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Let M be a C2, compact, orientable two-dimensional Riemannian 
manifold with positive Gaussian curvature R(x), xÇzM. Assume that 
the distance between a point x of M and the first point conjugate to 
x on any geodesic ray emanating from x is independent of the initial 
direction and of x. We shall prove the following conjecture of 
Blaschke: 

THEOREM. M has constant curvature. 

For a brief history of the problem and a proof under stringent addi­
tional conditions see [2]. 

Let us first recall some of the known facts about such surfaces 
which we shall use. Proofs may be found in [l, §102]. 

Normalize the conjugate distance so it equals T. Then every geo­
desic is closed and has length 2ir. The mapping of any point into its 
conjugate point (determined uniquely, independently of the geodesic 
ray used) is an isometric involution of M onto itself. Any two geo­
desies intersect in a pair of mutually conjugate points. 

Denote the unit tangent bundle of M by T, and set dK = dAd<t>, 
where dA is the element of area on M and d<j> is the differential of 
angle between unit vectors based at the same point. An element of T 
will be denoted by e, or by the pair (x, </>), where 0 is a fiber coordinate 
in some local product representation of T; set p(e) = #. The geodesic 
flow in T takes e after time / into the element et, the end point of the 
lift into the bundle of the geodesic segment of length t whose initial 
element is e. I t is well known that dK, the kinematic density, is 
invariant under this flow. 

LEMMA 1. 

f dK = 8TT2. 

PROOF. Let a closed geodesic Go divide M into two domains and 
call the closure of one of them K0. Let G€ be the curve swept out by 
normals to Go, pointing a distance e into K0. For sufficiently small 

1 This work was supported by a grant of the National Science Foundation. The 
author wishes to thank J. Adem for first calling this problem to his attention and C. M. 
Petty for sending him the report [4]. 

156 



PROOF OF BLASCHKE'S SPHERE CONJECTURE 157 

€>0, Gt is a simple closed curve which bounds a geodesically-convex 
domain Kf interior to K0. Set Ft, Fo equal to the areas of Kê, Ko, 
respectively, and let Lt be the length of G€. (Lo = 2w, of course.) 
Denote by Si,t the set of elements e £ T such that p^e^ÇzKt for some 
2£ [0, / ] . If / is taken less than T, so the endpoints of the resulting 
geodesic determine that geodesic uniquely, we may apply the follow­
ing formula from integral geometry [5, Formula 13.10] 

f dK = 2TF< + 2lLe. 
J 8i,< 

KQ is not strictly convex, but both sides of this equation are continu­
ous in e, so we may write (Sito = Si) 

(1) Ç dK= 2TF0 + M. 

J st 

Now we let / approach ir, and notice that every element of T will be 
in 5x. Hence 

f dK = 2TTF0 + 4TT2. 
J T 

But the left side is just 2TT times the area of M) that is, 4:irFo. There­
fore -Fo = 2TT and the lemma is proved. 

We remark that the validity of the integral geometric formula (1) 
for this particular situation may also be proved without using ap­
proximating curves, essentially by duplicating the proof given by 
Santaló. 

LEMMA 2. For any element e = eo in T, 

f R(p(et))dt £ T, 

and if equality holds R(p(et)) s 1 for O^t^w. 

This result is due to C. M. Petty and James Barry. ([4, Theorem 
6.3]; set their X = 7i\) I t is a local result, in the sense that it involves 
only the Jacobi equation along the geodesic in question. However, 
the elegant proof depends on Santalo's in-the-large relations linking 
the areas within a convex curve and its polar reciprocal [6], 

PROOF OF THE THEOREM. Define 

f(e)-f*R(p(ed)dt. 
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This is a continuous positive function on T. Using the invariance of 
the measure under the geodesic flow and the Gauss-Bonnet formula, 
we find that 

f f(e)dK = f [ frR(p(et))dt\ dK=f'\f R{p{et))dK~\dt 

= f \ f R(p(e))dK\ dt = x f If R(x)dA\ d<j> = 8T». 

But by the lemmas, 

f f(e)dK ^ *• f dK = 8TT'. 
J T J T 

Hence/(e) =7r for almost all e and the theorem follows from the second 
assertion of Lemma 2. 

In closing, we remark that the device of integrating over T was 
first used for a problem of this kind by E. Hopf [3]. 
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