
AN INFINITE PRIMARY ABELIAN GROUP WITHOUT 
PROPER ISOMORPHIC SUBGROUPS1 

BY PETER CRAWLEY 

Communicated by R. S. Pierce, April 18, 1962 

In a recent article2 Beaumont and Pierce considered the problem 
of determining those abelian groups which have proper isomorphic 
subgroups. For primary groups they obtained the following: if the 
cardinality of a reduced primary abelian group G is either K o or greater 
than 2^°, then G has a proper isomorphic subgroup. The question 
remained whether or not this result holds for all infinite reduced 
primary groups. Here we answer this question by showing that there 
exists an infinite primary abelian group without elements of infinite 
height which has no proper isomorphic subgroups. 

Throughout this note the usual terminology and notation8 is em­
ployed with possibly the following exception : if x is an element of 
a group then [x] denotes the cyclic subgroup generated by x. The 
cardinality of a set M is denoted by \M\. 

Let p be a fixed but arbitrary prime. For each k= 1, 2, 3, • • • let 
Ck= [gk] be a cyclic group of order pk generated by the element gk. 
Let C be the torsion subgroup of the complete direct sum of the 
groups Ci (fe = l, 2, • • • ). The elements x in C are then countable 
sequences 

X = \%1, X2y ' * * ; Xky * * * ) 

where XkÇzCk and the orders of the Xk s are uniformly bounded; the 
element xk is called the &th component of x. Also C is a closed p-group 
in that every Cauchy sequence in C has a limit.4 Set hk — pk~~lgk, 
and define the elements bk and ck (k= 1, 2, • • • ) by 

h = (0, • • • , 0, g^ 0, • • • ), 

ck = (0, • • • , 0, hk, 0, • • • ) = pk~lbk. 

Each ck is then an element of order p. Moreover if x is an element in 
C of order p, then there is a sequence of integers ui, u^ u%} • • • such 
that 

1 This work was supported in part by National Science Foundation grant NSF 
G-17957. 

2 R. A. Beaumont and R. S. Pierce, Partly transitive modules and modules with 
Proper isomorphic submodules, Trans. Amer. Math. Soc. 91 (1959), 209-219. 

8 See, for example, L. Fuchs, Abelian groups, Budapest, 1958. 
4 Ibid., p. 114. 
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X = (Uihh U2h2, Uzhz, • • • ) , 

and x is the limit in C of the Cauchy sequence 

U\C\, U\C\ + U2C2, U\C\ + U2C2 + UzCz, • • * . 

Let cr= {si, 52, 53, • • • } be a sequence of elements in C of order p 
such that s*; has height a t least k—1 for each fe = l , 2, • • • . If 
x=(uihi, U2I12, u$hz, • • • ) is any element in C of order £, then the 
elements 

U1S1, U1S1 + U2S2, U1S1 + U2S2 + W3S3, • • • 

form a Cauchy sequence and hence have a limit in C; this limit we 
denote by x°\ Furthermore, if a has the property, that for WÖ integers 
u and v is it true that Sk = wc* for all k *zv, then cr is called distinguished. 

We now observe the following: if <r= {siy $2, 53, • • • } is distin­
guished, then there exists a set T9 of elements of order p such that 
j TV| = 2^° and such that for every pair of distinct elements xt yÇ. T9% 

[x] + M + [y] + [f] = [x] e [x*] e [y] e M . 
In constructing Tff there are three cases to^consider. The first: there 
is an infinite sequence of integers »i, %2, #8, • • • such that snfc has 
height greater than w&—1 for each fe = l, 2, • • • (and hence eachsWfc 

has its first rtu components zero). In this case we may assume that 
tik+i— 1 is greater than the height of snjB for each fe = l, 2, • • • . Let 
SQ{ti2, tiz, TZ4, • • • }, and define an element x(S) by 

ƒ0 if i 9e ni and i (£ 5, 

IA,- if i — U\ or i £ 5 , 

where #(5)* denotes the i th component of x(5). Then the set 
Tff= {x(S)\ SQ {ti2, nz, n±, - • • } } is easily seen to have the desired 
properties. The second case is : there is an infinite sequence of integers 
nit ti2, nZ} • • • such that snk has height w*, —1 and has more than one 
nonzero component for each fe = l, 2, - - - . I n this case we may as­
sume that tik+i is greater than the index of the second nonzero com­
ponent of sn]e for each k. If for every 5C{^2, tiz, w4, • • • } an element 
x(S) is defined as in the preceding case, then 

T. = {x(S)\SQ {ti2,nz,nh • • • }} 

again has the desired properties. The remaining case is the following: 
there is an integer m such that Si has height i —1 and exactly one 
nonzero component for each i^m. In this case, since a is distin­
guished, there are two infinite disjoint sequences of integers Wi, W2, 
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w3, • • • and mi, m^ m%, • • • , and two integers u and i; such that 
u^v (mod £) and such that for each k we have nkl m^m, snk = ucn]t1 

and smk = vcmk. Let 5 c ; {2, 3, 4, • • • } and define an element x(S) by 

ƒ0 if i 9e fik and i ^ mk f or all & £ 5 U {1}, 

U^ ii i = rik or i = ntk for some £ G 5 U {1J, 

where x(S)i denotes the ith component of x(S). Then the set Ta 

= {x(S)| 5ÇI {2, 3, 4, • • • } } has the required properties. 
I t is clear tha t there are 2^° distinct distinguished sequences. Let 

0 be the first ordinal of cardinality 2^°, and let 

be a one-one correspondence between the distinguished sequences and 
the ordinals a < 12. Let c be any element of order p in C which is not 
in the subgroup generated by the elements ci, c% c%, • • • . 

We now construct a subgroup PaQ {x(EC\px = Q} for each a<il 
with the following properties: 

(i) P « 2 P * 3 { c i , C2, ci, • • • } for a l l / ^ a ; 
(ii) | P « | ^ | a | K o ; 
(iii) c $ P a ; 
(iv) there exists an element x a £ P a such that c — Xaa<~Pa. 

Suppose Pp has been constructed for each $<a. Set 

P«' = U P ^ + [cj + [c2] + [cz] + . • • . 
/3<a 

It then follows that | P « + [ c ] | ë a | a | ^ 0 < 2 ^ ° , and since there are 
2**° pairwise disjoint subgroups of form 

[x] 8 [ H , * € r , a , 

there exists an element X a G ^ such that 

([*«] e [x7]) r\ {PI + [c]) = 0. 
If cÇzPa +[x<x] + [c — xZ*]1 then there are integers w, 1; and an ele­
ment y(EPa such that 

£ = ^ + UXa + V(C — Xa). 

Consequently 

UXa ~ W G P« + W, 

whence u^v^O (modp). But then c = y^Pa , an impossibility. There­
fore if we set 
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Pa = PL + [Xa] + [C- X':\, 

then c(£P«, and it follows that P« satisfies (i)-(iv). 
Having constructed the sequence Pa (a<Q), define the subgroup 

P b y 

P = U Pa. 

Let G be a pure subgroup of C such that 

G2{»i,ft»,&i, • • • } 

and 

{x E G\ px = 0} = P. 

Suppose ƒ is an isomorphic mapping of G into itself. Then the se­
quence cry of the elements 

/ (ci) , / (c2 ) , / (cs ) , • • • 

is a sequence of elements of order p, and clearly each f(ck) has height 
a t least fe — 1. Suppose cr/ is not distinguished. Then there are integers 
u and v such that f(ck) = uck for all fee P. Let Q be the subgroup of 
those elements in P which are limits of Cauchy sequences from the 
subgroup generated by cv, cv+i> c+2, • • • , that is, Q is the subgroup 
of P consisting of these elements whose first v — 1 components are 
zero. Observe that f(x)=*ux for all #£ (? , and since u is necessarily 
relatively prime to p, we have f(Q) = Q. Let H be the subgroup of 
G consisting of those elements whose first v — 1 components are zero. 
Since G contains the elements 61, &2, 63, • • • , H is a pure subgroup of 
G. Moreover 

{xen\px-o}=Q= {yef(H)\py = o\, 
and it follows that f(H) is a pure subgroup of G. Let x be any element 
of order p in G. Then there are integers wi, • • • , wv-\ and an element 
y G o such that 

« = W1C1 + • • • + «v-icv_i + y, 

and since ƒ(iî) is pure we infer that G/f(H) has rank v — 1. Suppose 
there is an element 2 £ G such that x^pv~lz (mod f(H)). Then s has 
order pv modulo f(H), and since f (H) is pure we may assume that the 
actual order of z is pv. The order of pv~h is therefore p, and clearly 
the first v — 1 components of pv~lz are zero. Hence pv~lzÇ:Q, and as 
x—pv~lz(EQ we conclude that xÇzQQf(H). Thus every element in 
G/f(H) of order £ has height a t most v — 2, and it follows that 
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G/f(H) is finite. Consequently there exists a finite subgroup F such 
that 

G = F®f(H). 

Furthermore 

f(G) = F ' ®f(H) 

where F' = Fr\f(G). Since /(G)ÇÉG, it follows that T ^ F ' ; whence 
F = F'. Hence /(G) = G, and ƒ is an automorphism when af is not dis­
tinguished. Suppose then that 07 is distinguished. Then there is an 
ordinal a<£2 such that ö*a = öy. If the element xa has the form xa 

— (uihi, u2h2, Uihzy • • • ), then #« is the limit in C, and hence the 
limit in G since G is pure, of the Cauchy sequence 

U\C\) uc\ + u2c2, U\C\ + W2C2 H" W3C3, • • • , 

and consequently f(xa) is the limit in f(G) (and hence the limit is C) 
of the Cauchy sequence 

Uyf(Ci), Ujf(ci) + U2f(c2), Uif(d) + U2f(c2) + UZf(cz), 

But this limit is x«/ = x««, whence ƒ(#«) =:x£aEG. Since c —a£«£G it 
follows that cGG, a contradiction. Therefore ay cannot be distin­
guished. We conclude that every isomorphic mapping of G into itself 
is an automorphism, and the proof is complete. 

UNIVERSITY OF MINNESOTA 


