HARMONIC ANALYSIS AND THE THEORY
OF COCHAINS

VICTOR L. SHAPIRO!

1. Let E? represent the plane endowed with the usual Cartesian
coordinate system, and let R be an open set contained in E2. We say
that X is a 1-cochain defined in R (see [7, p. 5]) if (a) X (o) is a real
number for every 1l-simplex ¢ (i.e., oriented line segment) contained
in R, (b) X(—0)=—X(o) for every 1-simplex ¢ contained in R,
() X(o)=X(o1)+ - - - +X(0,) foro=01+ - - - +0, witho, 0y, - - -,
o, collinear, similarly oriented, and contained in R. X is then ex-
tended by linearity to all chains in R; so in particular if 7 is a 2-
simplex (i.e., oriented triangle), X (d7) is defined.

We shall call the 1-cochain X a local L! 1-cochain in R if the follow-
ing two conditions are met:

(1) there exist two non-negative functions gi(x) and gs(y), each
locally in L! on R such that

(o) if o is a 1-simplex in R parallel to and oriented like the x-axis,
| X(O’)l _S.. a'gl(x)dx)

(8) if o is a 1-simplex in R parallel to and oriented like the y-axis,
| X ()] = [og:()dy;

(2) there exists a non-negative function H(x, y) locally in L' on R
such that if 7 is a 2-simplex oriented like E? with two edges parallel
to the x and y-axes and 7 is in R, then

| X@a7)| = f H(x, y)dxdy.

Let Q be a measurable set contained in R with the property that
]R—Q[2=0 (where | | ; represents j-dimensional Lebesgue meas-
ure). Using the notation of [7, p. 262], we say that the 1-simplex o
in R is Q-good if ]o‘—-(aﬂQ)]1=0. We say that a 2-simplex 7 con-
tained in R is Q-excellent if each of the 1-simplices in d7 are Q-good.

We shall call the differential form w(x, y) =a(x, y)dx+0b(x, y)dy a
local L' differential 1-form in R if the following three conditions are
met:

(3) a(x, y) and b(x, y) are measurable functions in R;

(4) there exists a measurable set Q CR with ‘R—Ql 2=0 and two
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non-negative functions g;(x) and g(y) each locally in L! on R such
that

(@) for (x,y) in Q, |a(x, )| S@i(x) and [b(x, )| £2:(9),

(B) for every Q-good 1-simplex ¢ in R, a(x, ) and b(x, y) are meas-
urable functions on ¢;

(5) with Q as in (4), there exists a non-negative function H(x, y)
which is locally in L! on R such that if 7 is a Q-excellent 2-simplex in
R oriented like E? with two edges parallel to the x and y-axes, then

/e
ar

We shall say two differential forms w(x, y) =a(x, y)dx+b(x, y)dy
and wi(x, ¥) =a1(x, y)dx+bi(x, y)dy are equivalent in R if a(x, y)
=a4(x, v) and b(x, y) =bi(x, ¥) almost everywhere in R.

Using harmonic analysis as we have before in similar situations
(see [4], [5], and [6]), we shall establish the following theorem re-
lating local L* 1-cochains and local L! differential 1-forms:

__<_.fH(x, y)dxdy.

THEOREM. There is a 1-1 correspondence between local L' 1-cochains
wm R and equivalence classes of local L' differential 1-forms in R in the
following sense:

(@) Given X a local L' 1-cochain in R, there exists a local L differ-
ential 1-form in R, w, and a set Q satisfying (4) and (5) with respect to
w such that X (o) = [ for every Q-good 1-simplex o. Furthermore, o is
unique up to equivalence.

(b) Given w a local L differential 1-form in R and a set Q satisfying
(4) and (5) with respect to w, there exists a local L* 1-cochain in R, X,
such that X (o) = [ for every Q-good 1-simplex o. Furthermore, if wy is
equivalent to w, 1t gives rise to the same local L' 1-cochain X.

Since every flat 1-cochain in R (see [7, p. 6]) is a local L! 1-cochain
in R and since every flat differential 1-form in R (see [7, p. 263]) is a
local L' differential 1-form in R, the theorem given above is an ex-
tension of Wolfe’s theorem [7, p. 253 and p. 265] for the special case
of 1-cochains defined in open sets of the plane.

2. To establish part (a) of the theorem, we shall suppose from the
start that if g; and g, are the given functions satisfying (1) with re-
spect to X and if g; is defined in a neighborhood of x and g, is defined
in a neighborhood of ¥y, then

b B
(6) gi(x) = lim sup h‘lf gi(x+8)dt, go(y) = lim sup h‘lf 22(y+d)dt.
11]—0 0 |n] -0 0
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This would only alter g, and g, on a set of 1-dimensional measure
zero but would not affect the relationship (1).

Letting ¢'(x, v; k) and ¢%(x, v; k) be respectively the 1-simplex
whose ordered end points are (x, ¥), (x+£%, v) and (x, y), (x, y+£h),
we define for (x, y) in R and j integer-valued,

a(x, y) = lim sup jX[o'(x, y; ;)] and
[7]—w

7
" b(w, 9) = lilm sup j X [o%(x, y; 77Y)].

Jl— e

It follows immediately from (1), (6), and (7) that
(8)  for (x,9) in R, | a(x, )| < g1(x) and | b(x, )| =< ga(y).

We next prove that a(x, ) and b(x, y) are measurable functions
in R. In order to establish this fact, we need only show that if Sis a
closed square with sides parallel to the x and y-axes which is con-
tained in R, then both functions are measurable in S. Consequently,
with S given, choose S’ a closed square such that SCS*CS'CR
where S’° designates the interior of S’. Next choose a positive integer
josuch that for ]_7] =joand for (x, y) in S, ¢(x, ¥; 771 and o2(x, y;jY)
are both in .S’. To establish the measurability of a(x, y) and b(x, y), it
is sufficient to show that for a fixed j with |_7| 2jo, X [oX(x, v;571)] and
X [o%(x, y; 71 ] are continuous functions when restricted to S.

We now show that X [c!(x, v; 7~1)] is a continuous function when
restricted to S with a similar proof prevailing to show that
X [o%(x, v; 7%)] is a continuous function when restricted to S.

Let (xo, ¥0) be a fixed point in S and let €>0 be given. Choose 8,
with 0 <8, <1 such that if o is a 1-simplex in S’ parallel to the x-axis
and |o|1<3;, then | f,gi(x)dx| <e. Similarly, choose 8, with 0 <3, <1
such that if ¢ is a 1-simplex in S’ parallel to the y-axis and |0'| 1< 0,
then | /. ,gg(y)dy| <e. Next, with H(x, y) given by (2), choose §; with
0 <8;<1 such that if 7 is a 2-simplex as described in (2) which is con-
tained in .S’ (i.e., a right triangle with legs parallel to the x and y-axes
and oriented like E?) and |7|;<&;, then [.H(x, y)dxdy<e. Set
6,=min(d;, 8y, 8;). It then follows immediately from the fact that X
is a 1-cochain which meets conditions (1) and (2) that if ¢ is an arbi-
trary 1-simplex in S’ and |a|1 <3, then | X(¢)| <3e.

Let N be the first integer greater than the length of the side of S'.
Set =204/ N, and suppose that (x, ¥) is in .S and that the distance be-
tween (xo, y0) and (%, y) is less than 8. Then on considering the
parallelogram determined by ¢!(xq, ¥o; 7Y and o'(x, y; 7~!) with
|7] =70, it is clear that
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4

©) 1 X[7'( 33570 = X', 303570] | = 6+ 3 | X(om) |
where 74, k=1, - + -, 4, are right triangles with legs parallel to the x
and y-axes with |74]2<82/2 for k=1, 2 and | 74| <3N/2 for k=3, 4.
We conclude from the choice of 6 that the left side of the inequality
in (9) is majorized by 10e. Consequently, X [¢'(x, y; j~!)] is continu-
ous when restricted to .S for ] j| Zjo and a(x, y) is a measurable
function in S and therefore in R. Similarly, b(x, y) is a measurable
function in R. Consequently, it follows from (8) that both a(x, ¥) and
b(x, v) are locally in L! on R.

Next, using the classical theory of additive functions of an interval
[3, Chapter 3], it follows from (2) that there exists a function c¢(x, ¥)
which is locally in L' on R such that if 7 is a 2-simplex in R as in (2)
then

(10) X(or) = f c(x, y)dxdy.

Furthermore, it is clear from [3, p. 118] that
(11) ! c(x, y)‘l =< H(x, y) almost everywhere in R.

We shall designate the closed disc with center (xo, ¥,) and radius %
by D(xo, yo; ), and for D(xo, yo; ) C R, the integral
(Th) ™[ peg,us @ (%, ¥)dxdy by a*(xo, ¥o). It follows from [3, Chapter
4], that there exists a measurable set Q CR with |R—Q]|,=0 such
that for every point (x, ) in Q, a’(x, y)—a(x, ¥) and b*(x, yv)—b(x, ¥)
as h—0.

If ¢ is a Q-good 1-simplex contained in R, we observe that for %
small, a*(x, y) and b*(x, y) are continuous functions on ¢. Conse-
quently, it follows from the definition of Q and the fact that ¢ is Q-
good that a(x, y) and b(x, y) are measurable functions on ¢. Further-
more, it follows from (8) that

/.

We observe that we have so far shown that the differential form
w=a(x, y)dx+b(x, ¥)dy meets conditions (3) and (4) in R. It follows
from (1) and (7) that

(12)

a(x,y)[dxl < o and b(x,y)ldyl < w0,

(13) X(o) = f 2 for ¢ in R parallel to the x or y-axes.

We now show that
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14) X(o) = f w, ¢ a Q-good 1-simplex in R,

By (12), we observe that the right side of (14) is well-defined. To
establish (14), we suppose that ¢ is fixed and that there exist three
concentric squares with sides parallel to the x and y-axes, .S, S’, and
S, with o in S° and

SCS'CSCS""CS"CRr
We let S(x, v; k) designate the square
S(x, v; b) = {(u, 9); x—h=u=sx+h, and y—h§v§y—|—h},
and dS(x, y; k) its positively oriented boundary. Then it follows im-
mediately from (10) and (13) that

(15) f w = f c(x, v)dxdy for S(x, y; k) C 8",
8 (zyi k) 8 (z,uih)

and consequently that

(16) lim

h—0 S’

(4r?)—t w — ¢(x, ) |dxdy = 0,

38 (z,u; h)

Next, we choose a non-negative function A(x, ¥) which is in class C*
on E? and takes the value one in S and zero in E2—S’. We then set
a’(x, y) =N(x, y)a(x, ), b’ (x, y) =N(x, y)b(x, 3’), ¢ (x, 3’) =N(x, y)c(x, y)
+0(x, V)N (x, y) —a(x, yIN(x, ¥) for (x, y) in S" and o' (x,y) =b"(x,y)
=c'(x, y) =0 for (x, ) in E2—S".

With these definitions, we now show that (16) implies that

(17) lim

h—0 E2

dxdy=0.

(4h%)—1 f a (u, v)du+b"(u, v)dv—c'(x, y)
38 (z,ui k)

We first introduce an intermediate square S’/ to S" and S”. Then
there exists an ko such that for 0 <k <h,,

f 4nrn)— a (u, v)du~+b'(u, v)dv—c'(x, y) | dedy
(18) E? a8 (x,y; h)
= (4h%)—1 ' (x+u, y+ov)dut+b' (x+u, y+2)
s 8(0,0; 1)
—c'(x, y) | dxdy.

Setting N(x+u, y+v) =N(x, y) +uds(x, y) +oN(x, ) +n(x, ¥, #, v),
we see that the right side of (18) is majorized by the following sum:
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f )\(x,y)‘(4h2)—1 a(x+u, y+v)du+b(x+u, y+v)dv
sore 38(0,0;h)
—c(x, y) | dxdy
+ [ J@ws [ ey molat+ wy+ s
§ree 33(0,0; 1)
+b(x+u, y+o)do] | dxdy
+ | Aa(, ¥) | (4h?)—1 ua(x+u, y+v)du | dxdy
§rer 35(0,0;h)
+ [ Dual|@ [ waeu, ytodutats ) |dsdy
5o 35(0,0;1)
T a9 || @) ub(w-+u, y+v)do—b(, 3) | dwdy
8ree 38(0,0;h)

+ [ Inenl|@n [ ety
48 (0,0;h)

Srre

dxdy

=LA LA LA DA T I

That I;—0 as A—0 follows immediately from (16) and the fact
that A(x, ) =0 in E2—§'.

From Taylor’s theorem for functions of several variables, it follows
that there exists a constant K such that for (x, ¥) in S’”’ and all
(u, v), |77(x, Y, U, v)l < K(u?+9v?%). But then by Fubini’s theorem for %
small,

In< (4h2)"12K{ f _:(u2 + 1Y [ f S”] a(x, 9) | dxdy:ldu

+ f_:(v2 + ) [ f ) | (=, ») | dxdy] dv} :

We conclude that I;—0 as h—0.
Observing that for % small and for almost every (x, y) in S’

f ua(x + u,y + v)du = f ula(x + u,y + v) — a(x, y)]|du,
85(0,0; 1) 35(0,0; 1)

and letting K; be a constant such that [)\,(x, y)l =<K, for (x, y) in
E2?, we obtain that for % small
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3 2. —1 h
| ] = Ka@4h) | ] [| alw+ w9 — 1) — a(x,5) |
SIII _h

-+ [ a4+ u,y + k) — a(x, )| ]du} dxdy.

We conclude from Fubini’s theorem that I3—0 as 2—0. Next, we
observe that for % small and almost every (x, y) in S/,

(4h2)—1f va(x + u,y + v)du + a(x, )
38(0,0; 1)

= (4h)2—1f v[a(x + u,y + v) — a(z, y)]du.
38(0,0; 1)

Consequently, we can use the same reasoning for I as that used
for I} and obtain that I—0 as z—0.
Handling I; in the same manner as I; and 7§ in the same manner as
I3, we obtain I3—0 and I$—0 as 7—0. (17) is therefore established.
Next, we let d'(x, y), b'(x, ¥), &'(x, y) represent respectively the
Fourier transform of &’(x, y), b’'(x, ¥), and ¢'(x, ¥), i.e.,

& (x,9) = (4n?)1 f o (u, v)e— et dydy,
B2

Observing that the Fourier transform of the function

f a'(u, v)du + b’ (u, v)dv
a8 (z,y; h)
is
i[xb' (x, v) — yd'(z, )] f et dydy,
8(0,0;h)
we conclude from (17) that
(19) &' (x, ) = i[abd' (x, y) — yd'(=, y)].

We turn our attention once again to g, .S, and .§’, and to the estab-
lishing of (14). We can suppose that the squares .S and S’ are given by

S ={(@y);m—pZaZatpy—p=y=y+o},
S'={(x, )% —p SxSm+o,5%—p <y v+ 0}

with 0<p <p’.
From (13), we observe that (14) holds if ¢ is parallel to the x or
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y-axes. Consequently we can assume that ¢ is a Q-good oriented line
segment given by

y = ax + B, xS xS K,
where a0 and xo—p<x;<x;<xo+p. We shall also assume that
a>0, since a similar proof will establish (14) in case o <0.
Next, we define g3 to be the oriented line segment y=oax-+3, x1—h
Sx=<x2—h. Since X is a local L' 1-cochain in R, (1) and (2) imply
that X(o4,)—X(s) as h—0. Since ¢ is a Q-good line segment, (12)

shows that
f w— f w as h—0.
(4 L4

Furthermore IS —(SNQ) [ 2=0. Consequently, by Fubini’s theorem,
with no loss in generality, we can assume from the start that the
oriented line segments o7 and o, are each Q-good where o1 and o, are
given as follows:

g1t X2 = X = Xy, y = axs + B;

g9l X = Xy, axz+ﬂ—>_—y2ax1=ﬂ-

If we then designate by 7 the oriented 2-simplex (oriented like E2)
having o, a1, and o2 as its edges, we obtain that dr =001+ 0.
Next, we set for £>0,

af (x,v) = f @' (u, v)e= WMo tgituston) dydy,
E2

(20) bi (x, y) = b (u, v)e= @M tgituston) gy dy,
E2

ci (%, y) = f & (u, v)e~ W tgituston) dydy,
E2
and observe that a/ (x, v), b{ (x, ¥), and ¢/ (x, v) are in class C* on E2,
Furthermore we obtain from (19) and (20) that

abf (x,y)  9dai(x,9)
ox ay

¢t (%, 9),

and consequently that for :>0,

@) [ atGe i+ by = [ ol e iy,
ar T
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Now, if we can show
f af (x, y)dx—»f d (%, y)dx ast— 0,

f al (%, y)dx—>f a(x, v)dx as t— 0,
(22) o o
[ot@nay— [ veniy st

[ ot nay— [ vepay  asi—o,
(4] (2]

we shall have established (14). For the theory of multiple Fourier
integrals (see [1, p. 22]) shows that ¢/ (x, y)—¢(x, ¥) in the L!-norm
on E2 Consequently, taking the limit on both sides of (21) as t—0,
we obtain from (22) that

(3) S, @+ vty = [ o, sy

But 7 is contained in S, and in S, a’(x, ) =a(x, y), b'(x, ¥) =b(x, ¥)
and ¢'(x, y) =c(x, v). Therefore (23) implies that

(24) J;Tw = fc(x, y)dxdy.

T

Using (10) and the fact that 07 =0 -+01-+ 09, we infer from (24) that
fw +f . +f 0 = X(@7) = X(o) + X(o1) + X(o).
a o1 a2

By (13), however, X (o1) = fo,w and X(03) = [,,w; consequently (14)
will be established, once we show that (22) holds.

We establish (22) by showing that the first limit in (22) holds. A
similar procedure will show that the other three limits in (22) hold.

In order to accomplish this, we designate the indicator function of
the interval xo—p’ £x = x0+p" by M(x). Then since Az, ) S\ (x) for
all (x, y) in E?, we obtain from (8) on setting g{(x) =g(x)M(x) for
| —x0| <p’ and gj(x) =0 for |x—xe| >p’ that

(25) |&(x, 9| S e  for (x,9) in B~

Since a™(x, ¥)—a(x, ¥) as h—0 for (x, v) in Q, we obtain from the
theory of multiple Fourier integrals (see [2, Chapter 2]) that a/ (x, ¥)
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—a'(x, v) for (x, ¥) in S°Q. Since ¢ is Q-good and contained in S?, we
have that
(26) lim af (x, ax+B) =a’(x, ax+B) almost everywhere in x; S x =< x,.
t—0
By (12),
27 f |a’(x,ax—|—6)|dx< .,

z1

From (20) and well-known facts concerning Fourier transforms we
have that for ¢>0,

© oo e lul®1at g—lvl*/4t

’ j— ’ — -

= [ [ we—ny =0 o du,
and consequently from (25) that for :>0

(28) | af (x, ax + B) | < (4m)112 f gl (& — w)e ¥4 dy,

—0

Now g{ (x) is a non-negative function in L! on — o <x< o which
vanishes for Ix—xo] >p'. Consequently given €>0, there exists a
01 >0 such that if B is a measurable set on the real line with IB I 1< 6y,
then

fg{ (x — u)dx < € for all .
B

But then Fubini’s theorem and (28) imply that for £>0,

(29) f]at'(x,ax+ﬁ)|dx<e for[B|1<61.
B
Using Egoroff’s theorem, (26), (27), and (29), we obtain
(30) lim af (x, ax + B)dx = f a' (%, ax + B)dx.
t—0 R z1

The first limit in (22) is therefore established. A similar procedure
establishes the other three limits in (22), and as we have shown
earlier, this establishes (14).

Summarizing, we have shown that the functions a(x, y) and b(x, y)
are measurable in R, that there exist functions gi(x) and g.(y) which
are locally in L! on R such that la(x, y)l =gi(x) and ]b(x, y)| <g()
for every (x, v) in R, and that there exists a measurable set Q CR
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with [R—Q[2=0 such that if ¢ is a Q-good 1-simplex in R, then
a(x, y) and b(x, y) are measurable on ¢ and X(¢)=[,w where
w=a(x, y)dx+b(x, y)dy.

In order to complete the proof that w is a local L! differential 1-
form in R, we need only show that if 7 is a Q-excellent 2-simplex in R
oriented like E? with two edges parallel to the x and y-axes, then
| forw| £ [.H(x, y)dxdy where H(x, y) is the function in (2). However,
this is immediate from (11). For since 7 is Q-excellent,

Je
ar

To complete the proof of part (a) of the theorem, we have to show
that if wi(x, y) =a1(x, ¥)dx+bi(x, y)dy is a local L! differential 1-form
and @, is a measurable set in R satisfying (4) and (5) with respect
to wi, and, furthermore, if

= | X(@n)| =

f c(x, y)dxdy‘ =< f H(x, y)dzdy.

X(o) = f w1 for every Q;-good 1-simplex ¢ in R,

then
(31) aix, y) = a(x, y) and bi(x, v) = b(x, y) almost everywhere in R.

To establish (31), set Q:=QQ:. Then | R—Q,|,=0. Next, let S be
a square with sides parallel to the x and y-axes such that SCR. Then
by hypothesis, if ¢ is a Qr-good 1-simplex contained in S, [ow= fw:.
Since both a(x, y) and ai(x, y) are in L! on S, we consequently have
from Fubini’s theorem that

Yo+t zgtt
f f [a(x, y) — ai(x, y)]dxdy = 0 if the square S(xo, y0;2) C S.
yo—t zy—t
But then Lebesgue’s theorem [3, p. 118] tells us that a(x, y) =a:(x, v)
almost everywhere in S and therefore almost everywhere in R. Simi-
larly b(x, y) =bi(x, y) almost everywhere in R, (31) is established, and
the proof of part (a) of the theorem is complete.

3. We now prove part (b) of the theorem. Let w=a(x, v)dx
+b(x, ¥)dy be the given local L! differential 1-form in R an let Q be
the measurable set contained in R satisfying (4) and (5). By (3) and
(4), a(x, ¥) and b(x, v) are each locally in L! on R. As before, letting
D(x9, ¥0; k) stand for the disc with center (xo, yo) and radius %, we
set a*(xo, ¥0)=(Th®) ™ ppuema(x, ¥)dxdy and similarly define
bM(x0, ¥0). Now, a*(x, ¥)—a(x, v) and b*(x, y)—b(x, y) almost every-
where in R as h—0. We set
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Q' = {(x 9); (%, 5) in Q, a*(z, ) — a(#, y) and

(32) bH(x, y) — b(x, ) as k— 0},

and note that both IQ—Q’|2=0 and IR—Q’|2=0.

We next establish the following fact: if 7 is a Q’-excellent 2-simplex
in R oriented like E? and if H(x, y) is the function given in (5) which
is locally in L' on R, then

/e
ar

It is to be noticed that in (33), 7 is an arbitrary Q’-excellent 2-
simplex, i.e., we are not restricting it to be a right triangle.

In establishing (33), we first notice that if follows from (5) that if
S(x, v; k) (i.e., the square oriented like E? with center (x, y) and side
2h) is a Q’-excellent square contained in R, then

[
88 [x,y; h]

Next, we introduce four bounded domains D;, D,;, D3 and D, with
TCD:CDiCD:CDyCDs CDs CDyCDyCR and a non-negative func-
tion A(x, ¥) in class C* on E? which takes the value one in D; and the
value zero in E2— D,. We define a/(x, v) =\(x, y)a(x, y) and b’(x, y)
=N(x, ¥)b(x, y) where a'(x, ¥) and b'(x, v) are set equal to zero in
E?2—R. Then we set for :>0,

(33)

= f H(x, y)dzdy.

(34)

= f H(x, y)dxdy.
S[z,y; k]

af (%, y) = (47rt)*1f

o (x — u, y — v)e @D I4dydy,
E2

bi (%, y) = (41rt)—1f b(x — u, y — v)e @D 4tdydy,
E2

wf (%, y) = al (%, y)dx + b{ (x, y)dy.

Since 7 is Q’-excellent, we see from the definition of Q' and well-
known facts concerning the summability of multiple Fourier integrals
[2, Chapter 2] that a/ (x, y¥)—a'(x, ¥) and b/ (x, y)—b'(x, ) as t—0
almost everywhere in the 1-dimensional sense on d7. We consequently
infer from (4), using the same technique employed in establishing
(22), that

(35) Jotn— f ) asi— 0,
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Next, setting A(x, ¥) H(x, ¥) =N\, (x, y)a(x, ¥) =N (%, y)b(x, ¥) =0 in
E?—R, we shall establish that for (x, y) in D;,

,'— '(%,9) — — ai ( 3’)'
b/ (x ai (x
ax 9y P

36) = (47rt)“1f e WO\ — u,y — 0)H(x — u,y — 1)
EI

+ l)\u(x_ ”:y“”)b(x" ury'—v)
— M — u,y — v)a(x — u,y — )| }dudo.
We observe that once (36) is established, (33) follows. For the
right side of (36) tends in L'-norm on E? to Ax, y)H(x, ¥)

— [ Na(x, y)b(x, ) =N (x, y)a(x, )| as t—0 and this function is equal
to H(x, v) for (x, ¥) in 7. We consequently conclude from (36) that

(37) limsup f
-0 .

However, since w{ (x, ¥) is a differential form in class C*, we con-
clude from Stoke’s theorem and (37) that

Lymw

But then using (35) and the fact that o’(x, ¥) =w(x, ¥) in a domain
containing 7, we obtain (33) from (38).

We now proceed with the establishing of (36). In the ensuing
discussion, we shall set for >0,

N, v) = e~ @Dt/ (4nf)1,

d 9
b1 (5,9) — —=ai (s,9) |dady 5 [ H(z, 3)dady.
dx Gy T

(38) lim

t—0

= f H(x, y)dzdy.

Fix (%o, ¥0) in D; and let k; equal the distance between D; and the
boundary of Djy, j=1, 2, 3, and set ho=min(h, he, hs)/4.
Then for 0 <k <hy,

f w! (%, y) = f N(u, v) [f W' —uy— v):l dudy
85 [zq,v0i h) B 38 [zq,v0: h]

= I+ Isn
where

Iy, = f Ny(u, v)M(xo — %, yo — v) I:f w(x — u,y — v):l dudy
B LREIRTH)

and


file:///dudv
file:///dxdy

460 V. L. SHAPIRO [July

T = [ N v>{ ) [N — 1,5 — 8) — MNgo — 1, 30 — 9]
boi a8 [zg,v0i k]

cw(x — u,y — v)}dudv.

It is clear from Stokes’ theorem and the fact that w/ is a differential
form in class C* that
| I | o

ab{ (xo, dal (x ,
I £ (e, 30) _ (&0, o) =< lim sup——l " =+ lim sup
ox dy n=0 452 n—0 4h?

Therefore to establish (36), we need only show that
lim sup | I /4n?
h—0

39
(39) =< f No(u, V)A(xo — u, yo — v) H(xo — %, yo — v)dudyv
E2
and that
lim sup | I3, | /4h? §f N (st v) | Nu(2t0— 122, y0—2)b(x0— %, yo—1)
h—0 B
(40)

—No(xo— 2, yo—1v)a(xo—u, Yo—1) I dudv.
We observe that

I, = f Nu(u — 20,9 — o)\ (2, ) [f w(x, y):| dudy
B as (u,v; h)

= Ni(u — xo, v — yo)A (2, v) [f w(x, y):| dudy.
38 (u,v; k)

Dy

But for almost every (#, v) in D,, S(u, v; k) is Q’-excellent. Conse-
quently, from (34) we obtain that

l Il,hl = Nt(u — %o, ¥ — 3’0))\(“; 1))

Dy

(41)
[f H(x 4+ u,y+ u)dxdy] dudv.
§(0,0;h)

But then (39) follows immediately from (41) on observing that
4r)-t | H(x+u,y+v)dxdy—H(u, v) as 2—0 in the L'-norm on D,.

8(0,0; k)

To establish (40), we observe that
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Iz,h =f N;(u—xo, v—yo)

Ds

(42)
{f x4+ u,y+0) — Mu,0)]|olx+ v,y + v)} dudo.
48 (0,0; h)

Next, we set
Ax 4w,y 4+ ) — Ny, v) = A(u, v)x + No(%, v)y + 2(x, v, 4, v)
and obtain that there is a constant K such that
[ n(x, 3, u,0)| < K2+ »?) for all (x, y) and (u, v).
Observing that
No(u — %0, — o) l:fh(aﬁ + 1) | a(x + u, k +v) | dx:l dudy
—h

Dy

= o(h?) as h—0,

we conclude from (42) that

Iz,h = Nt(u — X0, ¥ — yo)
Ds
43
(“3) . {f (o, 0) + No(2, 0)y]e(x + u, y + v)} dudy
35(0,0;h)
+ o(h?).

We next observe that

No(u — w0, v — yo)Nu(u, )
Dy

. {f xla(x + u,y + v) — a(u, v)]dx} dudv = o(h?)
35(0,0;)

and conclude from (43) that
Iy = I3, + o(h?) where

(44) I;; = f Ny(u — %o, v — o) {f No(u, v)ya(x + u, y + v)dx
D3 4S8 (0,0; )

+ Ao (o, v)xb(x + u, y + v)dy} dudv.

Setting
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45) M = | Ni(u— 20,0 — yo)[—No(, v)a(n, v) + N, v)b(us, v) | dudb,
Dy
we observe that

4r) sy — M = (4871 | No(u — %o, v — ¥o)

D3

. {f No(u, v)y[a(x + u, v + v) — a(u,v)]dx
88(0,0;h)

+ N, 0)x[b(x + u, y + v) — b(u, v)]dy} dudv.

We conclude from Fubini’s theorem that

(46) lim (44%) 5, = M.
n—0

But (44), (45), and (46) give us (40). Consequently, (36) and there-
fore (33) is established.

We now proceed with the proof of part (b) of the theorem.

Letting o, = (., ¢.) designate the line segment oriented from p, to
qn, we shall say {a,.}:_l is a Cauchy sequence in R if there exists a
convex, compact subset C of R such that ¢, lies in C for each # and
if { p,,},:;l and {qn},T:l are Cauchy sequences with respect to the
usual metric in E2. We say that the sequence {cr,.},?_l tends to the 1-
simplex o= (po, ¢o) and write o,—0o as n— » if p,—py and g,—qo.
It is now clear that if {a,. },‘;1 is a Cauchy sequence in R, there exists
a 1-simplex oo such that ¢,—0 as n— .

From (4) and the definition of Q’, it follows that if ¢ is a Q’-good
1-simplex in R, then f,|a(x, y)|dx< » and [,|b(x, ¥)|dy< ». Con-
sequently, if o is a Q’-good 1-simplex in R, we define X (o) = fow and
establish the following fact:

) if {an};;l is a Cauchy sequence of Q’-good 1-simplices in R,
then { X(0,) }52-1 is a Cauchy sequence of real numbers.

Since there exists oo= (po, o) in R such that ¢,—ady as n— », we
can suppose from the start in establishing (47) that there exists a
compact convex C CR such that o, is in C° for =0, 1, 2, - - - .

Next, let x1=x=x, and y1=<y=<7y, be the smallest rectangle with
sides parallel to the x and y-axes containing C. Then with gi(x) and
2:(y) given by (4), we have that

T2 U2
f gi(x)dx < o and f 2:(y)dy < o0,
v1

z1
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Set K= [(x2—x1)2+(3:—1)?]!/2 and let e>0 be given. Choose
8>0 such that if |5 —x| <8 and if | 35—y 8 with ;SmSx <o
and Y1 =Sy3=y:s =y, then

Ty W
(48) f g1(x)dx < ¢ and 22(9)dy < ¢,

3 Vs

and furthermore such that if 7 is a 2-simplex contained in C and
oriented like E? with Irl 2 =6 and if H(x, y) is given by (5), then

49 f H(x, y)dxdy < e.

Next, choose 7, sufficiently large so that for #=n,,
| #a — po| = min [6/4(K + 1), | ¢0|:/8] and
| g2 — ¢o] = min [8/4(K + 1), | 00]1/8].
We propose to show that
(50) | X(om) — X(ow)| < 14  formand # = n,,

which fact will establish (47).

First, suppose that the 1-simplices (Pm, Prn)s (@ns gm), and (Pm, ¢»)
are also Q’-good. (Notice that because of convexity, these last three
simplices also lie in C.) Then

| X(om) — X(au) |
2 | X(Pmy gm) + X(gmy g2) + X(gn, p) |
+ | X(Pmy ga) + X(gus pa) + X (P pm) |
+ | X(Gar gm) | + | X By p) 1.

Observing that the Q’-excellent oriented 2-simplex whose oriented
boundary is given by (pm, gm) + (¢ms ¢») + (g, pm) has an area bounded
by K6/4(K+1) with a similar remark holding for the other 2-simplex
whose boundary is given by (m, gn) 4 (gn, £n) + (Pn, Pm), we conclude
from (33), (49) and (48) that IX(am) -—X(cr,.)] <6e if m and n =n,.
(50) is therefore established in this case.

Next, suppose that at least one of the 1-simplices (pm, Pn), (@n, gm),
(pm» gn) is not Q’-good. Since ¢, and o, are each Q’-good, it follows
from the choice of 7, that o, and o, are not collinear; consequently,
we can replace p, by 9,/ and ¢, by ¢. where p,/ and ¢g. each lie on
o, and neither lie on the line determined by o, and where |pn—p,{ |
and | g, —g./ | are both less than min[8/4(K+1), | 70|1/8]. Then with
! =(p., q.), we have that ¢,/ is Q’-good and furthermore that
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(51) | X(od) — X(on)| < 4e.

Next, using Fubini’s theorem, choose p, and ¢, on ¢, such that
(Bn s D)y (@i, Pw), and (¢, ¢w) are each Q’-good and such that
both Ipm—p’ml and ]qm—qi,,l are less than min[§/4(K+1), |o.|1/8].
Then with o7 = (P, ¢w), we have that ¢/, is Q’-good and furthermore
that

(52) | X(0n) — X(om)| < 4e.

But now from the first case considered, IX (o) — X (o )I < 6e.
This fact combined with (51) and (52) gives us (50), and consequently
4n.

If ¢ is a Q'-good simplex in R and if {o’,,}:_l is a Cauchy sequence
of Q’-good 1-simplices in R with o,—0 as n— =, it is clear from (47)
that X(o,)—X(¢) as n— ». On the other hand, if ¢ is a 1-simplex in
R which is not Q’-good, we can use (47) to define X (o). In particular,
if o is such a 1-simplex, we can by Fubini's theorem always find a
Cauchy sequence of Q’-good 1-simplices {o‘,, };Ll in R such that o,—0.
By (47), lim,., X(0,) exists. We define X (o) =lim,., X(d,). It is
clear from (47) that X (o) is well defined, that X(—¢) = —X(0), and
furthermore that if o=01+ - - - +0, where o, 71, - - -, 0, are col-
linear and similarly oriented, that X(¢)=X(o1)+ - - - +X(0.).
Consequently, X is a 1-cochain in R.

To show that X is a local L! 1-cochain in R, we first observe that if
g is a Q'-good 1-simplex in R parallel to and oriented like the x-axis,

then
[ otz )i

If ¢ is a 1-simplex in R parallel to and oriented like the x-axis but
not Q’-good, then, using Fubini’s theorem, we select a Cauchy se-
quence {a,.}:;l of Q'-good 1-simplices in R which are parallel and
oriented like the x-axis and furthermore such that ¢,—¢ as n—«.
Then X(0,)—X(0) and [,,g1(x)dx— [,g:(x)dx. Consequently, | X(o)|
= J.g1(x)dx. We conclude that (1) holds for X.

If 7 is a Q’-excellent 2-simplex in R oriented like E2, then by (33),

fw
ar

If 7 is a 2-simplex in R oriented like E? but not Q’-excellent and
ar=(p, ¢)+(q, r)+(r, p), we select, using Fubini’s theorem, a se-
quence of Q’-excellent 2-simplices, {T,.},f_l, with 7,C7 and each

| X@)| =

= j; g1(x)dx.

(53) | x@m)| =

§fH(x, y)dxdy.
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oriented like E2? and such that 87, = (Pu, ¢u) + (@n, 74) + (#a, Pn) with
Pn—P, ¢n—¢, and r,—r as n— . Then from the definition of X,
X (01,)—X(07). Furthermore, since H(x, v) is locally in L' on R,
JeoH (x, y)dxdy— [,H(x, y)dxdy. We conclude from (53) that ]X (67)]
< [.H(x, y)dxdy. Therefore (2) holds, and we have shown that X is
a local L! 1-cochain in R.

We next have to show that X (o) = [,w if ¢ is a Q-good 1-simplex in
R. First suppose ¢ is a Q-good 1-simplex in R parallel to the x-axis,
say o= (p, ¢) where p=(x0, ¥0) and g= (x1, ¥o). With no loss in gen-
erality, we can assume by Fubini’s theorem, (1), and (4), that there
exists an ko such that the two 1-simplices parallel to the y-axis whose
ordered end points are given by (xo, ¥0), (%0, Yo+ho), and (x1, vo),
(%1, yo+ho) are each Q’-good. Call these 1-simplices ¢’ and ¢'/, respec-
tively. Then it follows that there exists a Cauchy sequence of Q’-good
1-simplices in R, {o’n},f=1, with the following properties: ¢,—0c as
n— o, and the end points of each o, lie on ¢’ and ¢'’. By definition,
X (o) =lim,., X(0,). On the other hand, it follows from (4) and (5)
that lim, .., [o,0=f,w. Also, by definition X(0s,) = f,,0. We conclude
that X (o) = [,w.

Similarly, if ¢ is a Q-good 1-simplex in R parallel to the y-axis,
X (o) = fow.

Next, let ¢ be a Q-good 1-simplex in R which is not Q’-good and
which is not parallel to either the x or y-axes. In particular, let ¢ be the
oriented 1-simplex: y=ax -3, x1 <x <x; where a>0. (A similar argu-
ment will prevail in the case @ <0.) With no loss in generality, we
also can suppose that the rectangle {(x, Y); x1S5x =%y and ax;+B=y
<ax,+B} is contained in R and furthermore that the two 1-simplices
whose ordered end points are (x1, ax;+8), (%2, ax;+8) and (x,, ax; +8),
(%2, a3 +B) are each Q’-good.

Next, using Fubini’s theorem, we select a double sequence of points
{x}'}, k=0,:-.,nand n=1, 2, - - - with the following properties:

() mi=ap<al< -« <xh=0;

(ii) the 1-simplices o} and ¢'f;, whose ordered end points are re-
spectively (x3, axp+B), (%41, axz+pB) and (wg.;, axz+B) and
(%41, axpy1+B) are each Q'-good;

(iii) the 2-simplices 7} oriented like E? and determined by o} and
oi%, are such that lim, ., Y azs ITZI 2=0.

We observe from properties (i), (ii), and (iii) that

n—1 n n—1
(54) > X(ow) 4+ X X(on) — X(o) = X X(9rx).
k=0 k=1 k=0

However, X is a local L'-cochain in R. Therefore
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n—1

> X(9re)

k=0

n—1
< 2| H(z, y)dxdy,
k=0 "

Tk

and we conclude from property (iii) and (54) that

(55) X(o) = lim l:f; X(ox) + Z X(o1) ]

n— 0 k=0

n—l

w-l—z:f w—fw=
k==0 k=1 k=0 afk
[ o
aﬂ

Tk

Similarly,

and by (5)

= f H(x, y)dzdy.
5"
We conclude, as before, that

(56) £w=1im[’§ P> ]

n—o L k=0 k=1

But by property (ii) and the definition of X,

X(a:) = f w and X(or) = f w.
a,kﬂ .rkm

We therefore obtain from (55) and (56) that X (o) =_f,w. We con-
clude that X (o) = f,w for every Q-good 1-simplex ¢ in R.

To complete the proof of part (b) of the theorem we have to show
that if w,; is a local L! differential 1-form in R which is equivalent to
w and if w; gives rise to the local L! 1-cochain in R designated by Xj,
then

(57 X(0) = X1(o) for every 1-simplex ¢ in R.

To establish (57), let wi(x, ¥) =a1(x, y)dx+b:i(x, y)dy. Let Q1 and
Q{ play the analogous roles for w; that Q and Q' play for w. Let
Q:=Q’Q{. Then, [R—Q2{2=O. Furthermore, since a(x, v) =a:1(x, ¥)
and b(x, y) =bi(x, ¥) almost everywhere in R, we have that for (x, o)
in Rand >0 and small, a*(xo, y0) = a} (%0, y0) and b*(xq, y0) = b2 (0, ¥0).
We conclude from the definition of Q., Q’, and Q{f, that a(x, ¥)
=a,(x, ¥) and b(x, y) =bi(x, v) for (x, 9) in Q. But if ¢ is a Qs-good
1-simplex in R, X (¢) = [,w, X1(¢) = [sw1, and [,w= [,w;. Consequently,

(58) X(0) = X1(0) for every Q.-good 1-simplex ¢ in R.



1964] HARMONIC ANALYSIS AND THE THEORY OF COCHAINS 467

If ¢ is an arbitrary 1-simplex in R, there exists a Cauchy sequence
of Qz.-good 1-simplices in R, {a,,},f,l, such that ¢,—0¢ as n— . But
then X (¢) =lim,., X(0,) and X;(¢) =1lim, .., Xi(c,), and (57) follows
immediately from (58). The proof of part (b) of the theorem is com-
plete.

We conclude with the remark that the methods and techniques
used here can be employed to obtain similar results for r-cochains
in E»,
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