN = AA.

We next observe that y,2¢= (3+1)%, and so the only term involv-
ing 271 in y1 3 24 298, = 3 2=} (z41)¢8:y1 is 27~16y,. Hence
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(70) ¥(919(8) = q(&¥),

for every Y =(y1) in R(31). We also note that ¢(8) - = D> 24 2%8,(ys¥)
= 3773 28(844*)ys, and thus that

(11) a@)¥ = ¢(8¥*)

for every ¥ in R(y1). Thus z[g(8)y1] =2q(8y}) =¢[(® 37)A] = [2¢(8) ]»
=¢(8Ayi*), and it follows that AR(y¥)=R(yT)A. Similarly A’R(y1)
=R(v1)A’ and so

(72) ARa - RoA = A’R,p - R¢A' = 0,
for every ¢ in R(y,) and 0 in R(y¥). We are also aware of the fact
that E and E* are derivations of 3 such that YyE*=y¢*E=0 for

every ¥ in R(y). But (SY)A=(8y)(R,—E)=sry— (30)E = brd
— [6E¢+8(YE)]. Hence

(73) RyA = ARy — Ryx.

Similarly (8¢)A =8yr*+ (8¢)E* = (6r*)¢+ (BE*)Y+SYE*, and so
(74) RyA' = A'Ry + Ryn.

It follows that

(75) R(y)(A+ 1) = AR(y), R(y)A" = A'R(y)),

and that

(76) R(YDA = AR(y1),  RODA’ = (&' + DR(Y).

It now follows that the algebra ®; of linear transformations over
f on N generated by A and the right multiplication R(y1), is anti-
isomorphic to Di. Since g(8) (22 —2) =q[§(A'?—A")] =¢(67*?) we have

(77 AP — A = (%),

Hence the algebra 9. of linear transformations on 9 generated by A’
and R(y{¥) is isomorphic to (D)* = (D*, y¥*, ), where H* = R(z*),
and yi*z* = (z*+1)y7, y*»=3% Since N has dimension p? over R,
and the algebra of all linear transformations over ® of N has degree p?
over N, it must be equal to the direct product D;X D4 These alge-
bras, D; and Dy, are in the direct product relation by (69), (75), (76)
and the fact that right multiplications commute. We have derived
the following representation theorem.

THEOREM 3. The algebra D; generated by A and R(y1) 1s a representa-
tion by linear transformations on N of (DF)~L. The algebra D, gen-
erated by A’ and R(y¥), is a representation by linear transformations on
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N of (D)*. These representations are in the direct product relation;
D3 X Dy is the full matric algebra of all linear transformations on N.

This result is another verification of the fact already derived that
Do and D} are isomorphic under the assumption x?—x=7? for
admissible.

5. A cyclicity condition. We have now seen that, if do, - - -,
dp—1 are in R(y;) and

(78) d=do+zdi+ -+ + 227,y

then d is the general element of DF. Thus, if § is in N, we have
(79 dg(0) = ¢(&),  q(®d = ¢(&"),

where

(80) 8 = ddo + (6d)A + - - - + (8d,-y) AP

and

(81) 8" = 5dy + (A1 + - - - + (A" V) dp_y.
Moreover, there is an element ¢ in 0 such that

(82) v=g(), =1,

and D? is the set of all elements d of (78) such that dv=1d.
As a consequence of the results above we see that the algebra D
is cyclic if and only if there exists an element d of (78) such that

(83) dv = vd, =9 (yin Q).

The element ¢ is far from easy to compute, if 7 is given, even when
p=3. However, we can derive the following result.

THEOREM 4. The algebra D defined by an admissible T is cyclic over
T if and only if there exists an element d=do+2d1+ + - « +27"dpy
in D}, and an element & in N, such that v =d» is in & and dg(8) =g(d)d.

Let us observe that every ¢(8) =fv for f in D and every fv=g(d)
for some 8. Then dg(8) =¢(8)d if and only if dfv=fud, (f~'df)v =vdy.
Then (vdv)? =vd?y=vyv=F=f"1d?f=f"1yf=+. Hence the existence
of such a d and f implies that there exists an element v in § such that
R(v¥?) splits Dy, Fyl/?) will split D, D is cyclic. Conversely, if D is
cyclic over § there exists an element @ in D? such that d?=+ in §,
dv=uvd, v=g(e) and our theorem is proved.

If d’=f'df for d and f in D} and d’q(d) =¢(8)d’ then f-1dfq(d)
=g(0)/df, [fa(8)f*]d=d[fq(8)f~]. Since (65) implies that fg(3)f
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=¢(8’) for 8’ in N, we see that the replacement of d by any conjugate
element f~'df merely alters & and so all conjugate elements have the
same role in the application of Theorem 4.

We now derive a sufficient condition for cyclicity.

THEOREM 5. Let d =dg+2d; for dy and dy in R(y1). Then d?=v in &
if and only if d}"'Er-1=d3"1,

For the algebra Dj=($’, 71, g?) has a representation as a set of
p-rowed square matrices with elements in §’ = 8(2). The diagonal ele-
ments of the representation of an element of D} are

(84) fo(z)yfo(z + 1)’ vt )fo(z + p— 1)’
where we are writing
(85) d = fold) + i@+« - F fra @I

and the f;(2) are in $'. The trace of each such matrix representation
A =A4(d) is the element in & given by

(86) tr(4) = fo(z) + - - - + folz + p — 1).

But, if fo(2) =foo+fuz+ - - « +fo p—127~ 1 for fo; in R, it is well known
that

(87 tr(4) = — fop-1.

It follows that, if d is given by (78), the polynomial f(2)=d
— [doEP14-3(LEP 1)+ - - - +27-1(dp,1E?P )] and so we have

(88) tr(4) = — (dp—1 — dpr EF ).
It now follows that, if d =dy+2d;, then we automatically have
(89) tr[4@)] =0 (@G=1,---,p—2).

We also see that, if d =do+2d,, the relation ¢z=2¢+y¢E for every ¢
in &(y) implies that

(90) El=dotadit ST

Hence tr[4(d7)]=tr[4(s'd}"Y) ] =tr[s(>- 145 EP-1 —d} ) ] =d%!
(E*~1—I). We have shown that the relation tr[4(d?)]=0, for i=

1, - - -, p—1, holds if and only if ¥~ }(E2~'—1I) =0.
The Newton identities

O) sst+easiat - Foaasrthka=0 =1+ p—1)
hold for the polynomial
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fO=E—8E—&) - E—§&)
=&+t 4 okt

in independent indeterminates &, &, - - -, £, over the ring of all ordi-
nary integers. They then hold also for any field of characteristic p.
We also see that, if

(93) s=b4 bt +E

then s; is indeed the trace of the matrix 4 (d*), where A(d) is the

matrix representation of d as a matrix with elements in the field §’,

f(®) is the characteristic function over & of 4(d) and of d. Thus, the

assumption that d =d,+2ds, for do and d; in f(y;), implies that f(§)

=£4coaf+tcr, Spat(P—1)cp1=0, ¢p1=0 if and only if

di"Y(E»~1—1) =0. Hence d?=+v in { if and only if d?"1(E»~1—1)=0.
We may now derive the following sufficient condition.

(%2

THEOREM 6. Let D be a division algebra over § defined by a field
RN = R(yo, ¥¥) and an admissible v in N. Suppose that there exists a § in
N and elements dy and dy in K (y1) such that d2~*(I—E*1) =0 and

(94) dy — d,E + T’dl - 8_1(8E)d1 = do* + (T’d1)* + 5_1(5E*)d1*
for r—1" in &. Then D is cyclic over F.

For, it should be clear that if (94) holds for 7/ =74\, A in R, it will
also hold for 7, where we merely adjust the value of do. Also, (94) is
equivalent to

(95) dq(8) = ¢(9)d,

and this condition implies that d?¢(8) =¢(8)d?. We have already seen
that d§~'(I—E?1) =0 if and only if d =d,-+2d; has the property that
d?=+v in &, and Theorem 4 then implies that D is cyclic. This com-
pletes our proof.

6. The case of a split 7. Assume that 7 is admissible and that
is split, that is,

(96) T = ToTT,

for 79 and 71 in (y1). If mE =0 then 7y is in &, and so 7 is in R(y1).
But 7=7E?"! and it was shown in JA that then D cannoi be a
division algebra.

Hence, let mE#0. We form r7E*=r¢(r; E)*=—7*E=—(r3r))E
= —73(r.E). Then 7¢(rE)~'=—13 [(nE)*]~! is in both f(31) and
f@?Y) and so is in ®. Thus, we may write 7o=A(m.E) for N\ in &,

= —\*, and we have shown that
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97 r = au(rE)ri (ain§).

We may now write

(98) n=rot+run+---+ Tl.p—ly’;—l (ryyin R)

so that

(99) mTE =y = yx[Tu + 2rppy1 - -+ (p — 1)T1,p—1y‘:_1]-
We now put

(100) 8 = oy, OE =38, & = Ty,

and obtain

(101) 6% = rargyy1 = (mE)(rE)*.

Put

(102) dy = (r,E)?,

so that the product

(103) (68%)dy = (riE)*(r1E)*

is in (7). Then

(104) [(86*)d4] E = [(86*)E]dy + (66*)(d1E) = O.

We have shown that

109 E_PE_@ME _ | . nE
T T T e I

is in ®(») and

(106) wd; = - d;lE.

We see that
*E SE*

(107) —=w-1, — =% — 1,
o* o

and (94) becomes

do — do + 7dy — (rd)* = — wdy + (* — 1)d} + d;
= w*dy — wdy + dy — dy.

By our construction, the elements

(109) (rd)* = laurs(rB)?]*,  wdy = — &, dy

(108)
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are all in ®(y1). Hence the value
(110) do = (1d)* — wdy + dy,

yields a solution of (94). Also di~!= (r,E)t where t=p2—2p+1 and
so d"'=B(rE) for B in R, di 'Er-1=B(r,E?) =B(rE)=d"}, and
we have derived the following result.*

THEOREM 7. If 7 is the product T =t4r¢ for polynomials Ty and 71 in
K1) the algebra D defined by N and T is cyclic over §F.

7. A generalization. It should now be clear that we are using our
cyclicity condition to determine values of 7 for which this particular
condition holds. We shall now pass to a generalization which uses
this condition more deeply.

We observe that (94) may be written in the form

(11)  (do + 7dy) — (do + 7d)* = dE + 5-[(8E)dy + (SE*)dy].

This condition can hold only if diE+81[(8E)d;+ (BE*)d}] is skew,
that is

(112) diE + (diE)* + d, (f-E— + 52) + (-85 + a—*g)*df = 0.
o o* 6 o*
We put
(113) 5 = o[(d)*],  88* = (dud),
where v is in ® and d in R(y:1) will be determined later. Then, if
0E &*E (ME

114 =222
(114) T T ao*

we have
(86%)d¥ = (), [(38%)d, |E= [(d’f)"l]E = (86*)Edy+ (66*) (AL E) =0
since df isin & (7). It follows that 66* (wd; +d1E) =0, that

(115) wd1 = e d1E,

and so w is in R(y1).
We now observe that, if ¥ is any element of N, we have

4 This theorem was first derived by the author in the case of a special value of 7.
A proof of the general case was then found by Charles Lanski (NSF Fellow at Chi-
cago), using the machinery developed here. The author has not seen his proof, but it
is presumably similar to that given in this section.
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VE _W*E _Y*WE) — Y(rE) ¢*

(116) ¥ v* (¥*)? ¥
_AE
== s

where

117) = —'Zi* .

We now take »=yj, where p =27—1, then

2 ?
(118) S _ vd _ bl WA
& (M) eddh)* YA

where N\ is a function of ¥ in &, and the element ¥ is arbitrary,
and thus
(¢7\)E W*\NNE E Y*E AE NE

(119) ——— e = =,
\0)\ ‘I’*)\* ¢ ‘I’* A AI

where A=y *)~1 and A’ =§(6*)~1. Hence 8 can be selected so that
SE *E E *E

(120) 3B_VE_¥E_Y
) &* v v

for arbitrary ¢ in N, where 8 satisfies (114).
We now put

’

1 /6E &
(121) = 3‘(—8—- Ty + 7,
where
(122) 7 = au(rE)ry,

for o in § and 7, in &(y1). We also take
(123) dy = (nE)r L.
We have already seen that 7’/ is almost admissible. But

OE $*E\ . (EE*) — SE(E*) $*(S*EE¥) — S*E(S*E¥)
(124) (-— - —E) E* = = =

6*
is clearly skew. Hence 7’ is almost admissible. Substitute —wd; for
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d,E in (111) and see that (111) is equivalent, for our choice of d;, &
and 7/, to the condition

, , SE  OE* , (SE o*
(do+1'd1)—(do+fd1)*='—6—d1+-—6-d1— _;S—_I-—&T dy
(125)

This is equivalent to the property that the element
s=do— (T'dl)*+—1—(iE— —-52>d1 + T2,
2\ 9 o* o*
= dy — (F'd)* + (1/2wdy = do — [au(r:1E)?]*r1 — (1/2)d1E
is symmetric. Clearly we can select dy in R(y1) so that s is actually

zero. This completes the proof of a final result which we state as
follows.

(126)

THEOREM 8. Let D be the division algebra over  defined by the value
T=7'(I—E?Y), where
vE *E
127) 7 =—— L4 "
¥ 14

for Y any element of N, a in F, and 11 in K(y1). Then D is cyclic over §.

+ au(r E)r*
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