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1. Introduction. In the study of mathematical economics and oper-
ations research, we encounter the problem of determining the maxi-
mum of the function

¢)) F(x1, 22, « - -, 28) = fi(®1) + fal2) + - - - + fw(aw)

over the region R defined by xi+x:+ -+ - +xy=x%, x,=0. Under
various assumptions concerning the f;, this problem can be studied
analytically; cf. Karush [1; 2], and it can also be treated analytically
by means of the theory of dynamic programming [3].

It is natural in this connection to introduce a “convolution” of two
functions f and g, h=f * g, defined by
2 h(z) = max [f(3) + g(= — y)].

osys

For purposes of general study, it is more convenient to introduce in-
stead the convolution k=f®g defined by

A) h(x) = max [f(y)g(x — 9)].
0sysz

It is easy to see that the operation ® is commutative and associative
provided that all functions involved are nonnegative. By analogy
with the relation between the Laplace transform and the usual con-
volution, [3f(y)g(x—v)dy, it is natural to seek a functional transform

4) M(f)=F

with the property that

(5 M(f®g) = M(f)M(g),
that is,

(6) H(z) = F(2)G(2)

where H, F, G are the transforms of 2, f, g respectively.

We shall show that M exists and has a very simple form. In addi-
tion, M~ has a very simple and elegant representation in a number
of cases. More detailed discussions and extensions will be presented
subsequently.
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2. The maximum transform. Let a transform (1.4) be defined by
the equation
1) F(z) = max [e=5(x)], 2= 0.

z20

It will be assumed that f(x) is continuous and nonnegative for
x=20. Furthermore, since F(z) is unchanged when f is replaced by
its monotone envelope, we shall consider (1) only for monotone non-
decreasing f.

It is now a straightforward matter to prove (1.5) by the method
used in the usual convolution. We have

HG) = max | o max [f)gtz = 2] |
z20 0=ys
= max max [e=*f(y)g(x — y)] = max max [ ]
z20 O0=<y=z ¥20 z2v

= max f(y) max [e““g(x - y)]:|

(2) =0 - z2y

= max | wf(y) max [e%g(«w)]]

= max [ev()]- max [e2g(w)] = F(3)G(2)
as desired.

To ensure the existence of F= M(f) for >0, it is sufficient to as-
sume that f satisfies a relation of the form f(x) = O[x°] for x =0 where
¢20. The transform f is decreasing and continuous for 2>0; if ¢=0,
this holds for 2=0.

3. Inverse operator. The determination of the existence and
uniqueness of M~! is of some complexity, and at this time we shall
consider only special cases. If for 2>0, the maximum of f(x)e ** can
be found by differentiation, we have the maximizing value the equa-
tion f’(x) —zf(x) =0. Suppose that this equation possesses a unique
solution x=x(2) with dx/dz70 (and hence <0). For this value of x,
we have F(z) =e¢ **f(x). Differentiating this relation with respect to
x, we have

dz dz dz
(1) F'(a— = (f'(x) — (@)™ — af(x)e™* — = — af(x)e* — -
dx dx dx

Hence,

(2) x = — F'(2)/F(z), or F'(z) + x2F(z) = 0.
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But this is precisely the relation which gives the z minimizing
F(2)e*, for fixed x. Hence, we have

® f(x) = min e=*F(2),

the required inversion relation.
A simpler way to obtain this relation is the following. By (2.1),
we have, for x =0,

4 F(z) 2 e**f(x),

whence F(z)e* = f(x). If there is a one-to-one correspondence between
x and z values, we have min,; F(2)e**=f(x), with equality for one
value, whence (3).

4. Application. Let

W ) = max [fGess(en) -+ vt

where R is as in (1.1). Then, inductively,

) u(p = QM(L-), or F(s) = ﬁﬁxz),

whence formally

@ @) = min [ o= INI F@ |
Similarly, if we have a “re;lewal” equation

@ @) = o) + max [0z - ),

we have a formal solution

®) f(x) = min [—"Iﬂ]

where 4 = M(a), G= M(g).
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