METRIC ENTROPY AND APPROXIMATION!
BY G. G. LORENTZ

1. Introduction. The notion of metric entropy (called also e-
entropy) has been invented by Kolmogorov [16], [19] in order to
classify compact metric sets according to their massivity. The basic
definitions are as follows.

Let A be a subset of a metric space X, and let €>0 be given. A
family Uy, - « -, U, of subsets of X is an e-covering of 4 if the diam-
eter of each Uy does not exceed 2¢ and if the sets Uy cover A. For a
given €>0, the number » depends upon the covering family, but
N(A4)=min # is an invariant of the set 4. The logarithm

€Y H(A4) = log N(4)

is the entropy of 4. (Sometimes this definition is modified by assum-
ing that the sets Uy are balls of radius e.)

Points y1, - - -, ¥m of A are called e-distinguishable if the distance
between each two of them exceeds e. The number M.(4)=max m
is an invariant of the set 4, and

@ Ce(4) = log M(A)

is called the capacity of A. The main general fact about C.(4) and
H.(A4) is the simple set of inequalities

©) Ca(4) = H(4) = C(4).

In general, C.(4) and H.(A4) increase rapidly to + « as ¢—0; their
asymptotic behavior serves to describe the compact set 4.

For the computation of the entropy of concrete sets of functions,
Kolmogorov [16], [19], Vitukin [37] and others, have used different
special devices. The results obtained were mainly valid for the uni-
form metric, and for sets 4, whose approximation properties by poly-
nomials, or by arbitrary linear combinations of fixed functions were
well known. More precisely, the sets 4 under consideration were sets
A (A, ®) described below, or at least approximable by such sets.

Let®={¢y, - - -, ¢n, - - - | be a fundamental sequence of points in

1 Based on an address entitled A pplications of entropy to approximation delivered
by Professor Lorentz by invitation of the Committee to Select Hour Speakers for
Summer and Annual Meetings, on Friday, September 3, 1965; received by the editors
May 30, 1966. This work has been supported, in part, by the Contract no. AF 49
(638)-1401 of the Office of Scientific Research, U. S. Air Force.
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a Banach space X, that is, a sequence of points whose linear combina-
tions are dense in X.

Let A= {60, ceey Opy v } be a sequence of numbers for which
6,>0, 8o=6,= -+, 8,—0. The nth degree of approximation of an
element fEX by the system ® is given by

4) Evf) = min|f — X @, n=01, --.
{ax} k=1

The set A(A, ®) consists of all elements fEX which satisfy the in-
equalities ES(f) £8,, n=0,1, - - - . A set 4(A, ®) is sufficiently rich,
because by a theorem of S. Bernstein (Davis [8, p. 332]), for each A
there is an fEX for which EX(f) =8,, #=0, 1, - - - . We shall call the
sets A(A, ®) the full approximation sets.

Is it possible to develop a method for the evaluation of the entropy
of each set A(A, ®)? We shall give a positive answer to this question.
It is remarkable that neither the structure of the sequence ®, nor the
properties of the norm of the space X are important for the final
results. In this way we obtain a uniform derivation of known estimates
(Kolmogorov's for the classes A,,., Vitugkin’s for analytic functions)
as well as new ones (for example, classes A? , in the L?-norm).

As forerunners of our results we mention the computation of en-
tropies of ellipses by Kolmogorov and Tihomirov [19, p. 40] and
Mitjagin [25], and papers of Brudnyi and Timan [5] and of Helem-
skii and Henkin [14], which deal with arbitrary compacts in Hilbert
and Banach spaces.

For a general theory of entropy, the reader can consult the article
[19] and the books of Vitudkin [37] and Lorentz [24, Chapter 10].

The plan of this paper is as follows. In §2, we study some geometric
properties of compacts in finitely and infinitely dimensional Banach
spaces. In §3, our main results (Theorems 2 and 3) are established;
they concern the entropy of full approximation sets. Their usefulness
for the computation of entropies of concrete sets is illustrated in §5.
Another application, in §4.2, is to the “stability” of the approximation
of full approximation sets. The estimate Eg(f)=<3, will not be
essentially improved for most fEA(A, ®) if ® is replaced by some
other sequence ¥, and even if one is allowed to select for each f the
most favorable from a countable set of sequences Wy, Wy, + + - .

Another application of ideas of §3 is to theorems of Vituskin's type
in Banach spaces: in §4.1 for linear approximation, in §7 to (piecewise)
polynomial approximation. A very simple proof of Vituskin's theo-
rem for rational approximation in uniform norm is offered in §6.
Finally, §5 contains a review of recent results on entropy.
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2. Properties of ellipsoids and of full approximation sets. In this
section we shall study the geometric and the measure-theoretic prop-
erties of certain sets. Let X be a Banach space, = {¢1, G2y ¢ ¢ - } a
fundamental sequence in X. Let X, be the #-dimensional subspace of
X spanned by ¢y, - - -, ¢s. To certain subsets B of X we assign their
“euclidean volume” |B|, by identifying it with the volume of the
image of B in R® under the map aip1+ « * + +aupn—(as, + + -, @u).
For k=#, the volume in the subspace X; of X, (and in subspaces of
X, parallel to X;) will be denoted by IBI ke

In X, we consider the unit ball U, balls U, with center origin and
radius >0, and “ellipsoids” E=E(8, + + * , 0a-1), which consist of
all points a1+ - - - +a.¢, for which

ay an
— ¢+ -+ o U.
80 n—1
If | U] =\, then | U,| =\", and
€] | EGo, -+, 80-1) | = Mado, - - -, Buca.
A set A=A(8y, - - -, d,-1) is the set of all points fEX, for which

E(l?(f)éak, E=0,1,--.,n—1.
LeMMA 1. For the ball U, of X,, and 0<e=r,

o MY e ()

ProoF. Let y1, « - -, Y, m=M.(U,) be a maximal set of e-distin-
guishable points of U,. The closed balls with centers y; and radii €
cover U,. Comparing the euclidean volumes, we see that N.e" M (U,)
WL

On the other hand, balls with centers y; and radii ¢/2 are disjoint,
and contained in the ball U,ycaC Usrpe. It follows Nau(e/2)*"M(U,)
=N\.(37/2). Thus,

o (emwen()

Relation (2) follows from this and the inequalities M, (4) S N.(4)
s M(4).

LEMMA 2. Let E be the ellipsoid E(8o, + + = 4 8na1) 60= + + » 20,0>0
i X, let E2. . 2 be the (k—1)-dimensional section of E, given by the
relations a;=aj, 1=k, - - -, n. If |[\| <1 and a! =\a, i=Fk, - - -, m,
then
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@) Edpveooan| = | Bt .
Proor. We put

—_ 0 0 — 0 (]
F = Gky***4an0) F_= E-—ak,-~-.—am

14+ 1=

F' = Ejasy F" F+ F_.
y 2 2
The set F_ is obtained from F by the mapping x— —x and X, onto
itself, hence | F_| =| F|. If x=(ai, - - -, a.) EF"”, then
1+X o 1—=X 0 PR
a; = 2 a; — 2 a,-=)\a¢=a,', ¢=k,---,n.

Moreover, since E is convex, F'’ CE. It follows that F'CE,,....s,
=F'.

By the theorem of Brun-Minkowski about mixed volumes [3,
p. 88],

14+ 1=
7z =R p 2 = |

Hence | F'| = | F|.

THEOREM 1. Let E=FE(8, + + +, 0,1) and A=A4(80, * - -, 041) be
subsets of X,. Then their Euclidean volumes satisfy the relation
(5) I E(aoi ) 5ﬂ—l)l = l A(a(’; ) Bn—l) l

Proor. The set A4 consists of all points x=aip1+ * * * +CuPa
=(a1, - * -, @) EX, for which

Qn
min xld’l + st + xn—ld’n—l + ¢n é 1;
zl"'.’xﬂ—l n_l
(6) , as an
min || %11 + —¢da+ - -+ — || =1,
z1 81 61

PAEEER R E
5o s T
while E is given by one single inequality
a an
() it ] S L
60 n—1
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We introduce intermediate sets Ay, k=1, - - -, 2—1in X,. A point
(a1, + - -, a,) belongs to A4y if and only if
. an
min || #1¢1 + - - - + Fp1d1 + ool =1
Ty, 0Ty —1 n—1
(8) . Q41 a,
min (|Xp1+ - - -+ Xy + i brt1+ - +— || =1
Tyt s Tk Bk 6]9
ay p—1 ay an
— ¢+ -+ dr—1 + L || = 1.
8o b—2 k—1 Op—1

Conditions (8) contain #n— k-1 inequalities. All but the last one dis-
appear if k=n. Therefore, A1=4, A,=E. Hence all that we have
to show is that | Ax| <|Axs| for =2, - - -, n. Let Gy, k=2, - - -, n
be the # — k-dimensional region of the change of @41, - - -, @n, given
by the first # —k inequalities (8). Then

| 4]

f I E‘skak+l/‘5k—l"":5n—lan/5k—1 lkdak+1 -+ day
[e]

k
= dagyy - - - danf ‘ Eopsansafonoyie -, Op—10n [0k —1 lk~1dak,
G
where the last integral is extended over all a; for which

ax Qn
Gt oot

k—1 k—1

min
ESTRRRNESI 25 Y

X1+ - - - Xp—ide—1 =1

Applying Lemma 2, we obtain

l Akl = f | Eak_lak/ak,--.,an_la,,/aklk—lddk s day = | Ak—ll-
Gr—-1
We now return to the full approximation sets A =A(A, ®) in sepa-
rable Banach spaces X. It is easy to see that each set A is compact.
Their widths ([22], [33], [24]) can also be determined:

(9) do(4) = 6,, n=0,1,---.

Indeed, from the definition of 4 and the widths, d,(4) £46,. On the
other hand, 4,=4(8, - - -, 8,—1) CX, contains the ball U;,_, of X,.
By Tihomirov's theorem [33, p. 84], [24, p. 137], in the space X,
@,—1(Us,_,) = 8,_1. Hence
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dn—l(A) = dn——l(An) = 611,—1, n = 1, 2, ct .

LeEMMA 3. Let A(A, ®) be a full approximation set in the Banach space
X, let A’=A(80+208,, - -+, 6n1+208,) be a subset of X,. Let B be the
full approximation set of the factor space V=X /X, which corresponds

to the sequences 0n, Opy1, * - ond Yu, Yuy1, + + -, where Y;, 1=mn,
n+1, -+« is the factor class which contains ¢;. If e=e1te, >0,
€2>0, then

(10) H.(A(A, ®)) = H,(4") + H,(B).

Proor. Let By be the set of all &Y for which pMN\A(4A, $) 0.
Then

@11 B, C B.
Indeed, let x&EpMA(A)#0. Since xEA(A), there exists for each
m =n a linear combination aipr + - - - + @wpn for which

| — (@1 + - - - + @udm)|| < m. This implies
1 — @n + - -+ amn)||y S8y m2 1.

Hence nEB.
Assume now that 4, is the subset of X that consists of all points
x with the property Ei(x) =8¢, k=0, - - -, n—1. Then for each class

nE Y, the set 71\A4, has an e-net containing at most N.(4 (87 +86.,
-, 671+, )) points.

For the proof, let pM\A4,5%0. If xEnNA4,, we have p(x, X,) =<6, .
This implies that there exists a point x,En with HxOH <4,.. Then
n=%0+X,. The sets p A, and C=9p"NA,—x, are isometric, and it is
sufficient to construct a required e-net for C in X,. However, if y&C,
then y=x—x0, xEA4,, and Ex(y) <6/ +l|on <é&! +46,/, k<n. There-
fore, CCA(8¢ +6,., - - -, 87-1-+8,), and the statement follows.

We can now prove (10). Let 2<8,, let 51, + - -, N, m=N¢(Bo) be
an e-net for By. For each 7, let x5, j=1, - - -+, N, (n:/\Ao) be an ¢-net
for the set n;M\A4,, where 4o, with 8 =0;+6,, k=0, - - -, —1, has
been described above. Then the x;; form an e-net for 4(A). In fact,
let y&A4(4), and let n be the class to which y belongs. Then for some
i, |[n—n4| <€, and we can find a y;En; for which ||y—y| Se(<8,).
Then Ex(y;) £8;+08,=06¢, k=0, - - -, n—1; hence y;En:N\4,. Then
for some j, ||y —x:j Se.

The number of points x;; does not exceed

N (A4 84y - -+ 41404 ))m,

and we obtain (10).
The case €= 0, is simpler. Here B, is contained in the ball U,, of
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the space Y, and the set 7, - + -, 7, can be replaced by the zero ele-
ment of V.

ReEMARK. The spaces X and X, have been real Banach spaces.
Similar considerations hold for complex Banach spaces. In this case,
X, is the set of all linear combinations ca1~+ - + + +a,¢, with com-
plex ai or of all real linear combinations of 2n elements ¢y, 7k,
k=1, - - -, n. In this case, # should be replaced by 2% in the formula
(2), while instead of (1) we have | E(3, - - -, 8,)| =\.&, - - -, 8. No
changes are necessary in Lemmas 2, 3 and Theorem 1.

3. The main results. Let 4 =A4(A, ®) be a full approximation set
in a Banach space X. Let C>1 be a fixed constant. We define

1) No=0,N;=min {k: 8 < C¥}, i=1,2,---.
The sequence NV, increases to -+ «, and

(2) C-6D <5, <C~ if NiSkE<DNiy, =12 ---.
Let AN;=N;1—N,;, 2=0,1, - - -

THEOREM 2. For a given €>0, e<1, let j be defined by

(3) C-GD < e £ C-GD,
Then
(C)) (Ni+ -+ -+ Nj_y) log C £ H(4);

(6) H(A4) = (N1t - -+ NplogC+

S Nilog 2

Njlo N;log —— + N1 log do.

JgC—1+,-=o gAN.- 1log 8o
ProoF. We begin with (4). Let # be arbitrary, and let 4,=4MNX,.

Let y1, « + + ) Ym, m=M(4,), be a maximal set of e-distinguishable

points in 4,. The closed balls of X, with centers y; and radii e cover
A,. Therefore m\.e" = | 4.]. By Theorem 1 and 2(1) we obtain

5 “ e . 6"__ n—1 5
M(4) 2 M (4) 2 —— 22, C(d) = 3 log— -
" =0 €

We take n=N;_,. By (2) and (3),

=3 5,0
Ce(A) = Z IOg—
i=1 N;sk<N;41 €

i3 =3
= > AN;log (C-+1 Ci?) = Y, (j— 14— 3)AN;log C

¢=1 i=1

=(N1+N2+-I—N,_3)logC
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To prove (5), we apply several times Lemma 3. Let ¢;>0, and let
2.5 ei=(1—1/C)e. We have

© H(A) S T HB) + HuolB),

where B is the set A(dw;, 0y,,, * + + ) in some Banach space Y, while
B; is the set A(30n,, - + +, 36N,,,-1) in some AN;-dimensional space
Y.. [If AN;=0 for some 7, then the space Y; is 0-dimensional, and
H;(B,) =0 for each §>0. For these 7, we shall interpret the terms of
the sum in (6), and of the last sum in (5) to be zero, and also put
€;=0.] By (2) and (3), dx,<¢€/C, and so B is contained in the ball
U, ,c of the space Y. Hence H,;¢c(B) =0. On the other hand, B; is con-
tained in the ball U,, of ¥; with r,=38xy,. We estimate H,,(U,,) by
means of 2(2) and obtain

1
©) H.(A4) £ > AN;log (9n,/e:).
=0
We can select
8) e = (1 —1/C)eAN:/N; i=0,1,---,7—1,

then

=1 9 on;N;
H(d) < S AN:lo Ci
)= 2 g(c 1 AN, )

IA

i

) <M1 B—I-{ANI T LS awi QCH}
= 0 0 ,'0
1708 %o T & g -1
j—1 P
+ AN,'IO .
Z; gAN.'

According to (2), the expression in the braces does not exceed

-1 =i

> AN;log = Njlog

i—1
i — §)AN;log C
pars c—1 co1 2 U= 9ANilog

=0

9
=(N1+---+N,~)logC+N,~logC

and (5) follows.

In many cases, we can put C=e¢ in (4) and (5); then we have
Ni+ -+ N;3=<H(A) SN+ ---+ N;+ 2N,

(10) =1

N;l
+ g o8 AN;

J

+ N, log bo.
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In other cases, it is necessary to take C sufficiently close to 1, so
that the N; form a fairly dense net.

Theorem 2 should be compared with weaker results of Brudnyi and
Timan [5]. Their Theorem 1 reads in our notations (but with loga-
rithms in the definition of H.(A4) to the base 2)

HA) Zn+1 if 0<e< 5,y

This is a weaker version of (4); for if in (1) and (3) C=2, one obtains
Nj_s=n. In the opposite direction these authors have [35, p. 392],

[5, Theorem 7]:
25
HodA) S (V; 4 1) log — + (; + 1) log (N; + 2).
€

An inequality of this type follows from (5). In fact, we have
1
Ni+ -+ N; é]NJ = (log—+ Z)Nj-
€

We now turn our attention to some more or less precise asymptotic
formulas for H.(4), which can be derived from Theorem 2 for special
classes of sequences 6.

LeEMMA 4. One has

i

1
(11) S;= 2, AN;log

SNi+---+DN;, j=1,2---.
i=0 AN; ! o J

For the proof we note that, if So=0, then for k=1, 2, . - -,

r—2 N
Sk — Sk—1 = ANj_1log + > AN;log
ANgy i=0 k—1
(12)
(N — Niy) 1 e Nelog
= —_ _ o —mm M _ o .
k k—1 g Ni — Nos k—1 gNk_1

Now the function f(x) = (b —x) log (b/ (0 —x)) +x log (b/x) has its max-
imum on [0, 5] equal to b log 2 <b. This proves that S;—.Si—1 < Ny,
hence the inequality (11).

LEMMA 5. Let C=e in (1) and (3). (i) If
(13) Oon S Cbpy, n=0,1,-- for some0 < ¢ < 1,
then
(14) Nip1 = Const. N,.
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(i) If
6 €)n
(15) ———[i—-—l-—)—]——)0asn—>ooforeacke>0,
then
N;

(16) =1,

1 N;
%) S; = >, AN;log = o(N1+ - - -+ Nj.

=1 AN;

Proor. (i) Let p be a natural number such that ¢? <e. We have,
by (13),

N; = min {£: 8 < e~} = min {k: 6n < ce}

3 min {2k: 6y < ce~’} = % min {k: 8 < cei}.

I

. —_ cPe* p— .

(ii) Let €>0 be given. For all sufficiently large 2, the inequality
& S e~ % implies that 8;aier /0 =e ' For all such ¢,

N; = min {k: e, = e‘i"l} = min {k: Sraren = e""‘l}

v

— min {[(1 + ¢k]: draron < e}

1
=

T 1+ e

Hence for all sufficiently large 2, 1 £ N1/ N;=<1+t¢, and (16) is estab-
lished.
From (12), with x;= Nx_1/ N we have

N¢+1.

1 1
Sk — Sp—1 = Ni {(1 - xk) log + x log -—} .
1 — a X
For large k, 0=1—x,=<e The functions (1—x) log (1/1—x) and
x log (1/x) approach zero for x—0-4-. Therefore, for all large &, the

expression in the braces is =&, where >0 is arbitrarily small. Thus
St — Sk—1=0(N;). Therefore we obtain (7).
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THEOREM 3. Let C=e. Then

(18) H(A) = N1+ - - -+ N; + 0(Sy);
If 6, satisfies (13), then

(19) H(A) ~ N+ - - + Ny

If b, satisfies (15), then

(20) H(A)~N:+ ---+ N,

Proor. (18) follows from (10) and the inequality N;=<.S;; (19) and
(20) follow from (10) and Lemmas 4 and 5. More generally, we have
(19) whenever the N; satisfy N3 =0(N1+ - - - +N,).

Theorem 3 applies, roughly, to sequences 9, that decrease to zero
as n®, >0, or faster. The counterpart, Theorem 5, will deal with
sequences 9, that decrease to zero slower than #*, a>0. For the ap-
plications in §4.2, however, we insert its more complicated version,
Theorem 4.

LeMmMmA 6. (i) If, for some 0<c<1,

(21) Oon = COn,

then, for the N; defined by (1) with C=c},

(22) Nip = 2N; — 1.
(i) If

(23) lim —6;—” =1,

then for each C>1,

(24) lim — = + o,

i—> 0 '

Proor. We prove (ii); (i) is simpler. Let C>1 and a large integer p
be given; we define ¢, 0<¢<1 by ¢?=C"'. For all large %, 8:x=cds,
hence for all large 4

N; £ min {k: %y < C—7}
< % min {k: 8 < cC—} + &

Repeating this p times, we obtain

1 X 1
N,-g-zzmln{kzék < cPC“'} +1§§Nq1+l.
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A statement weaker than (22) has been derived by Brudnyi and
Timan [5, Theorem 2] from the assumption that 8,pog nj = ¢85

The following theorem compares the entropies of two full approxi-
mation sets A =A4(A, ®) and A'=A(A’, V) if &, decreases slowly.

THEOREM 4. (i) Assume that b, satisfies (21) and that 8, <6, for all
large n. If 0<qg<1, then there is a c1>1 (which depends only on q and
¢) such that for all small ¢>0,

(25) che(A') = qH.(4).

(ii) If the sequence 8, satisfies (23) and if 8, <08, for large n, then for
each c1>1,

(26) lim {H,.(4")/H(4)} = 0.

€0

Proor. We shall establish (i); the proof of (ii) is simpler. We take
C=c"% Let 7 be a large integer, to be fixed later. We take ¢;= C*t.
If ji corresponds to € =cie according to (3), then

C—(D < e < ¢'C-UrD < C2rdy
hence
(27) j1Sj—r—3.

Let N; and N/ denote the numbers (1) that correspond to the sets
A and 4’. By (5), (11), (27), (22) and (4), if Cy=1+41og(9C/(C—1)),

/7 / 9
Ho(4) £ 0Q1) + (1 + log O)(N1+ - - -+ + Nj)) + N, log c

C , ,
§0(1)+(1+1og )(N1+'--+Nn)

c -1

=0(1) +Ci(N1+ -+ -+ Nj,s)

0@ +27Ci(N1+ - - - + Njy)

< o(1) 4+ 277Cy
log C

A

H.(4) = qH.(4),

if 7 is selected large enough.
From Theorem 5 one can obtain relations that describe the be-
havior H.(4) for slowly decreasing 8,. Taking 4’=A4, we have:

THEOREM 5. If the sequence 8, satisfies (21), then for each 0 <g<1
and properly chosen ci>1,

(28) Heoo(4) < qH.(4).
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If the sequence 8, satisfies (23), then for each c1>1,
(29) lim {H,.(4)/H(4)} = 0.
€0

REMARK. Similar statements hold for sets 4 (A) in complex Banach
spaces. However (compare §2, Remark) one has then to replace the
N; in the formulas (4), (5), (11) by 2N,.

4. Applications of main theorems.

4.1. Results of Vitulkin's type for linear approximation. Vituskin
[37] has proved several theorems which provide lower bounds for the
degree of approximation for some sets 4 of functions. They apply to
general, not necessarily linear, approximation (for example, to ra-
tional approximation), and will be discussed in §§6 and 7. For the
linear approximation, his results reduce to statements of the following
type. If for some # and some ¢>0, the nth width (for the definition
and properties of widths see [24, Chapter 9], [33]) of 4 satisfies
d.(4) <e, then # is at least as large as some simple lower bound, that
depends on ¢, and is, roughly, H.(A4).

In this section we deduce results of this type from Theorem 2.
They will be better than the special cases of Vituskin’s theorems,
mainly because our sets 4 are arbitrary, or restricted by the asymp-
totic behavior of H.(4), while Vituskin restricts the structure of the
class 4.

THEOREM 6. Let A be an arbitrary compact set in a separable Banach
space X, and let d,.(A) <e. Then

Heh(A) - Co

1) n = N
2 + log — + log [Ha.(4) — Co]
€

If, in particular,

(2 Hy(A)/H(4) > 1 as e—0,
then d.(A) <e implies

(A —o0(1)H(4)

1
log —
€

3) n

i\%

If for each q, 0<q<1 there is a ¢1>0 for which H,,(A) ZqH.(A4), then
d.(A) <e implies

(4) "= ClHeze(A) — Cs.
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Proor. There exists a fundamental sequence ® in X, for which
d.(4) <E%(4)<e. Let 8,=E3(4), k=0, 1,--., then ACA4’
=A(A, ®). In view of the monotonicity of the right-hand side of (1),
it is sufficient to prove that if 8, <e¢, then % is not less than the right-
hand side of (1) with 4 replaced by 4’. We take C=¢in 3(1) and 3(3),
and have by 3(10)

(5) HealA") — Nilog 6o < Ny+ - - - + N; + 2N; + Nj log N,

where j is defined by e~ '<e=e ’ Since §,=<e¢ 9, we have n=N;.
Hence

He(A) —Co = (j+ 24 logn)n = (log (1/e) + 2 + log n)n.

Now we use the simple fact that if a <#(8-+log #), where >0, >0,
B+log a>1, then n>a/(B+log a). This proves (1). Relation (3) is
a special case, since (2) implies that

10g H(A4) = o(log 1)

7))
To prove (4), we derive from 3(10) and 3(11)
(6) He (A" — Co £ 4N+ - - - + Nj).

By 3(10) and the assumption with g=1/5 we have, if 7 is sufficiently
large,

Ni+ -+ Njywa = Hr(4") £ 1Ha(4').
Therefore (6) yields
(N $He (4") — Co = 4(r + )n,

and (4) follows.

The result (3) should be compared with Vituskin’s [37, p. 177,
Theorem 1], where this inequality is proved for classes of analytic
functions, and (4) with his [37, p. 182, Theorem 1], which holds for
classes of “smooth” functions, such as A;, (see §5). Results of
Brudnyi and Timan [5, Theorems 3 and 5] are very special cases of
(1), for compacts in a Hilbert space.

4.2. Comparison of sets A(A, D) for different A. The purpose of this
section is to show that the set 4(A, ®) decreases drastically if the
numbers 8, are replaced by smaller numbers 8,/ , even if ® is replaced
by another set ¥ in this process. For the sets 4 =4(A, ®) and 4’
=A(A!, ¥) we prove that H.(A’) is asymptotically smaller than
H.(A4). In this context, entropy plays a role that is usually reserved
for measure, category or cardinality in theorems about the compar-
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ison of sets. Results of this type allow us to establish the existence of
elements f&X, for which the ¥-approximation is not essentially bet-
ter than the ®-approximation.

THEOREM 7. Let A=A(A, ®) and A'=A(A', V) be two full approxi-
mation sets in a Banach space X. (i) If

® O2n = COn, n=12---¢>0,

and if 0<q<1, then there is a ¢.>0 (which depends only on ¢ and q)
with the property that lim sup(8, /8.) <q implies

©) lim sup {H.(4")/H(4)} < g;

(ii) If 6, satisfies (8) and if im(8,] /8,) =0, then
(10) lim { H.(4")/H,(4)} > 0;
€—0

(iii) Relation (10) holds also if lim sup(d. /8.) <q1, 1 <1 and if

lim (82,/8,) = 1.
(11) Lim (32n/80)

ProoF (i). Take ¢; from Theorem 4 (i), and put g1=c;'. Then
87" = 84 /@1 =8, for all large n. According to Theorem 4 (i) we have
H, (A(A")) =£qH(A),for all small €>0. But H,, (A (A")) =H.(4(A")).
Statement (ii) follows from (i), while (iii) can be proved in a like
manner, with the help of Theorem 5 (ii).

We shall use Theorem 7 to show that even an introduction of
countably many sequences ¥, instead of & cannot essentially reduce
the degree of approximation of the elements fEA (A, ®).

THEOREM 8. Let ®,V,, p=1, 2, - - - be fundamental sequences in X.
Assume that the sequence 8, satisfies (8), and let

(12) limsup 5, =0, p=1,2,"+,b.

Then there exists an element fEX such that

(13) E:(f) So, n=0,1,--

but the condition

(14) E. (=6, , n=0,1, -

s violated for each p.
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ProoF. Let ¥ be the set of all fEX with the property that Ef(f)
=0(8,), and the norm p(f) =sup,{E%(f)/8.}. Standard arguments
show that Y is a Banach space with this norm. Let also V,, p=1,
2, - - - be the set of f& ¥ for which Ej?(f) <6®,n=0,1,2, - - -.

Now Ey?(f) is a continuous function of fEY in the norm p, for
o(fs—f)—0, s—+ « implies er——fH—)O, and E;?(f) is continuous on
X. Hence each 7V, is a closed subset of Y. From Theorem 7 (ii) it
follows that H(V,) <H.(U), for all small ¢>0, for each ball Uin ¥
(with an arbitrary center and radius). Thus, V, does not exhaust U.
In other words, V,is nowhere dense in Y. It follows, by Baire’s theo-
rem, that ¥—U,V,50.

THEOREM 9. Assume that 8, satisfies (8). There is a p>0 with the
property that for each two fundamental sequences ®, ¥, there is an ele-
ment fEX which satisfies (13) and the inequality

15) E‘Il:,(f) = pd,  for infinitely many n.

Proor. We select p, 0<p<1 so that ¢i=4p/c works in Theorem
7(i) for some ¢<1. By induction we define increasing sequences of
integers n;, m;, 1=1,2, - - -+ (mo=0), and elements f; such that

(A6) mi> Ziymi S s < masni=1,2, - - - ;a,,,,cgzik_‘a,,,,. for i < k.

The (k+1)st step of the induction is as follows. We define two se-
quences of positive numbers A1, Apya, putting

(k+1)

A7) o

<0et1)
= 10, for n S my, 0, = 8o for n < k + my,

= 158, for n > my, 20,1 for w = kb + my.

We take ¥y ;= {f1, -+ fu o Y1, - - - }. Then

Il

—=(k+1)
Ii n li panvk <1 4p31. 45
im sup ——— = llm sup = him sup s — = q.
no 50D noow 18, sl o p i

By Theorem 7(i) there exists an element f=fx1 of 4(Ay1, ®) which
does not belong to 4 (Akt1, Yii1); we can assume that fry 1 EX
some large my1. We may further assume that

ey for

P

U8)  mun> 2k + 2 Gm S —be fori <kt 1L
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Then

@ P
E.(fry1) S — 6n form; = n <miy, i =k,

Qpt1—i
19
( ) E:’Hl(fkﬂ) =0 for n = Mit1.

On the other hand,

(20) E:,Hl(fkﬂ) > 3,(.“1) for at least one .

For n <k-4my, 6571 =8, and since

E:,Hl(fk+l) < “fk+1|| = E:(fk-pl) = o,

we must have #>k+m; for our n. Selecting one such # that satisfies
(20), we put m=k+mns Increasing msy1, if necessary, we have
My < Npyp1 < Mpy1. FOr #="1pyq,

EXfid -+ fioF fir) Z Bt (i) > 208,
We put f= D 121 fi. If m;<n <miy, then by (19),

o

Ea(f) = EZ’;( > fk> <3 B s Y Lt =t <

k=i+1 k=it1 bmip1 270

ThisshowsthatfE A (A, ®). On theother hand, forn=n;,k=1,2, - - -,

B2 EG+ 45— 3 il 2 20— 3

———3n = pon.
i=kt-1 it 1 21,+1—-k

Theorem 7 (for a Hilbert space X) was given in Lorentz [23]. For
special spaces X (X =C and X=L?) and §,=n", >0, Theorem 9
appears in Lorentz [21]. Olevskil [27] has an interesting counter-
part of this when X =Cla, b], A=Lip o, 0<a<1: For each system
® there exists a function f&Lip «, with the property that Eg(f)
= Cu(f, 1/n), C>0 for all n=1, 2, - - - . Here w(f, 1/n) is, possibly,
much smaller than #—=, which serves as 6,.

5. Review of recent results on entropy.

5.1. Computation of entropy.

5.1.1. Continuous and differentiable functions. First we introduce
some notations (compare [24, Chapter 3]). Let =0, 1, - - - be an
integer, w a modulus of continuity, S an s-dimensional parallelepiped,
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@;S%:5by, 1=1, - - -, 5. Let A, =A3,(S; Mo, - - -, M,) be the class
of all functions f(xi, + - + , %) on .S which have all partial derivatives
ID(")f| <My, k=0, - - -, 7. In addition, the modulus of continuity of

each rth derivative should not exceed w(%). We write A,, for the class
Aou, Lip a for A, w(k) = Mhke. In case s=0, functions f may be defined
on an arbitrary compact metric space B. The theorems about the
degree of approximation of the classes A;,(S) by algebraic poly-
nomials are well known (see [35, pp. 279 and 363], [24, Chapters 4,
5, 6]). They imply that A}, is contained between two full approxi-
mation sets of the space C[S] of continuous functions: 4(A’) CAS,
CA(A), where both §, and 8, are of the form Cn—"/*w(C'n"1/¢). An
application of Theorem 2 leads to the result:

< H(Ar) < &,
8(Be)* 8(ye)*

where Cy, C,, B, v are positive constants, and 8 =98(e) is defined by the
equation §"w(8) =e. If r=1, or if r =0, w(h) =k, 0<a =1, (1) leads to
an asymptotic determination of H,(4), namely

Ci

€Y

2 H(4) =

1
5(e)*
With a different proof, results (1) and (2) are due to Kolmogorov (in
[19], they are proved for w(k) =h%). For moduli of continuity w(%)
which increase more rapidly than 4* at =0, one does not get in this
way precise formulas for the entropy. According to Timan [36], how-

ever, (2) still holds for each concave modulus of continuity, in the
corrected form

©) Ho(Ay) ~ {w_ll(ze)} "

This is obtained by finding an M= M(e) >0 for which the class
Ai(B) is approximated by AL(B), w(hk) = Mh with an error
<1[w(e) — Me] (compare [24, p. 122]). It remains to take advantage
of the very precise formulas for the entropy, that are valid for the
class A%, ([19, pp. 14, 78]).

Vosburg [40] improves a little the inequalities (1) if A=Lip(e, B)
and if B is an arbitrary compact set contained in [—1, 41]. In this
way he shows: H.(Lip(a, B)) =0(e /) if and only if the set B has
measure zero.

The set of continuous functions is not compact in the uniform
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norm. However, the set G of all graphs of continuous functions in the
unit square is compact in the Hausdorff metric space of closed sets in
the plane. Its entropy is H.(G)~(1/¢) log (1/¢) (Clements [6],
Penkov and Sendov [29]). Another result of Clements [6] concerns
the class V, of functions of bounded variation on [0, 1], which belong
to Lip «, in the uniform norm. Then H.(V,) =~ (1/€) log (1/¢) for each
o, 0<a<1. An interesting unsolved question is the determination of
the widths of the sets V,. Brudnyi and Kotljar [4], [20] study the
entropy of classes 4 of functions f(x1, - - -, x,) that have different
properties with respect to each variable x;. They assume that for
each 7, the k;th difference of f with respect to x; satisfies

@) | A f (s, - - -y m) | = M,

where 0<B;<k;, and derive, for this class 4, H.(A4)~(1/€)%%; .
This also follows from our Theorem 2 and results about polynomial
approximation (Timan [35, p. 279]).

5.1.2. The Lr-norm. Analogues of classes A of 5.1.1 can be defined
in the LP-norm. They are denoted Aj5(S). The known approximation
theorems [35] and Theorem 2 lead to statements of the type (2).
For example we have:

THEOREM 10. The set A =Lip(e, p), 0<a =1, p=1 of functions f on
[0, 1] for which [§|f|?dx <1 and [§|f(x+h) —f(x)|Pdx < Ch?* has the
entropy H(A) = (1/€)*/*. Similarly,

(5) H(Am) =~ (1/e)*! eHo,

These results seem to be new. For similar classes in L2, for which our
Theorem 2 can also be used, Brudnyi and Timan [5] obtain as an
upper estimate only (1/€)*/("+® log (1/e).

Golovkin [13], for certain classes 4, similar to A%, in spaces of
functions with monotone and translation-invariant norm (” f || is
monotone if it increases whenever |f| increases), announces estimates
of H.(A4) from above and below. They are of great generality, but not
very precise. In many cases he determines the limit

1
lim {log H.(A4)/log —} .
€—0 €
Smoljak [32] considers sets of functions on the s-dimensional torus,

+o0
f(, * 5 @) = D, Cmy...m, €Xp i(maxs + - - - + m,3z,),

my, ..., Mmg=—c0
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in the L2-metric, that are restricted by some asymptotic properties of
their Fourier coefficients. For the class E*(M) this restriction is

(6) | Cogome | < M@y - - - m)—[log (@ - - - ) + 1],
where 7T1=|m| if m=#0,0=1, a>%, k=0, and for Wy(M),
(7) Z‘ (ml e ms)acml...m,

He finds:

* < M.

ok 1/(a—1/2) 1
H(—.(Es ) ~ (__) log(2k+2a(s—1))l(2a—~l) .
€ €
® . L /e )
H(W,) =~ <~) logs=1 — -
€ €
Arranging the functions ¢ =exp (k%14 - - - +k,) in proper order,
we can compute from (6) and (7) upper bounds for the degrees of
approximation J,, and imbed the above classes into sets 4(4, ®). In
this way, the upper (harder) estimates for the entropies given by (8)
follow from our Theorem 2.

An interesting problem is to derive, from the behavior of H.(4),
properties of the Fourier coefficients of some, or of most functions
fed, ACL? or ACC. To give only one example: Is it true, for a
subset 4 of C, that H.(A4) = Const.(1/€)? implies the existence of a
function f&A4 whose Fourier series is not absolutely convergent?

5.1.3. Amnalytic functions. For analytic functions, excellent approxi-
mation theorems are known. They can be used for the computation of
entropies. This applies to Vitukin’s estimates of classes 4 of func-
tions defined on polycylinders [37, Chapter 2], [24, pp. 156-157].
Each of these classes is contained between two full approximation
sets. The upper class is obtained from the approximation of functions
fEA by partial sums of their Taylor series; the lower class is derived
from inverse theorems of BernS§tein’s type. The term S; of 3(11) gives
the remainder of Vitugkin’s formula. Erohin [12] proves the formula

1 1 2(1)
0 —
log R g € ’

where A =A(K, G; M) is the set of functions, analytic in the open set
G, with I f(z)[ <M, 2EQG, in the uniform norm on the compact set
K CG; R is the conformal radius of the pair K, G. This follows at

©) H(A(K, G; M)) ~
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once from our Theorem 2 and Theorem 3 in Erohin [11], which deals
with approximation of functions f&A4 by linear combinations of ele-
ments of a properly chosen basis ®. [The last quoted theorem should
probably contain two different constants, for a lower and an upper
estimate, instead of a single one C(9).]

For some classes of functions analytic in a strip and for classes of
harmonic functions, Tihomirov [34] has a better remainder, namely
O(log(1/¢)), instead of Vituskin's O(log(1/e)loglog(1/€)). The new
method of proof is based on some geometric properties of sets of
Fourier coefficients.

Al'per [2] studies classes T, of functions f analytic in a region G,
bounded by a curve I' and continuous on G; the functions satisfy the
conditions |f(’°)(z)| <Cy k=0,---, r, fPCLipa on G; g=r+a,
0<a=1. Al'per refers to his own approximation theorems of func-
tions fE& T,; at present, more powerful results of Dzjadyk [9, Theo-
rem 4.1]; [10, Theorem 1.7] are known, which allow even angular
points of I'. One obtains in this way H(Ty) =(1/€)¢, if T is smooth
except for angles; Al’per also has log H.(T,)~(1/q) log (1/¢), if T has
a continuously turning tangent, and log H(T,) ~log(1/¢), if T is a
rectifiable Jordan curve.

5.1.4. Compact sets in Banach spaces. Compact sets in Hilbert and
Banach spaces were treated by Brudnyi and Timan [5], see also [35].
Most of their results are special cases of ours. (Compare §3, §4.)
Helemskii and Henkin [14] use entropy in order to characterize the
size of ellipsoids D which contain a given compact subset 4 of a Hil-
bert space. One of their results is that if lim sup{He(A)/log(l/e)}
<g<2, then there exists an ellipsoid DDA with

1 2q
lim sup {HQ(D)/log ———} < —
€—0 € 2—q

It should be noted, that for ellipsoids D in spacesi?, 1<p=+ o,
Mitjagin [25, Theorem 3] obtained inequalities similar to or even
better than the inequalities of our Theorem 2. An ellipsoid in /? is the
set of all points x = (%, X5, - - - ) for which Y m, Ixn/6n| »<1, where
8,>0, 8,—0 is a given decreasing sequence. For arbitrary compacts
he gives inequalities that connect H.(4) and the widths d,(4) [25,
Theorem 4], [24, p. 164]. They do not imply 3(5).

5.2. Applications of entropy.

5.2.1. Invariants of linear topological spaces. Entropy-theoretic no-
tions can be used in order to construct invariants of linear topological
spaces. The approximate dimension of a linear topological space, de-
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fined by Kolmogorov [18] is less fine but easier to handle than Ba-
nach’s dimension. All infinite-dimensional Banach spaces have the
same (maximal) approximate dimension. This means that the new
notion is fruitful only for topological spaces that are in some sense
close to finite dimensional spaces, for example, for spaces of analytic
functions. Pelczyfiski [28] also defined an invariant of this kind. Com-
puting the approximate dimension, Kolmogorov showed that the
spaces of analytic functions of different number of variables are not
linearily homeomorphic. Similarly, Pelczyfski [28] proved that the
spaces of entire functions of one variable and of functions analytic in
fz| <1 are topologically different. Compare the article of Rolewicz
[30].

Another interesting application of entropic notions is a character-
ization of nuclear spaces among all spaces of type F, by Gel'fand and
Mitjagin [25].

5.2.2. Superpositions of functions. According to Kolmogorov ([17],
slightly improved in [24, Chapter 11]) there exist fixed continuous
functions ¢;, Y5, i=1, - - -, 5, that map [0, 1] into itself and have the
property that each function f(x, v), continuous on the square 0=<x,
y=1,isrepresentable in the form

5
(10) f(x, y) = § g(di(x) + ¢¥: ().

Here g(#), 0=u =2 is some continuous function, depending on f. One
can assume that the functions ¢;, ¥; belong to the class Lip a for each
0<a<1. There exists a conjecture of Kolmogorov,? which, in its
general form, states the following: Not all analytic functions of two
variables are representable by means of superpositions of continu-
ously differentiable functions of one variable and of addition; not all
analytic functions of three variables are representable by superposi-
tions of continuously differentiable functions of two variables. For
“linear superpositions,” such as (10), this has been proved by
Vitugkin [38, 39]. One of Henkin’s [15] improvements of his results
is the following interesting theorem. Assume that the functions p;, ¢;,
i2=1, - - -, N are continuous in the whole plane, and that the ¢; are
continuously differentiable. Then for each region D in the plane there
are natural numbers #, m for which the polynomial (x+#y)™ is not
equal to any superposition

2 Communication of D. Sprecher.
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N
(an T pile, 9g@:(s, ),

where g; are arbitrary bounded measurable functions. The proof de-
pends upon the comparison of entropies H?(F) of sets F of functions
f(x, v) of the form (11) and of analytic functions, in the metric

D ;%fvvsff(u, v)du dv

Al = Sup

’

where 6§ >0 is a properly chosen function of ¢, and Us; is an arbitrary
circle of radius 8.

As a corollary, representation (10) is not always possible if ¢, ¥
are continuously differentiable.

6. Vituskin’s theorems in the uniform metric. The last two sections
of this paper are devoted to the exposition of results from Vitugkin’s
theory of nonlinear approximation, developed by him in his book
[37]. In this section, we deal with sets of continuous and differenti-
able functions in the uniform metric. The main advantage of our
approach in this section is its simplicity: we avoid the use of multi-
dimensional variations [37, Chapter 4]. The simple combinatorial
device which we use appears also in H. S. Shapiro [31]; see Remark
at the end of §6.2. As Vituskin does, we use in an essential way
Oleinik’sestimates [26]; [37, p. 132]. In this way we obtain Theorem 13
below, which is essentially identical with Theorem 3 [37, p. 186] of
Vituskin about piecewise rational approximation with moving barrier.
This method is such that each improvement of Oleinik’s estimate
would automatically lead to some improvement of the final in-
equalities. For the case of a constant barrier and for “rational con-
tinuous” approximation, Vitugkin has slightly better results (Theo-
rem 12 below), which do not seem to follow by our method.

In §7 we will show that theorems of Vituskin’s type are not re-
stricted to uniform metric. Results obtained there are valid for poly-
nomial approximation in Banach and L? spaces. Here again we use
the method of §3 for the computation of entropies.

6.1. Definitions and lemmas. Let P(f) be a polynomial in
t=(t, + - -, ta), of degree p in the variables ¢; jointly, which is not a
constant. The equation P() =0 splits the space R” into a collection
of connected sets. Important for us is an upper bound for their num-
ber, contained in the following lemma.
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LEMMA 7 (OLEINIK). The equation P(t)=0 defines at most 2p»

bounded components of R*, and at most

1 2(p + 2)m

connected bounded or unbounded components (p=2, n=1).

According to Oleinik [26], the number of bounded components of
Rr defined by P(f) =0 is at most (p —1)*+2x if p is odd, and at most

1 (P—l)"+‘—(;b—1)+n(n+1)
2 p—2 4

if p is even. Each of these numbers does not exceed 2p» if p=2, n=1.
The second statement of the lemma follows from the fact that the
number of components of R*, defined by P(f) =0, which intersect the
ball 4 - - - +£=a? does not exceed the number of bounded com-
ponents of R, defined by the equation P(t)(+ - - - +£2—a?) =0.

In the classical theory of linear approximation, functions f(x),
xEB, which belong to a given class, are approximated by linear
expressions

tl¢1(x) + tee + tnd’n(x)y

where the functions ¢;(x), xEB are given, and t=(, - - -, t,) ER"
can be selected for a given f. With Vituskin [37], we consider more
general expressions. A rational expression of degree p is a quotient

@) R(x, ?) Pl 9 € B,IER
X, = ’ X ’ ",
O, )
where P and Q are polynomials of degree p in ;, i=1, - - - , n, with

coefficients which are given functions of x.*> There may exist some
x, ¢ for which R(x, #) is not defined, in other words, Q(x, f) =0. More
general are piecewise rational expressions R(x, £). Let

3) P(x, t)

be a polynomial of degree gin t=(t;, - - -, t), with coefficients which
are given functions of x. According to Lemma 7, for each x, P(x, £) =0
decomposes R* into at most 2(g+2)" sets I';=T';(x). On the closure
of each I'; we put

P j(x t)
(@) R(x, t) = ———,
Qi(x’ t)
3 Vitugkin [37] formulates his theorems for the case when P, Q are polynomials of
degree p in each t;, 4=1, - - -, n separately. Since his proofs are based on Lemma 7,

this seems to be unjustified.
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where P;, Q; are polynomials of degree p in £. This R(x, t) is called a
piecewise rational expression of degree p with barrier (3) of degree q.
One of the justifications for the study of piecewise rational approxi-
mations lies in the fact that operations of taking maxima or mini-
ma, performed on rational expressions lead to piecewise rational ex-
pressions.

Sometimes simpler results are valid for piecewise rational approxi-
mations R(x, t) with barrier P(t) =0 independent of x.

If Q(x, £)=1 in (2), we obtain a polynomial expression of degree p,
or a piecewise polynomial expression of degree p with barrier of degree
g. This case lends itself to generalizations for arbitrary Banach spaces.

We shall say that R(x, £) is an e-approximation of a class 4 of func-
tions f&EC(B), if for each fEA there is a tER" for which R(x, t) is
defined for all x & B and satisfies

) | f(x) — R(x, )| <, «E B.

If 4 is a subset of a Banach space X, and P(¢) is a polynomial (or
piecewise polynomial) expression whose coefficients are elements of
X, we can say that P provides an e-approximation for 4 if for each
fEA there is a t&ER™ with the property that

(6) I = P < e

6.2. Approximation of sets A in the uniform norm. For an e-approxi-
mation R(x, t) of a set A CC(B) we would like to obtain a lower
bound for the numbers #, p, g.

Let A be a set of continuous functions on a set B, let ¢>0, and

assume that B contains M= M(e) points %1, - - -, xar such that for
each distribution of signs A=(\,), u=1, - - -, M, \,= +1, thereisa
function f&€4 for which

Q) [fo) | 2 e signfa) =N, w=1,---, M.

THEOREM 11. If a set A of the above kind has an e-approximation
R(x, t), t=C(b, - - -, ta), Which is piecewise rational of degree p with
barrier of degree q, then
® nlog (p + g + M) = CM,

where C is an absolute constant.

Proor. For each of the 2¥ distributions of signs \, let /&4 be the
function f which satisfies (7). Let #&R" be the value of ¢ which satis-
fies (5). Then |fi(x,) —R(x,, #)| <e shows that all values R(x,, )
are different from zero and of the same sign as the fi(x,). It follows
that for each pair N%)\’, there is a u for which R(x,, #*) and R(x,, t)
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are of different sign.
We consider the equation of degree Mg,

M
H P (xm t) = 0,
n=1

which, by Lemma 7, decomposes R" into N =2(Mq+2)" connected
sets T';, £ N. On each I';, each R(x,, ¢) is the quotient of two poly-
nomials,

R(xm t) = Pjﬂ(t)/Qill(t)y M= 1; ] M7 XS PJ'-

For a fixed j, the equation

M
® III Pu(®)Qiu(®) =0

y—
decomposes R" into at most 2(2Mp-+2)" components, on the interior
of each of which the R(x,, f) do not vanish; on their closures the
R(x,, t) keep a constant sign. Intersecting these closures with the set
T';, we obtain sets A,;, at most 4(Mg+2)*(2Mp—+2)" in number, with
the following property: if ¢, ¢’ €A,;, then R(x,, ) and R(x,, t') are of
the same sign for all u.

It follows that the number of points #* cannot exceed the number

of the sets A,;, or that

(10) 2M < 4(Mq + 2)"2Mp + 2)n.

This implies (8). Our Theorem 11 is essentially equivalent to
Vituskin's Theorem 3, p. 186 in [37]. For certain representations,
however, Vitudkin has a better result. He calls a piecewise rational
function R(x, t) continuous if the denominator Q;(x, ) of the repre-
sentation R(x, t) =P;(x, t)/Q;(x, t), tET';, does not vanish for x & B,
t&T;. On the other hand, we have assumed in Theorem 11 only that
Qi(x, £) 0 for x&B and for ¢ actually used in (5).

THEOREM 12 (VITUSKIN [37, THEOREM 1, p. 182]). If R(x, £) is a
continuous piecewise rational e-approximation of the set A with barrier
independent of x, then

11 nlog (p+q+ 1) = CiM,
where Cy 1s an absolute constant.

We return to some applications of Theorem 11. Let 4 =A.(B, ¢)
be the class of continuous functions defined in §5. Then, if A has an
e-approximation R(x, ),
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(12) nlog (p + g+ M) = Const. Hi(A).

To prove this, we note that we can take M equal to the maximal
number M;, § =w~1(2¢) of points of B at distances = & from each other.
By [19, p. 77, (234)],

C
Mg 2 H(A) — log — -
€
Therefore
C 1
M= M;= Hi(A) — log — = ? Hi(A),
€

as H.(A) =2 log (1/e€), since B has at least two points. Thus (12) fol-
lows from Theorem 11.
If we assume that moreover

13) H(A) < Ce 0y
then from the inequality [19, p. 77, (235)] we have

1
Mov12ey = —— H(A),
log 2

and using the properties of a modulus of continuity and (13),
M = M1 £ Mooy < Const. €,

so that (12) implies
1

(14) n log (p +q+ ———) = Const. Hs(A),
€

which is equivalent to Theorem 2 [37, p. 195] of Vitugkin.
Similarly, let A=A ,(S; ¢), where =1 and S is an s-dimensional
parallelepiped. Then (Vitugkin [37, Theorem 2, p. 191]),

1
(15) n log (p +q-+ —) = Const. He(A).
€

It follows from [24, p. 136] that one can take M =~ &=, if § is defined
by 6"w(8) =e. Also, it is known that for some constants K, L, (8, v
[24, p. 153],

K8(8)— < H.(A) < Ld(ve.

It follows from this and the properties of the modulus of continuity
that H.(A) ~d(e)~* ~ M, so that (15) is a consequence of Theorem 11.
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REMARK. Let P(¢), t=(4, + - -, t,) be a product of p linear forms
in . In this case, Shapiro [31] found a better upper bound than that
given in Lemma 7 for the number NV of components of R*. He showed
that N=Sp/(n—1)!if n=<p. This has the following consequence. Let
R(x, t)=P(x, t)/Q(x, t) be a rational e-approximation of A of degree 1
without barriers. Then

(16) n=2CM, C>0.

For the proof consider the product of 2M linear factors

M
P(t) = H P(xm t)Q(xm 7).
p=1
We can assume that #<2M. Then we can use the estimate given
above, and obtain, as in the proof of Theorem 11,

@M)*/(n — 1)1 = 2M.

This, after a simple computation, gives (16).

It should be noted, that Shapiro’s inequality (16) does not follow
from Vitugkin’s Theorem 12, for p=1, ¢=0, since Vituskin assumes
that the denominators Q(x, £) do not vanish.

7. VituSkin’s theorems for Banach spaces. Results similar to
Theorem 11 hold also for sets A4 in Banach spaces X. Of course, we
must now replace rational expressions by polynomial expressions,
since division, in general, has no meaning in X. The method of §7.1
is close to that of §6 and is valid in L?-spaces. The method of §7.2
is somewhat different. It applies to sets 4(A) in arbitrary spaces X,
if the 3, tend to zero sufficiently rapidly.

7.1. Approximation in L?r-norm. Let A be a subset of the space L?
of functions f(x) defined on an s-dimensional parallelepiped S. Let
B(t) be a polynomial of degree g in t=({1, - -+ -, t,), then P(£) =0 de-
composes the space R into N <2(g-+2)" connected sets I';. For x €B,
IET; let R(x, t)=P;(x, t) be a polynomial in ¢ of degree p. The
piecewise polynomial function R(x, f) is an e-approximation of A4 if
for each f&E A there is a &R with the property

@ f | f(x) — R(x, 8) |pda < en.
8
We shall use a method which appears in [21].

LeEMMA 8. Let Q be the set of all 2M possible distributions of signs
A={N,u=1, -, M,\.=+1, and Q' a subset of Q which consists
of not more than p* elements where p <3258, Then for all large M, there
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is at least one distribution of signs N which is different from each N' ©Q’
in at least M /3 places.

Proor. Let N=[M/3]+1. We count the number of all A which
can be obtained from a given N’ by changes in at most N places. This
number T does not exceed

res1ru XD, +(M><(N+1) ik
= 2 N/ T NW(M — N)!

By Stirling’s formula, the right-hand side is asymptotically
~ M log (3/223), so that T'<(2/p)¥ for large M. The number of N ob-
tainable in this way from some N &EQ’, does not exceed TpM <2M,
which completes the proof.

THEOREM 13. Let A=A (S, ¢), r=1, be the subset of C[S], andzlet
R(x, t), be a piecewise polynomial function of degree p with barrier
B(t) =0 of degree q, which is an e-approximation of A in the L'-norm
on S. Then
(2) n log <p +q+ —1—) = Const. H.(A).

€
We assume here that r=1 or that »=0 and w(f) =¢¢, 0<a=1; the
entropy in (2) is in the uniform norm.

Proor. For each small §>0, S contains M =~ 6~ disjoint balls U,
of radius d. Let 6 be defined by 6w(8) =ae; a>0. Then we can find
functions fA, A= {)\,,} , Aw= 11 with

©) fax

Uy

(See [24, p. 136].) We have

4) fs | f(x) — R(x, t) l dx = Z

ae
= Cé%ae = Clﬂ’ sign f(x) = A,.

zcUy

.

fdx—f R(x, t)dx
Uu U

p=1

For j=1,-.., N,u=1, .-, M, we put

) mi(t) = f P;(x,t)dx = R(x, t)d=.
U Uu

The equation

M
m(#) = I ms@®) =0

u=1

decomposes I'; into at most 2(Mp-+2)» sets Ay;, on each of which the
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mu;(t) are of constant sign. There are T=<4(Mp+2)*(¢g+2)" sets
Ay;, and on each of them, each integral [y, R(x, £)dx is of constant sign.
We show that T'>pM. Assume that T'<p¥, then by Lemma 8, there
is a distribution of signs A= {\,} which is different from any dis-
tribution of signs (5) in at least $ M places. Then for the correspond-
ing fy, by (3) and (4),

1 a
f Ifx(x) — R(x, t) | dex = — MC, hd > ¢ for each ¢,
s 3 M

if a>0 is selected properly. Hence T'>p™, and we obtain
nlog (M + p + ¢) < Const. M.

Because of the expressions for § and M, and of the formula [24,
p. 153] for the entropy of A, this is equivalent to (2).

The formulation of Theorem 12 was restricted to p =1 for the ap-
proximation and to p =+ » for the entropy because a similar state-
ment for other values of the p’s is a simple corollary.

CoRrRoLLARY. If R is a piecewise polynomial e-approximation of
AZ(S, ¢) in the LP-norm, then under the same conditions on r and w
as in Theorem 13, we have relation (2), with H.(A) in LP-norm.

For small ¢,>0, A}, (S, cic) CAE(S,c), where wi=cw; also,
||f = P|| 21 <€ implies ||f— P|| 2 <ci%e. Therefore our statement follows
from Theorem 13 and the formula for H.(A%) in §5.

7.2. Classes A(A) with rapidly decreasing 68,. If 8, decreases to zero
rapidly, results better than those of §7.1 can be obtained. For linear
approximation, we could observe this phenomenon in §4, compare
4(3) and 4(4). However, while 4(4) was true for the 8, which satisfy
3(15) (this follows from Theorem 3 and 3(16)), we have now to as-
sume more (see condition (7) below). The results of this section
should be compared with Vitugkin’s theorem [37, Theorem 1, p. 177]
about analytic functions. The advantages of our results as compared
to Vituskin’s are the following: we treat arbitrary classes A(A, &)
(in arbitrary Banach spaces), which are described only in terms of the
behavior of 8,, while Vitugkin uses structural properties of the class 4,
in a space of continuous functions. He is able later to check these
properties for classes of analytic functions. On the other hand,
Vitugkin can treat rational, instead of polynomial approximation.

THEOREM 14. Let P(t) be a polynomial e-approximation for A(A, ®)
in X, of degree p in t= (41, + « + , ta). Assume that the numbers 8 satisfy
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3[n+4m/log n)

6) ———6——> 0 for each ¢ > 0.
Then
(N n log (1’ + ~1~> 2 (1 —o(1)H(A4), e—0.

Proor. Let the N, be defined by 3(1) with C=e. We note some
consequences of the assumption (6). It follows from 3(2) that
On .4 =€ 20n,, hence (6) implies N1 £ N;40N,/log N, for each ¢>0,
therefore

(8) AN;log AN; = o(N;), i— .

Next, condition (6) implies 3(15), and we derive from 3(20) that
9) H,(A)/H(A) -1, e—0, foreacha> 0.

Easy calculations show that (6) implies

(10) dun®— 0 for each a > 0.

Let €>0 be given, we define j by 3(3) and put N=N;—1. Without
changing the set A(A), we can replace the functions ¢y, - - -, ¢5 by
any linearly independent set of their linear combinations. Using also
a standard result about finite dimensional Banach spaces (the lemma
of Auerbach, see for example [35, p. 393]) we can assume the exis-

tence of linear functionals Ly, - - -, Ly on Xy, that together with the
¢, satisfy

Ll = =1,
N

Lk(¢l)=0,k¢l,[,k(¢k)=1, k’l=1’...,N.
The set BCX consists of all g&X of the form
—1
(12) g=3¢2, 2. Ny
=0 N;sk<Ni+1

where the A\ are integers which satisfy

(13) M) = e NiSk<Nyy i=0,---,5—1

SGAN.'

For g of the form (12), L.(g) = 3etx. We note some properties of the
set B:
(a) If g, g’ €B, g=g’, then | Li(g) — Li(g’) | = 3e for at least one k.
(b) We have BCA(A). This follows from the inequality
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-1
p(g, Xi) = (| 3¢ 2 \itw ’ <32 2 N
k<IN =1y N;=I<N;+y
-1
=< Ee‘j‘zée‘io"léﬁk, k=0,---,N,

=1

where 1, is defined by N;j <k <N 1.
(c) The number M of elements of B satisfies

(14) log M = (1 — o(1))H(A(A)), €— 0.
Since € = ¢!, the number of integers A\; which satisfy (13) is
= e/~%/(3AN,), and the number of all sets (\y, - - -, N\y) is

= JT425 (e73/3AN,)2%:, therefore

—3 7—3
log M = Y, ANi(j — i —3) — >, AN,(log 3AN;).
=1 =1
The first sum is = N1+ - - - +N;_3s~H(A(AQ)) by 3(20); the second
sum is 0(1)H.(4(A)) by (8), 3(16) and 3(20).

LEMMAO. Letm, - - -, 7w be polynomials of degree pint= (41, - - -, tn).
Let €>0 and let t*, p=1, - - -, M be points of R™ with the properties
that
(15) | me(#) — m () | > € for at least one b if u 5% u':

(16) |m@)| < My, B=0,---, M.
Then
N 2M‘ n
a7 2[;;2( "+1)+2] > M.
k=1 €

Proor. We can assume that none of the polynomials m is constant.
Let 7(¢) be defined by

N
(18) @) = TT TI {m(® — se.
k=1 |s|sMp/e

The degree of 7 does not exceed Zﬂl (2M/e+1)p, hence, by Lemma
7, the space R" can be decomposed into at most

M, = 2[;»2 Mi/e + 1) + z]
k=1
connected sets I';, on each of which = does not change sign. In the

interior of each T';, 7w does not vanish, hence each m satisfies there an
inequality
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s'e £ m() < (5 + e

The same inequality holds on the whole of T'; by continuity. It fol-
lows that no two points ¢#, t*, uu’, can belong to the same I';. Hence
My= M.

Proor oF THEOREM 14. We consider the set B CA4(A) defined by
(12) and (13). The number M of points g, & B satisfies (14).

Putting m(f) = Ly(P(2)), k=1, - - -, N, we obtain polynomials of
degree p in t=(y, - - -, t,). Since P(f) is an e-approximation of
A(A), foreach g,&EB,u=1, . - -, M thereisa i*ER" with ”g,,—P(t")”

=<e. Since Lx(g,) = 3eN;, where N; are the coordinates of g, in (12), we
have

(19) |3\ — m@) | <e B=1,---,N, p=1,---, M.
Let us%p’. Since the N\; are integers, it follows from (19) that
[ me(#) — m@) | > e

must hold for at least one k. To estimate the m(#*), we note that (19)
and (13) imply

(20) | m(®) | S e+ 3¢| M| S e+ e2/AN;, if Ni< k< Nipw

If we denote the term on the right by My, then by 3(3), Mi/e=
1+4+¢7~%/AN,;. Applying Lemma 3 and estimating the sum in (17) we
obtain

(21) 2B3pN; + pei2 + 2 = M.

By (10), N;0x;,—0, hence N,;e~i—0, and from (21) and (14) it is easy
to derive (7).

REMARK. A similar theorem is valid for a piecewise polynomial
e-approximation of 4 (A) with a barrier P(f) =0 of degree q. Then one
has, instead of (7),

(22) nlog (p+ g+ 1/9 2 (1 — o(1))H(4).

We omit the proof, which is based on ideas used for the derivation
of the last two theorems; the polynomials (5) are now to be replaced
by mi(£) = Le(P4(2)).
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