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In this paper we combine the methods of Aronszajn and Milgram
[3] with those previously employed by the author [9] and solve very
general boundary value problems for elliptic equations. For con-
venience we consider equations, but much of what we say can be
carried over to systems without difficulty.

Let u=(u1, po, - - +, 4a) be a sequence of indices, each =0, and set

H1 _po

lul =X m, €=8'%" &,
D' = "'/ Gow) (102" - - - (i9xa)"

where £=(&, &, - - -, &) is any n-dimensional vector. The linear
partial differential operator of order 2r
A= > ax)D»
luls2r

with complex coefficients a,(x) is elliptic in a region RC E" if its char-
acteristic polynomial
P(x, 8 = 2. alx)$
lul=2r
does not vanish in R for real £540. If R is the closure G of a bounded
domain G, we shall say that A4 is properly elliptic in G if in addition it
satisfies at every point x on the boundary G of G (cf. [2; 5; 8]).
ConpITION 1. For every real vector 750 parallel to G at x and
every real 30 normal to G at x, the polynomial P(z)=P(x, 7+2v)
has exactly 7 roots N\iy(7, »), k=1, 2, - - -, 7, with positive imaginary
parts.
If »>2, all elliptic operators are properly elliptic.
By a boundary operator we shall mean a linear partial differential
operator whose coefficients need merely be defined on G. If
Bi = Z bil‘(x)D”, j = 1’ 2, crs

lulsmj

is a set of such operators, we set

Qj(x, é) = Z bin(x)gﬂi j = 11 2, R

|nl=m;

We shall say that the set { B;}}_, “covers” a properly elliptic operator
A if each m;<2r and the Bj satisfy at each point xEG.
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ConprTION 2. For every 7540 parallel to G at x and every »0
normal to G at x the polynomials Q;(z) = Q;(x, T+2v),i=1,2, - - -, 7,
are linearly independent modulo the polynomial

5@ = II G — M(r, »).
k=1

From now on we shall assume that G is bounded, G is of class C*,
and all functions considered are in C*(G). We set

(M, 7))8 = Z DruDrodx
G lulsgs
Hva = (v, 7’)8) (M, 1)) = (“7 1’)0

and denote the formal adjoint of 4 by A*. The set {B;}]., is called
normal if m;#=m; for j#k and Q;(x, ») #0 for each j and xEG when
»5£0 is normal to G at .

LEMMA 1 (ARONSZAJN-MILGRAM [3]). Let A be an elliptic operator
of order 2r, and let {B,—}},l be a normal set of boundary operators of
orders m;<2r, respectively. Then we can find another normal set
{B¥};_, such that

(1) (u’ A*v) = (Au, 7))
for all v satisfying
(2) B* =0 onG, j=1,2,-+,7,

if and only if
(3) B,M:O OHG., j=1,2,--~,r.

We call the set {B}}’_, adjoint to {B;}}., relative to 4. We also
have

LEMMA 2. The normal set {B j } i1 covers A if and only if every normal
set adjoint to { B}, relative to A also covers A.

The boundary value problem (4, f, uo, B;) is to find a function
uE C>(G) such that Au=fin G and Bju=Bjupon G, j=1,2, - - -, r.
We now state our main result.

THEOREM. Let A be a properly elliptic operator of order 2r which is
covered by a normal set { B;}'_,. Let { B} }’., be any normal set adjoint
to {B Y51 relative to A. Then the boundary value problem w(A, f, uo, B;)
has a solution for every f and u, if and only if the solution of w(A*,0,0, BY)
1S unigue.
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OuTLINE OF Proof. Complete C*(G) with respect to the norm
| |l and call the resulting Hilbert space H. For convenience we
assume #%,=0. Set

[, 0] = (A*u, 4%) + 3 (BFu, Bi#v)orm,
j=1

where the ( , ), are appropriate boundary inner products (cf. [1; 2;
8]). By Lemma 2 it follows that the set { B}}_, covers 4 (and con-
sequently A*). The results of [1; 2; 8] and the uniqueness of
w(4*, 0, 0, BY) imply

0_1“'0“:, < [v,0] = cH‘vH; forallv &€ H.

It then follows from the Lax-Milgram lemma [6] that thereis a g€ H
such that

[g’ v] = (f,v) forallv € H.

Applying regularity theory similar to that of Nirenberg [7] and Brow-
der [4] we then prove that g&C»(G). Hence u = A *g satisfies Au=f
in G and (4, A*v) =(Au, v) for all v&C>(G) satisfying (2). Thus u
satisfies (3) by Lemma 1 and the proof is complete.
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