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Let P* be the group generated by the symbols a, b, ¢, de, ¢3, ds,
., €4 d, and subject to the relation

G*: aba~ b Ycodocidst - - - eV = 1.

Let w* be an element of P* and N* the normal subgroup the word
R*=w*aw* g~ generates in P*.

The question whether the factor group P*/N* is torsionfree (has
no element of finite order) arose in connection with the Poincaré con-
jecture [4]. I shall sketch a proof of the fact that P*/N* is torsion-
free (a detailed proof will appear elsewhere).

An extension E of a torsionfree group H by the free cyclic group is
torsionfree, so I will present P*/N* as such an extension. Consider
the normal subgroup H* which the symbols ¢;, ds, - + + , ¢;, d; and b
generate in P*/N*; its factorgroup is the free cyclic group generated
by @, so P*/N* is an extension of H* by the free cyclic group gener-
ated by a. I shall show now that H* is torsionfree.

The presentation below of H*, from which the required property
is clearly seen, is based on the infinite set of generating symbols by,
Cix, dix, where, for every integer k&,

b = a7*bak,  cy = a%ciab,  dy = a7*dab.

The left-hand side of the defining relation G* given above for P*,
written in terms of these symbols, becomes

-1 —1 —1
Go = b_1bo Czodzo o *Cgo dgo

and the conjugates a*G*a* become
-1 -1 —1
Gr = bp—1br cadox + - - Cak dyk-

The left hand side of the defining relation R*=1 given above for
P*/N* can also be written by means of these symbols: there is an
integer & for which w*a* can be so written (namely when w*a* con-
tains the symbol @ to exponent sum zero), say, in the form

‘Uo=”(bs;'")5297"':dwa'°')’
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so that, if we define

U = 0(batks * ¢ "y Cobthy 5 Qgudh),

for integral &,

-1 -1
V1 = 9 (b.g—l, cr 01y 0y da,u—-l)
is the form taken by a(a—"w*-1)a~!, whence

R* = w*aw*~1g~1 = w*aha(a—tw*1)g
becomes
-1
Ro = VoV-1
and ¢~*R*a* becomes
-1
R}; = UVk—1-
Letting xi; stand for the symbols c¢;; and d;;, we get the following
presentation H of the subgroup H* of P*:

H= (xih bJ';Gb RJ'7 i 27 vt ':g:j: 01 i'la ° ')~

If the two sets of words (Gj, Ry, j: 0, %1, ---) and (Gj, 4;, j:
0, +1, - - - ) generate the same normal subgroup in the free group
on the symbols of H, then

H= (xil') bj; Gjy Ajy4:2,+--,87:0, 1, ')°

I will pick the set 4 to suit my purpose.

If P*/N* has torsion, so does the group H [1]. I shall express H
as the free product of isomorphic groups H,, 7: 0, +1, - -, with a
free subgroup amalgamated between H, and H,.;. If H has torsion,
so does H, [1; 2]. The latter will however prove torsionfree.

Using combinatorial arguments, it can be shown that there is an
A (cyclically reduced, i.e. not of the form 2Bz~! for 2541) with the
following properties:

1. If 4, contains any bj-symbol, then it contains only bo;

2. Ao actually contains some xi;-symbols, and either only j=0
occurs for these, or else 4, contains an x;; with j at most zero and also
an x.; with j/ at least one;

3. Ay is not a formal power B* unless k= +1.

Suppose that among the subscripts j of the xi;, 7:2, - - -, gin 4,
the least is u, the largest 9. Then, by property 2, above, either
u=v=0,orus0,v=1.

Let r be some integer. Define the groups H, and S, as follows:

H, = (x‘-i+n by Apy 822y« - -, g, 710+ ¢+, v)
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and S, the subgroup of H, generated by a set of elements x, in H,
such that when ¥ £0<v for 4,

% = (X2,utrtly B3yutrtly * 5 Xgudrdly * * * y Xgodr 07 Y)

and when #=v=0, %, is the last element b7 above.
Similarly, define the groups

Ho = (xf,i-H+17 brg1; App1, 802, - - oy gy jithy - v -, v)

and T, the subgroup of H,,; generated by a set of elements X, in
H,,; such that when # =0 <v for 4,

Xr = (x2,u+r+1, X3udrtly * ° s Xgutrtly * * * y Xg,o4n

-1 -1 —1 —1
br1162,r4102 44102,r4182,04163,041 * * * Bg,rp1)

and, when u=v=0, X, is the last element listed above.

According to the Freiheitssatz [3], in a group on one cyclically
reduced defining relation, every subset of the generating symbols
gives rise to a {ree subgroup provided not every symbol present in
that defining relation occurs in the set in question. This condition
holds for the symbols of x, in H, and the symbols X, in H,,1. There-
fore, properties 1 and 2 of Ay, inherited by A4, and 4,4, imply that
the subgroups S, and T, are free groups isomorphic under the map-
ping that associates the two sets of elements %, and X, in the order
given above.

Because of property 3 of A,, inherited by 4,, the group H, is
torsionfree [1], and so is the free product of H, and H,; with
amalgamation of S, and 7, and, finally, the free product of all H,
with the (infinitely many) amalgamations of S, and T, r=0, +1,
+2, ..

Inspection of the defining relations G =1 shows that the last named
group is H. Thus P*/N* is torsionfree.
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