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1. Introduction. Let X be a real or complex Banach space and
@(X) the Banach algebra of endomorphisms of X. Let { T'(w); =0}
be an equibounded semigroup of operators of class (€;) in €(X) with
infinitesimal generator 4. 4 is a closed linear operator with domain
D(A4) dense in X. For these concepts see e.g. E. Hille-R. S. Phillips
[5, Chapters X-XII].

One purpose of this note is to give a representation for the frac-
tional power (—4)7, ¥>0, of the operator (—4). The result obtained
will be a generalization of one due to J. L. Lions-]J. Peetre [7, Chapter
V11,82]: Lety be a positiveinteger. An element fE X belongs to D((—A))
if and only if the integral

1 e[l — T@W]f .
2 Cyr ‘]: ulty du (¢ > 05 r any inleger >7).
converges in norm as e—0+, the constant C, ., being given by
°°<1 — e—u)r
(2) Cyw = fo et .

The limit is then equal to (—A)f.

1 The research of this author was supported by a DFG grant.
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We show that this result holds for arbitrary v>0. The proof in-
dicated below has its origin in a paper of U. Westphal [8] on frac-
tional derivatives of functions in L?(0, =), 1Sp < «, in connection
with the semigroup of right translations; the author uses Laplace
transform methods (see also H. Berens-U. Westphal [3]).

Of the various methods in defining the fractional power (—A4)7,
v>0, of a closed linear operator 4 (cf. A. V. Balakrishnan [1], [2],
H. Komatsu [6], K. Yosida [9, Chapter I1X,§11]) we follow the one
by Balakrishnan [2] but restrict ourselves ab initio to the case that 4
is the generator of the semigroup {7°(#); #=0} under consideration.
Under these assumptions the resolvent R(\; 4) of 4 exists for each
A>0 and ||[R(\; A)f|| < Mf|| for all fEX uniformly with respect to
A>0, M being some positive constant. For y>0 with 2—1 <y <k,

k=1, 2, - - -, we define the linear operator J* on D(4*) by
sinyr (%
Jf = — f ATER(N; A) AfdN.
T 0

J7 is preclosed and has the usual properties of fractional powers. The
operator (—A)7 is then defined to be the smallest closed extension of
Jv. It is easily verified that for each f&ED(4*) and k—1=5vy<k
(y=0 excluded) (—A4)f has the representation

1 =l - Twlf
Con fo du

3) (=4)f =

ultr ’

where C, ; is given by (2).
We only present here our main results. The full details will be pub-
lished elsewhere.

2. Fundamental lemma. The main new tool is

LEMMA. Let 0<y<r,r=1, 2, - - - . For all fEX the integral

@) f T f gy o) du

belongs to D((—A)") and
& o[ e (D)2 [T 0 s,

€ ultr

where g,..(u) is defined by its Laplace transform

“evgswyin = — [ LT G (Res > 0)
fo e g, (u)du = ;fl e 0 es .
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SKETCH OF ProoF. Introducing the auxiliary functions
ur- 0, 0<u=ce
o) =—— (>0 u { e > 0)
@=1m @>0, w@={ " 2% >0,
the function g,,(%#) has the representation

© gt = 04( ] ){iv[a*b.-ku)—%a(u)},

t=1

where [a * b;] (1) denotes the Laplace convolution of a(x) and b;(u).
Note that g,,.(#) belongs to L(0, «) with [ g,,-(u)du=C,,,. Thus
the integral (4) exists in the sense of Bochner and

@ slim [ 7)1 ¢ (f-)f’—‘ —Cf  (GEX).
0 € €

>0+

For any fixed real ¥>0, choose the integer & such that —1=vy<k
and let the integer » = k. Then for each f&X and ¢, >0 the following
Sfundamental identity holds:

f:wdf T(u)féhf( )Elff
[ [ 0 (2)2

By (7) the right-hand side of (8) is strongly convergent as n—0, and

[ o (2

_ fw[l - O

ity

(®

Then in case fED(A4F), relation (3) gives the result (5) for all
fED(A*). Since D(4*) is dense in X and (—A4)” is a closed operator,
(5) finally holds for all fEX.

It remains to prove the identity (8). Using the representation (6)
of g,.x(u), the right-hand side of (8) can be rewritten in the form

IPHE 1>f+‘( )5 [ 1760 = mutora

7 r0s fita w i) - #a(u)} du

Setting
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L= fo * P ()3 @) dv fo " Ty {i‘f[a*b;,,](u) - #a(u)} du

and interchanging the order of integration, then

L= fo " Ty fdu fo “bie(0) {i"[a ¥ il — 0) — ;%; alu — v)} i

= [ rtor {aprte b b1 - 2 low b}
0 R

Furthermore,

I, Ej‘ffowb,-.('v)dv j;wT(u)f {i‘f[a * biy| (u) — ‘—y—j;a(u)} du

= j;w T(w)f {% [ % biy) () — 217177 a(u)} du

Since the difference I — I; is symmetric in the pairs (¢, ) and (1, 1),
this proves that the right-hand side of (8) is equal to the left-hand
one.

REMARK. The relation (5) and the identity (8) are counterparts of
the relation

a5 [Trora] -T2 wsosex,

and the identity
T@® — IT 1 v 1 ¢ T(uw) — 1
MO I [ ] L [ o O,
t u Jy tJy u
(tu>0;fE€ X)
for the operator (—4)". These two simple equations are cornerstones

of semigroup theory.

3. Representation theorems. Let us now formulate some of the
many possible applications of the lemma.

THEOREM 1. Let 0<y<r,r=1,2, - - .. An element fE X belongs to
the domain of (—A)" if and only if the integral (1) converges strongly as
e—0t. In this case we have

(—A)f = slim

=0+

ulty

1 f*[l — T(u)]'f
du
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This theorem is the generalization of the result of Lions-Peetre
[7] to arbitrary 4¥>0. We note that the proof given by the latter
authors in their particular instance is entirely different from ours and
uses distribution theory.

CoROLLARY. If X is reflexive, then the condition that the integral (1)
converges strongly for e—0% may be replaced by

‘ f“[I — Tw)]'f

ultr
The proof follows by a result of P. L. Butzer (see [4, §2.1]).

THEOREM 2. An fEX belongs to D((—A)), k—1<vy<k, k=1,
2, « + -, if and only if

s-lim ! few {T(u)f—g ?—: A"f} udu.

=0+ I‘( —“y) 14y

du}

= 0(1) (e—04).

exists, the limit then being equal to (— A)"f.

This is a generalization of a result in [1].
Let X* be the dual space of X and {T*(u); u_Z_O} the dual semi-
group in E(X*). Set

X8 = {f* € X% lim || T*)s* — | = o).

Concerning fractional powers of the dual operator (—A4*) of (—A4) we
have

THEOREM 3. Let0<y<r,r=1,2, - .. Foranf*&X* the following
assertions are equivalent:

(@) f*€D((—4*)).

(ii) f*€Xo* and the weak* limit of

1 © [1* — T*(w)]7*
f du
C')‘.f e

exists as e—0+, the limit being equal to (—A*)1f*.

(iii) f*EX* and

oo[*___ e ]r*
I/ ==

ult
The equivalence (iii) depends upon a result due to K. de Leeuw
(see [4, §2.1]).

it

duH = 0(1) (e—>0,).
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