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1. Introduction. There are two general approaches to the study of
saturation theory (for the definitions see [5]), namely the integral
transform method (cf. [3], [5]) and the semigroup method (cf. [4]).
In this note a third method, a distribution theoretical method will be
employed, in particular to characterize the Favard (saturation)
classes defined by

W) Ve={f;fx) € LYE"), |o|7"0) = g" (), g € L°(E")}.

Here x, v denote vectors in E* with Iv] =@+ -+ - +¥)?and @ a
positive parameter. f (v) being the Fourier transform of f, this
definition of V? is meaningful only for 1<p <2. In order to extend
it to 2 <p < « we use the classes of Bessel potentials

@ Ly = {7 € LE), 1 + | o) @) = k), h € LY(ED}.

This definition bears sense not only for 1 <p <2 but also for 2<p <
if the Fourier transform is taken in the distribution theoretical sense
since (1+|v| 2)a/2 js an infinitely differentiable and slowly increasing
function (in the terminology of L. Schwartz [10]). The problem is to
show the equivalence of (1) and (2) for 1 <p =2 and to give simple
characterizations of (2), e.g. in terms of differentiability properties
both in the classical and the distributional (or Sobolev) sense. An
equivalent definition of the classes L2, investigated in [1], [2], [6],
is given by

3) Li={;f€LE"),f = Gux b, h € L'(EN},

where Gq(x) is defined through G, () = (1+ | v] ?)-a/2 having the prop-
erties Go(x) ELNE™), Gu(x)20, [mGo(x)dx=(2m)*2 L2 is a sub-
space of the space of tempered distributions.

For integral values of & we obtain an equivalence between L% and
the Sobolev space

n, k n
(4) W= {f;feL”(E), DfE L'(E") foreveryk = (ky - - -, ka)
withkngand|k|=Zk,~§a}.

j=1
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Here D*f=9'¥f/dx;* - - - dxi» means the distribution derivative of f.
2. Characterizations for 1 <p < 0, a>0.
THEOREM 1. For 1<p <2 and a>0, fEVE if and only if fELP.

The proof depends upon a lemma in a paper of E. M. Stein [11]
where also some further characterizations of the class L? are given for
0<a<2. Theorem 1 states that L% is a continuation of V7 for p>2.
Thus it is sufficient to give equivalent characterizations of LZ. As a
second step, using known results of A. P. Calderén [6], N. Aronszajn,
F. Mulla and P. Szeptycki [2] we have

THEOREM 2. Let =1, 2, -+ and 1<p< ., Then fEL? if and
only if fE Wa.

Theorems 1, 2 enable us to prove many other characterizations of
V% and L% for special values of « or p, especially those given in terms
of ordinary derivatives. The cases a=1,2 are the most important
examples in the applications to saturation theory.

3. The case a=2. The following list of equivalences is a conse-
quence of Theorems 1,2 and of results of R. J. Nessel [8].

THEOREM 3. Let fEL?(E"), 1<p< . The following assertions are
equivalent:

(@) fEVE (here the definition of VY is extended for p>2 by ]v] 2" (v)
=g" (v), gEL?(E"), in the distributional sense);

(b) fELE;

(c) fEwWE;

(d) Af=g, gEL?(E") (Af=0%/3x2+ - - - +0%/9x2 in the dis-
tributional sense);

(e) for j, k=1,2, . - -, n the functions f, 9f/0x; are absolutely con-
tinuous in each variable, and 9f/dx;, 8%f/0x;0x, S LP(E") (the derivatives
to be understood in the ordinary sense);

) forj=1,2, .- -, n (with e;=unit vector in j-direction)

If(x + 2he;) — 2f(x + hey) + f(@)||, = O (b EEL, h—0);

@) |[fec+2u) —2f(x+u)+f@)|,=0(u|?)  (WEE" [u|—0);
() || ZfGc+im) =20 ()|l ,=0h2)  (h—0),

where the sum runs over all j=(j1, + + + , ju) with jr=%£1.

4, The case a=1. The Hilbert transform of a function f& L?(E"),
1<p< =, with respect to x; is defined by
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~ o T+ 1)/2) X —
(5) fj (x) - el—lflg"ll- (vt /2 Iz—ulzef(u) mdﬂ
(.7= 1)2,"')"')-

The functions f;"(x) form the coordinates of a vector (Hf)(x)
= > " ef; () (cf. [7]) and again belong to L?(E*). We have, in the
case a=1,

THEOREM 4. Let f&L?(E"), 1<p < ». The following statements are
equivalent:

(@) feLi,

(b) €Ly for 15j=n,

(c) fewy,

(d) (div Hf)(x)= 2_5.,(0/3x,)f; (x) EL?(E") (distributional deriva-
tives),

(e) forj=1,2, - - -, nthe functions f;” (x) are absolutely continuous
in each variable, and the ordinary derivatives df; /3%, (k=1, -+« , n)
are in L?(E"),

() forj, k=1,2,..:,mn,

|f; (& + he) — f; @] = O(| k])  (r—0);
@) ||fGc+he) —f@)|| =0( k) h—0;5=1,2, - - -, n).

5. The case p=2. For p=2 many known equivalences between
L2 and “fractional” Sobolev spaces or various types of Besov spaces
can be applied to give new characterizations of V2 for arbitrary a>0.
For instance the fractional Sobolev spaces defined for fractional

a=m+B(m=0,1,2, - - - ;0<B<1) by
k B2
Df(- +u) — Df(- 1/2
W = {f;fEW:.,[f | Df(- + ) FOlE du] <o

B |u|2ﬂ+n

for every & = (ky, + *+ -, k,) with l kl = m}
and for a=1, 2, - - - by (4) (see [9], [2, p. 74]) are equivalent to
V2 for a>0.

The present results are also connected with the theory of inter-
mediate spaces which is presented in [4]. A detailed discussion of
these results, including proofs and various extensions, will be pub-
lished elsewhere.
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