THE TRIANGULABILITY OF THE ORBIT SPACE OF
A DIFFERENTIABLE TRANSFORMATION GROUP!
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The purpose of this note is to prove the result as given in the title.
The result was suggested to the author by Professor D. Montgomery
to whom the author wishes to express his warmest thanks.

By a differentiable manifold we mean a locally euclidean separable
metric space on which there is a differentiable structure. It may not
be connected and its components may not be of the same dimension.
If M is a differentiable manifold and G is a compact Lie group which
acts differentiably on M, we call the pair (G, M) a differentiable trans-
formation group.

Let (G, M) be a differentiable transformation group. Whenever
x& M, G, denotes the isotropy group at x. Whenever H is a closed
subgroup of G, (H) denotes the conjugate class of H in G and M,
denotes the set {xEMI G.€(H)}. It is clear that GMuy= M. If
A is a subset of M with G4 =4, the space of the orbits in 4 is de-
noted by 4/G. The natural projection of M onto M/G is denoted
by p.

LeEMMA 1. Whenever H is a closed subgroup of G, M, is a differ-
entiable submanifold of M and p defines a fibring map pu: M
—>Muy/G. Hence My /G can be made a differentiable manifold such
that p ) ts differentiable.

PRrROOF. Let x be an arbitrary point of M. Since G acts differ-
entiably on M, there is a slice S at x which is a differentiable open cell
in M and on which there is an admissible coordinate system with
respect to which G, acts orthogonally [1]. Denote by F the stationary
point set of G, in S. Then F is a differentiable open cell in M and GF
is a neighborhood of x in M. Since the map of G/G,X F into GF
given by (gG., ¥)—gy is a homeomorphism onto, it follows that GF
is a differentiable submanifold of M. Hence My is a differentiable
submanifold of M. Moreover, ) is a fibring map with F being a
differentiable local cross-section at x. Hence My/G can be made a
differentiable manifold such that pun is differentiable. The proof of
Lemma 1 is thus completed.

By a differentiable n-space, n=0, 1, - - - , we mean a pair (X, 2)
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which consists of an #-dimensional separable metric space X and a
partition Z of X satisfying the following conditions:

(a) Every ¢ &2 is a connected differentiable manifold.

(b) 2 is locally finite.

(c) Given any xEo¢E2 with dim ¢¢=7, there is a neighborhood U
of x in X and a differentiable k-space (X’, Z’) with £ <#n—r such that
(i) ¢'&Z’ if and only if ¢’=X'No for some ¢ &2 with xEs—¢ and
(i) there is a homeomorphism of U onto the join S* * X’ of a closed
r-simplex S” and X’ which maps UM, diffeomorphically onto the
interior of S” and which maps, for every ¢ €2 with x&e—o0o, UNo
diffeomorphically onto S * (X' M) — (S*U (X' Ng)), where
S # (X'Ma) is the join of S* and X’'N.

Notice that, if n=0, then, by (a) and (b), X is a countable discrete
space and 2 =X so that (c) is trivial. Hence, by recursion, differenti-
able n-spaces are well-defined for all non-negative integers #.

Let ¢ and 7 be two distinct members of 2 with ¢M75 . It follows
from (c) that every xE¢MN# has a neighborhood U with UNeC#
and that every x& o —7 has a neighborhood not meeting 7. Therefore
oM7 is both open and closed in ¢ and hence, by the connectedness
of ¢, 0 C7. Let x©oM7 and let U be a neighborhood of x as described
in (c). Then UN~7 is homeomorphic to (UNga)* (X' N71)
—((UNe)J(X'M71)). Hence dim ¢ <dim 7. This proves

(d) Whenever ¢ and 7 are two distinct members of 2 with ¢N7
# &, 0 C# and dim ¢ <dim 7.

LEMMA 2. Differentiable n-spaces are regular locally polyhedral
spaces in the sense of Cairns [2] and hence are triangulable.

PRrOOF. In [2] one may find the definition of a regular locally poly-
hedral space and the theorem that regular locally polyhedral spaces
are triangulable.

We have seen that differentiable 0-space are countable discrete
spaces so that they are trivial regular locally polyhedral spaces.
Hence we may proceed by induction on # and assume that differenti-
able k-spaces with k <z are regular locally polyhedral spaces.

Let (X, Z) be a differentiable n-space and let x be any point of X.
By (c), there is a differentiable k-space (X', 2’) with k<% and a
neighborhood U of x in X such that U is homeomorphic to the join
of a closed simplex and X’. Since, by induction hypothesis, X’ is a
regular locally polyhedral space so that it is triangulable, T is tri-
angulable and thus U is homeomorphic to an open subset of a poly-
hedron. Hence X is locally polyhedral.
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Now, as one may see,

X=Ug

oEZ

is a general locally polyhedral space in the sense of [2]. To complete
the proof, it remains to be shown that any distinct a9, 7EZ with
00 C 7 are differentiably related in the sense of [2]. By (c), thereis a
neighborhood U of x and a differentiable k-space (X', 2’) with k<zn
such that (i) ¢/EZ’ if and only if ¢’=X'Ne for some ¢ EZ with
xE5—o and (ii) there is a homeomorphism % of U onto S * X’ for
some closed simplex S which maps UMNo, diffeomorphically on to the
interior of S and which maps, for every ¢ €2 with xEe—0o, UNe
diffeomorphically onto S * (X'Mg) — (S\U(X'M¢a)). By induction hy-
pothesis, (X', ) is a regular locally polyhedral space so that for every
cEZ with X'Ne CX'N(7#—171), X'Ma and X'MN7 are differentiably re-
lated. Therefore for every y&EX’'M7, there is a coordinate system
whose domain D is a closed cell in X’M# containing y. That means,
there is a homeomorphism %’ of D onto a closed simplex S’ such that if
o is a member of Z with DN, the interior I’(DNa) of DN in
X’'Ne is not empty and &’ maps I'(DNe) diffeomorphically onto
the interior of a face of S’. Let %’/ be the natural homeomorphism of
S % D onto S;=S % .5 induced by #’. Then hy=h""h is a homeomor-
phism of D;=k~1(S * D) onto S;. Since S; is a closed simplex of the
same dimension as 7, it gives a coordinate system with domain D,
Moreover, it is easily seen that if ¢ is a member of Z with D;N\o# &J,
then the interior I(D1M\a) of DyMe in ¢ is not empty and & maps
I(DiNo) diffeomorphically onto the interior of a face of Si. Hence
UNgo and UN7 are differentiably related. But U is a neighborhood
of an arbitrary point of ¢y. We infer that oo and 7 are differentiably
related. The proof of Lemma 2 is thus completed.
Now we are ready to give our main result.

THEOREM. Let M be a differentiable manifold and let G be a compact
Lie group acting differentiably on M. Then the orbit space M/G 1is
triangulable.

Proor. Whenever C is a component of M, GC is finite-dimensional
and is both open and closed in M. If we are able to prove GC/G
triangulable for every component C of M, our theorem follows. Hence
we may assume M finite-dimensional. Under this assumption, M/G
is a finite-dimensional separable metric space.
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Whenever H is a closed subgroup of G, (H) denotes the conjugate
class of H in G and

Mu = {z€ M|G. € (H)}.

As seen in Lemma 1, each component of M /G is a connected
differentiable manifold. Let 2 be the set of all such manifolds. Then
2 is clearly a partition of M/G. Hence, because of Lemma 2, it re-
mains to be shown that (M/G, 2) is a differentiable n-space, where
n=dim M/G.

The condition (a) is obvious by the construction of Z. Let x*€ M/G.
Let x&p~'x* and let .S be a slice at x which is a differentiable open
cell in M and on which there is an admissible coordinate system with
respect to which G, acts orthogonally. It is known [3] that S meets
only finitely many M. Since for every (H), (GSNM ) /G is con-
nected, it follows that GS/G is a neighborhood of x* which meets
only finitely many members of 2. Hence the condition (b) is proved.

To prove the condition (c), we apply induction on #n=dim.-M/G.
Let x*, x, S be as above and let .S’ be a spherical neighborhood of x
in S with 5’ CS. Since G, acts orthogonally, the stationary point set
F of G, in §’ is a linear closed cell. Let ¥ be the boundary of the
linear closed cell E which is the orthogonal complement of F in §'.
Then Y is a sphere and G, acts orthogonally on Y. Morover, dim Y/G.
<n. Let 2’ be the partition for Y/G, as 2 for M/G. Then, by induc-
tion hypothesis, (Y/G,, Z') is a differentiable k-space for some k<.
Let C be the convex shell of (FNS)\U(ENS’) and let U=GC/G.
Since there is a natural identification of Y/G, with GY/G and since
G, acts orthogonally on S, one can easily verify that U and (Y/G.,Z")
have the properties required in (c). Hence the proof is completed.
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