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1. Introduction. If A4 is a collection of subsets of E? then
A”=U{a|a€A}. A sequence 4;, i=1, 2, 3, - - -, of locally finite
disjoint collections of subsets of E? is trivial if 4%, CInt(4}), each
element of A;isa cube with handles semi-linearly imbedded in E?, and
the inclusion map j:a'—a, where ¢’ Ca€A4; and a'€ 444, is null
homotopic.

If 4;,1=1,2, - - -, is a trivial sequence let G be the set of points
of E3—NAJ and components of NA}. Let X be the corresponding
decomposition space. The main result, Theorem 2, may now be
stated.

THEOREM 2. If each element of A;,i=1,2, - - -, is a solid torus, then
XXE=E-

This theorem is parallel to results in [1], [3], [4] and others. The
proof is similar to that given in [4].

2. Some useful maps. Let D= {z|z€ E2?and |z| £1}, S= {z|sE E?
and |z| =1}, D= {z|2€E?and |2| £1/2}, T=DXSand B=D, XS
CT. Let p: D1 XE—B be the universal covering of B where p is
given by p(x, &) =(x, e*) for xED,, tEE. Let h: DI XE—TXE by
h(x, t)=(x, %, t) and ¢: TXE—T by q(x, s, t) =(x, s) where x&€D,
s€S and t€E. Hence gh(x, t) =p(x, 1).

Let B’ be a finite subcomplex of Int (B) such that the inclusion
map j: B'—Int (B) is null homotopic. Using the homotopy lifting
theorem, there exists j*: B'—D; X E such that:
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is commutative and both j* and % are homeomorphisms.

If u€B’, hj*(u) = (u, Y(u)) where ¢: B'—E. If (x, s)EB’ where
xE Dy, sES, then j*(x, s) =(x, w(x, s)) where w: B'—E. By commuta-
tivity,
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® ev@d =5 and Y(x,s) = w(x, s).
Since B’ is compact, ¥(B’) C[—a, a], for some a EE. We extend
¥ to a map ¥: T—[—a, a] by:
V(u) = y(u) foruE B,
Y(u) =0 foru & T — B,
W(u) is determined by Tietze’s extension theorem otherwise.

Define the homeomorphism N: T X E—T X E by A, t)
= (u, ¥(u)+t). We call A the lifting map; it will be used later.

Let Ty: T—T be a homeomorphism of T onto T defined for each
real number ¢ by the following:

(=, 5) (x, 5) € BA(D),
T¢(x1 S) = (x) sei(2¢|3|~2¢)) (x) S) T - (B v Bd(T)))
(%, se=%) (%) € B

where x&€D and sE€S. Let 7: TXE—T XE by 7(u, t) =(T(u), t). We
call 7 the twisting map.

Consider ¢grA\: TXE—T. For x€D, s&S and tEE, ¢gr\(x, s, t)
=Ty n+i(%, 5). If (x, s)EB’ then

gA(, s, ) = (x, s ¥ @O+ = (5 )
by (*).

LEMMA 1. The homeomorphism f=7N: TX E—T XE has the follow-
ing properties:

(1) f=id. on Bd(T XE),

(2) diam(f(B’ Xw)) <diam(D1 X [—«a, ]),

3) ITXw)CTX [w—a, wt+a] and

(4) f is uniformly continuous on B XE.

ProoF. We shall only prove (4), the other three following easily
from the construction. Let €¢>0. For the uniformly continuous map
F=f1Bx 0, 4r], let 0 <8 <27 be as in the definition of uniform con-
tinuity. If %, v€B, t<s€E and d((«, t), (v, 5)) <8 <2, let k be an
integer chosen so that 0=<¢{—2kr <27 and 0=<s—2kr <4x. By uni-
form continuity, d(f(u, t —2kx), f(v, s —2kx)) <e. But d(f(«, t), f(v, 5))
=d(f(u, t—2kr), f(v, s—2km)); hence f is uniformly continuous on
BXE.

3. Shrinking sets in a solid torus. Assume now that each element
of A,,72=1, 2, - - -, is a solid torus.

LEMMA 2. Let ACA;, Ao=AF1NA and ¢>0. There exists a homeo-
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morphism H of E* onto itself such that:
(1) H=id. on the complement of A XE,
(2) diam(H(4,Xw)) <e,
(3) H(AXw)CAX[w, w+e] and
(4) H is uniformly continuous on A, XE.

ProoF. Let g’ be a homeomorphism of 4 onto T'; we assume that
g’ is chosen so that g’(4,) CInt(B). Define g: A X E-T X E by g(x, t)
=(g’(x), t). For g~! and €>0 let § be as in the definition of univorm
continuity. Now make the following modifications of the function f of
Lemma 1. The disk D; could have been chosen to be of arbitrarily
small diameter; similarly the function ¥ could have been chosen so
that @ would be arbitrarily small. Then we may assume that
diam(Dy X [—a, a]) <8, and furthermore that a<e/2. Then define
a homeomorphism f': TXE—TXE by f'(x, t)=(y, s+e€/2) where
f(x, ) =(y, s). Defining H=id. outside A XE and A~'f'h elsewhere,
then H is as desired.

One now proceeds as in [2] or [4] to derive Theorem 1 and Theo-
rem 2.

THEOREM 1. There exists a uniformly convergent sequence of homeo-
morphisms of E*X E onto E* X E whose limit f satisfies:

(1) fis 1-1 outside NA} XE,

(2) f(gXw) is a point for each g&G and

(3) If gXwg' X', then f(g Xw) #f(g' Xw') for gEG.

THEOREM 2. If each element of A;,1=1,2, - - -, is a solid torus, then
XXE=E*

Theorem 2 of [4] is a corollary of our Theorem 2; the process of
lifting and twisting is essentially the method used there. One can see
that although Theorem 2 is quite general, it is a special case of the
following conjecture.

CoNJECTURE. If each element of A;, 2=1, 2, - - -, is a cube with
handles, then X X E=E*

REFERENCES

1. J. J. Andrews and M. L. Curtis, n-space modulo an arc, Ann. of Math. 75
(1962), 1-7.

2. R. H. Bing, Upper semicontinuous decompositions of E? Ann. of Math. 65
(1957), 363-374.

3. , The cartesian product of a certain nonmanifold and a line is E4, Ann.
of Math. 70 (1959), 399-412.

4. Leonard Rubin, The product of an unusual decomposition space with a line is E*,
(to appear).

FLORIDA STATE UNIVERSITY




