THE RIEMANN ZETA AND ALLIED FUNCTIONS
SARVADAMAN CHOWLA

1. On {(s). Let s be a complex variable, s=0-1, where ¢ and ¢
are real. We define

) t(s) = in" (e >1).

For ¢ >1 it is easily deduced from (1) that

@ ()i - - [Tt semorne(a,

s(s—1)

where
Ox) = D en e
n=1

To prove (2) we use Jacobi's relation

1+ 20(x) = ;—11/—2{1 + 2@(—1—)} .

Since the right-hand side of (2) is an analytic function of s for all
complex values of s, we use (2) to define {(s) over the whole s-plane.
It easily follows from (2) that

3) ¢(s) — ] is an integral function of s;
5 —
s 1—35
4) e /2T (—) ¢(s) = 1r—<“’>/2I‘< );(1 — ).
2 2
We have
(5) ¢ =JI = p [e > 1],

where p runs through all primes. Equation (5) follows immediately
from the so-called unique factorization theorem of arithmetic, which
states that a positive integer can be decomposed into a product of
primes in one and only one way.
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Equation (4) is the “functional equation” of the zeta function due
to Riemann. From (3), (4), and (5) it easily follows that except for
the “trivial” zeros of {(s) at s=—2, —4, —6, - - -, all the remain-
ing zeros of {(s) lie in the critical strip 0 <o <1. In fact it also follows
from the Hadamard theory of integral functions that there is an
infinity of complex zeros in this strip.

The “Riemann hypothesis,” one of the most famous and difficult
of unsolved problems today, states that all the nonreal zeros s of
¢(s) satisfy o =1/2. It can also be stated as follows:

If 1#—2-¢432—4—<4— ... =0 (0<0<1), then ¢=1/2. This
follows from the fact that

(1—29p(s) = 1= — 22 4 3> — 4o — ...

is clearly true for ¢ >1, and hence for ¢ >0.
Riemann also found that the zero s of {(s) with the smallest ordi-
nate t =q, satisfies

s=1/24 14.1386 - - i = 1/2 + ai.

A later calculation by Gram showed that a;=14.1347 - - - . Let a,
run through all the solutions « of {(1/2417a) =0; then (assuming the
Riemann hypothesis) we have

hd 1\ 1 1
Z(a:-{-—z) = 1+?C—?log1r——log2

n=1

= .02 309 570 896 612 103 381

according to a calculation of Riemann. Further zeros of {(s) have
been calculated by Backlund, Hutchinson, and Titchmarsh. In
particular Titchmarsh calculated all complex zeros s with |¢| <1468.
They all had ¢=1/2, in confirmation of the Riemann hypothesis.
Rademacher and Lehmer hope to substantially extend the range of
these calculations. Should these or any authors find a zero off the
line ¢=1/2, such a discovery would certainly be sensational. It
would, however, be a sad thing for mathematics, as it would destroy
in one cruel blow the beautiful and harmonious structure which has
been built on the assumption of the Riemann hypothesis.

2. On {(s), continued. We owe to A. Selberg the sharpest known
estimate on the number of zeros s of {(s) witho=1/2,0=¢t<T. Call

the number of such zeros No(7T). Hardy was the first to prove in
1915 that

No(T)——)OO [T—) oo].
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Later Hardy and Littlewood sharpened this estimate to
No(T) > T,
where ¢ is a positive constant independent of T'. Selberg proved that
No(T) > ¢T log T.

Denote by N(T') the number of zeros s of {(s) with0<e<1,0=5t=T.
H. von Mangoldt proved Riemann’s conjecture that

N(T) ~(1/27) T log T.
From the last two relations
No(T) .
N(T)

In his 1943 paper A. Selberg proved more; namely, he proved the
following:

Let U=T* where a>1/2; then there is an 4 =4(a)>0 and a
To="To(e) such that

No(T' 4+ U) — No(T) > AU log T (T > Ty)

(p. 46 of Selberg).
Let p, denote the nth prime. Erdss has conjectured that

2 (pn — pa-1)? = O(x log ).

=z
This would imply
— 2
Z ———(Pn ) = O(log? x).
pnSz Pn

On the Riemann hypothesis A. Selberg proved that

Z M = O(log? x).

Sz Pn

Denote by N(T') the number of zeros S-+#y of {(s) for which
0<vy<T,if T is not equal to any 7; otherwise we put

1
N(T) = lim ry {N(T + ¢ + N(T — ¢)}.
€—0
It is well known that

T T T 7
N(T) = —log — — — + — + S(T) + O(T-Y),
27 2r 27¢ 8
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where
1 1
S = —am (5 +i7),
T 2

the amplitude being obtained by continuous variation along the
straight lines joining 2, 2447, and 1/2-4+T, starting with the value
0. The variation of S(T') is thus closely related to the distribution of
the imaginary parts of the zeros. We know a little about S(T);
namely,

S(T) = O(log T); fTS(t)dt = O0(log T); S(@) # o(1).

Selberg proved the following Q result for S(T'):
S(t) = Qx {(log £)1/3(log log £)~7/3}.

Selberg proved some remarkable theorems about the distribution of
the zeros of the functions L(s, x) where x(n) is a character (mod k).

If |t] SkY4< and A =A(e) is chosen sufficiently great, at least
k/2 of the k—2 different functions L(s, x) (here k is a prime, and the
character x is nonprincipal) have a zero in the interval described by

1
= — h<t<t .
4 2’ ! 1—I-logk

Also the total number of zeros of the functions L(s, x) in the rectangle
0<o<1, u<t<h+A/log kis O(k).

3. On {(s), continued. In some unedited papers left by Rie-
mann (these were in a very untidy state—often with only one side
of a formula), Siegel recently found the following result (the proofs
were not clear and many details were supplied by Siegel):

m (2,".)0 m
- l—a - 8—1
£ E + 2T(s) cos (s7/2) 121
(z.n-)(e+l)l2

+ (___ 1) m—1 t(a——l)/2eria/2—-—ti/2—1ri/8S'

I'(s)
with
2-kirkp|
s= X St e,

0s2rSksna (kR — 27)!

where
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t\1/2 1
n = 2.1078¢, m = I:(——) :I, 5 = 2 — (m-l— ._2_> (27)42,

cos (u? + 3n/ 8)
Fw) = cos ((27r)1/’~’u)

and the coefficients a; are fixed by the recursion formula
B+ D11 = — (n+ 1 — )t + s [a_g = a_; = 0].
Here
T = 12, Gn = O(t—n/2+nI8T),

This formula enables one (theoretically at least!) to obtain rapid ap-
proximations to {(s), for example when ¢=1/2 and ¢ is large. The
principal term of the semi-convergent series for {(s), namely,

Lremiramage ([G)))

was also found by Hardy and Littlewood. In place of Riemann’s de-
velopment of S, they gave only an upper bound of the absolute value
of the “Rest.” Siegel says, “Wie stark Riemanns analytische Technik
war, geht besonders deutlich aus seiner Ableitung und Uniformung
der semikonvergenten Reihe fiir {(s) hervor.”

4. On ¢(s), continued. We shall now make a few remarks on
“Gram’s law.” These remarks are due to Atle Selberg. Define

s
¢ = arg {r‘"’”I‘ (—2—)} )

l—l—'t
s =—+ i
2

where

The function #(¢), thus defined, first decreases to a minimum be-
tween — 2w and —a (when ¢ increases from 0 to «) and is from this
point onward steadily increasing. For large ¢ we have

t 1 t ¢ + O(t 1)
= e—— o ————— -
2 & 27 2
We now for v=0, 1, 2, - - - determine the positive number ¢, by the

conditions ¢’(¢,) >0 and
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) = (v — D
Then
1
f(—z— + it,) = (=1)1X(2,);

so that {(1/2-412,) is real.
The Riemann-Siegel formula

cos (¢ — tlog n)
2.

ntl/2

X(@) = + 0(@H)

n= (t/27)2
gives

1 cos (¢, log »n _
r(—- + in) 1y xS blEm o,
2 1<n< (t,/2m)12 nt/?

which seems to suggest that ¢{(1/244t,) is generally positive, and
that X(¢,;) and X(¢,) should generally be of opposite sign, so that
¢(1/2+14t) should generally have at least one real zero in the interval
(ty—1, t,). The numerical results of Gram and Backlund verified that
for ¢,<200, {(1/2+1t,) were always positive and that always &,
<% <4, sothat thevy's were separated by thet,’s. It is this property
which is referred to as Gram’'s law.

See A. Selberg, Proceedings of the Tenth Scandinavian Congress,
Copenhagen, August, 1946, pp. 197-200. Titchmarsh proved that
“Gram’s law” has infinitely many exceptions, and Selberg proved
that the exceptions even have a positive density; and for this reason
Selberg viewed the “Riemann hypothesis” with suspicion.

5. On w(x). The equation (5) is fundamental for all estimates
of 7(x), the number of primes not exceeding x.
Euclid proved that

m(x) > [x—> 00].

Legendre and Gauss independently (the latter at a very early age)
surmised that

(6) m(x) ~ og.

The sign of asymptotic equality
f(x) ~ g(x)

expresses that
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&)

lim ——

a—e g(%)

Riemann, apparently, developed his whole theory of the function {(s)
in an attempt to prove the beautiful relation (6), now known as the
Prime Number Theorem. He did not succeed, and it was left to Hada-
mard and de la Vallée Poussin (independently) to give complete and
rigorous proofs of (6). These proofs leaned heavily on properties of
¢(s). Landau simplified these proofs considerably, using essentially
Cauchy’s theorem and the fact that {(s)#0 on the lines=1 (orin a
region slightly to the left of this line). Wiener proved (6) without
using Cauchy’s theorem, but used {(s)0 for o =1.

It was reserved to Atle Selberg [33] to give a really elementary
proof of (6)—a proof which mentions neither the zeta function nor
the complex variable. This proof was a great achievement. It rests
on Selberg’s fundamental lemma, namely,

- .

Dlogtp+ > logpﬂ(—x—>~ 2% log =,
pSz PR b4

where

#(x) = 2 log p.

pSz

This result can be proved very simply. From it one can deduce with-
out much difficulty that

HMx) ~ x,

which is equivalent to (6).
Another proof of (6), also based on Selberg's fundamental lemma,
was published by Paul Erdés.

6. On w(x), continued. Gauss, as well as subsequent workers,
noticed that

z  du

w(x) <
o logu

as far as existing tables went.
Littlewood [25] proved the following deep and beautiful result:
Writing

z  du

P(x) = n(x) —

0 logu’

we have
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1/2
P(s) = 2 (x log log log x)
log «
Thus P(x) changes sign infinitely often as x— . Littlewood’s
method, which used the Phragmen-Lindelsf principle, does not give
an explicit value of %o such that P(x,) >0. Skewes [45] found a
method which determines an upper bound for x, such that P(x,) >0,
namely,

%o < 1010,

In this connection see also Littlewood [25] and Turin [51] and Ing-
ham [22].
On the assumption of the Riemann hypothesis one can show that

P(x) = O(x1/2+)

for every positive €; and conversely, if this relation is true, then the
Riemann hypothesis is true.

W. H. Mills [26] found for the first time in 1947 a prime-represent-
ing function; he proved the existence of an 4 >1 such that

[45°]

is a prime for all positive integers x. Here [x] denotes the greatest
integer in x. This Mills deduced in a trivial way from the fact that
there exists a prime between

#* and (x4 1)3

for all large x, a result prove by Ingham. Hoheisel was the first to find
a number @ such that

1>0
2B<p< (2 +1)0

for #=33,000. His  was improved successively by Heilbronn, Tchuda-
koff, Ingham. Whether the above inequality is true for § =2 is still
unknown.

7. Functions allied to {(s). Dirichlet found the remarkable theorem
that every arithmetical progression ax+b (x=1, 2, 3,--+) con-
tains an infinity of primes if ¢ and & have no common factor. To
prove this classical result he introduced what are known as Dirichlet’s
L-functions. We first define x(#), a character (mod k), as follows:

x(m) = x(n) ifm = n (mod k);
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x(mn) = x(m)x(n);
x(n) =0 if (m, k) > 1;
x(1) # 0.
Then for o >1,

Lu(s) = L(s, ) = Z: x(myn=,

As an example k=35 of L-functions we take
Ls(s) = L(s, x) = 17" + i-27% — §-3~* — 4~ 4 0.5~
+ 6+ i-77* — 4.8 — 924+ 0-10—°
+ 1124 ¢.127° — §-1373 — 1424 0-15¢
+ ISP

In fact the series on the right is convergent for ¢>0. One easily
proves

Lis,x) = IT {1 — x(»)p—}— (¢ > 1).

»

For the proof of Dirichlet’s theorem it is fundamental that
L(1) = 22 x(mn= # 0,
1

where x(n) is a character (mod %) such that the series is convergent.

The L-functions have many properties similar to the zeta func-
tion. They can be continued over the whole s-plane; they possess
functional equations; and the Riemann hypothesis for the L-functions
simply states that if L(s, x) =0 for 0<e <1, then o=1/2.

It is noteworthy that if one assumes the “extended Riemann hy-
pothesis” (the assumption that the Riemann hypothesis is true for all
Dirichlet’s L-functions), one proves, as Hardy and Littlewood did,
that all large odd numbers are expressible as a sum of three odd
primes. Vinogradoff proved this result in 1937 without any assump-
tion.

Even the statement

(" L(s,x) >0 0<s<1)

(here x5 x0; X0 is the so-called principal character which is such that
xo(n) =1 or 0 for all ) is still unproved.
Siegel proved that
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ilx(n)n“ > ke [2 > ko(e)],

where x(#) is a nonprincipal character (mod k), and this shows that
L(s, x) >0 for 1 —A(e)k~<<s=1. Thus the hypothesis (7) is proved
only for an infinitesimal portion of the line 0 Ss=<1.

Recently Estermann and Chowla [12] gave new simplified proofs of
this result.

Chowla [10] found a method (greatly improved by Rosser [30])
of proving for real nonprincipal characters

Li(s) >0 0<s<1)

for a large number of special values of k. The most difficult case up
to k=200 was k#=163. Chowla and Selberg [14] proved that

L1s(1/2) > 0
and Rosser [31] proved that
Lyes(s) > 0 (s > 0).
Showalter verified that
Lage(s) > 0 (s > 0).
Regarding L(1) nothing better than the trivial result
L(1) = O(log &)

is known. This is proved as follows:

R s

21+ Do

Since [x(n)l =1or 0,

> -1 = 0(log k).
By partial summation using
)| =
we get
2 =0(1).

Littlewood proved that if x(#) is a primitive character (mod %), then
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L(1) = O(log log k)

on the assumption of the extended Riemann hypothesis. He also
proved (again under the assumption of the extended Riemann
hypothesis) that there are infinitely many % such that

L(1) < ———
log log %

where x(n) is a real primitive character (mod k).
While Linnik and Walfisz proved independently that there are
infinitely many & such that

L) < ———
(log log &)/2
Chowla [11] proved Littlewood’s result without any assumption.
Bateman, Chowla, and Erdés [6] proved that there are infinitely
many primes p for which

2 [ n b
L= |—)wi<<——)
) %’(p)n <loglogf

where b is a certain suitable positive constant independent of p.

8. Functions allied to {(s), continued. Given an algebraic number-
field K we define

{x(s) = I;I {1 — N(P)—2},

where P runs over all different prime ideals in K, and N(P) denotes
the norm of the prime ideal P in K.

This function was introduced by Dedekind. Hecke in 1917 proved
that

(s — D¢x(s)

can be continued analytically over the whole s-plane, and that it is an
entire function of s.

Further the function {x(s) satisfies a functional equation similar
to that satisfied by {(s). See also Siegel [41].

An intriguing conjecture about {x(s) is that the ratio {x(s)/¢(s)
is an entire function of s for all complex values of s. See Artin [5].
The conjecture is known from the work of Takagi to be true when K
is an Abelian field over the rationals. Some other cases of the conjec-
ture—non-Abelian cases—were proved by Dedekind and more re-
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cently in the brilliant work of Artin and R. Brauer. Dedekind found
for K =R(2'%) that

ex(s) = £(s){ 2o (a? + 2797~ — 3_/(4a* + 22y + Ty%)~*}

where the summations are for all pairs of integers x, y excluding
x=y=0.

The two expressions in the braces are examples of the so-called
Epstein zeta function.

Dedekind’s (1900) result had its origin in the following remarks of
Gauss. If p is a prime =1 (3) and if 2 is a cubic residue of p, then
p=x2+42792 If 2 is not a cubic residue of p, then p=4x242xy+ 7y
Gauss stated similar results when 2 is replaced by 3 or 5.

Hecke (and after him Landau) defined “Abelian L-series” as fol-
lows. Let § be a fixed ideal. Then two ideals I; and I are equivalent
(mod §) if there exist algebraic integers @y, o in K, such that

(al)iml = (az)fmm
a1 = oy (mod %),

provided I and I, are prime to §. It is not difficult to see that all
ideals of K fall into a finite number of nonequivalent classes (mod ),
and that these nonequivalent classes form a finite multiplicative
Abelian group. Let x be any character of this group. Then for ¢>1
we define

Ls, x) = II {1 — x(P)N(P)~}—1,

where P runs over all different prime ideals of K. These Abelian
L-series can also be continued over the whole s-plane. In fact, if K
is the cubic field R(d¥/?), d an integer #m3, a striking result of Artin
asserts

Cr(s) = $(s)(Lilo)'/?,

where L, Lp are certain Abelian L-series in the field R((—3)!/?). Artin
also obtains relations between the zeta functions of certain fields and
their subfields. Further the Abelian L-series do not vanish for ¢=1
as Hecke found. Further they have a functional equation. They
enable us to extend Dirichlet’s theorem on primes in an arithmetic
progression to the following:

If (p, §) =1, then there exist infinitely many integers 7 such that

7 = p (mod §),

where (7) is a prime ideal.
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9. Functions allied to {(s), continued. We shall now consider an
entirely different type of L-series whose introduction into number-
theory has had astounding results. For an account of these see Daven-
port [15].

Let fi(x), + + +, f+(x) be any polynomials with integer coefficients,
p a prime. We define a normalized polynomial as a polynomial with
integer coefficients whose highest coefficient is 1. Further (f, g), the
resultant of f and g, is defined as

11 f@@),

where ¢ runs over the roots of g(x)=0.
We then define

(251 g2 OK—1
L(S) = 1+ ; ?2.’ + e + p(K—-l)o’

where

oy = Z Xl((fl» g)) M xr((fro g))y

where the x’s are characters (mod p), K =sum of degrees of the f’s
which are irreducible (mod ), and the summation is over all normal-
ized polynomials of degree » (in the definition of o, above).

These L-functions also have a functional equation and a Riemann
hypothesis which André Weil proved. However, the proof is exceed-
ingly difficult, and assumes a knowledge of the recent treatment of
algebraic geometry which is due to André Weil himself.

In the special case r =1, fi=x%+ax+b, we obtain

o1 P
L(s) =1 —_ —_
@ =142+

where
» 3 b
oy = Z(x_:*:‘_x_";_)
=1 P

Here (5) is Legendre’s symbol defined as 0 if =0 (p), while if
n#0 (mod p), (3) =1 or —1 according as the quadratic congruence
x?=n (mod p) is or is not soluble.

Thus L(s) =0 implies
o1 i (Ui - 4?)1/2 .

2p

=
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Thus R(s) =1/2 if and only if
|oi| < 2pr2.

Artin conjectured this in 1924 and verified it in about 40 numerical
instances. A proof was given by Hasse in 1934. It uses the complex

multiplication of elliptic functions. See also Deuring [17] and Chowla
[13].

10. Some unsolved problems. In this section we collect together
a few problems of interest whose solution depends on the theory of
different types of zeta functions.

(1) Let % be a positve integer; let f(z) have the period &, i.e.,
flm) = f(n) [m = n (mod &)];

let f(x) be a number-theoretic function; suppose further that not all
f(n) are 0; then

n=1 n

whenever the series is convergent.
This problem was suggested by Paul Erdés. If true, it naturally

includes a result like
2 n
> <—> n1 50
b

1

due to Dirichlet. Here (3) is Legendre’s symbol. I proved this under
the assumptions f(x) = —f(—x), k=a prime, (¢—1)/2 =a prime. Pro-
fessor Siegel, to whom I showed my proof, proved the result under
only the first of the above three assumptions, namely, whenever
f(x) = —f(—x) is true for all x.

ReMARK. The condition for the convergence of our series is of
course

k
2 f(m) = 0.
1
(2) Let k(@) denote the class-number of the quadratic field R(d'/?).
It is known that there are nine negative d for which 4(d) =1,
—d=3,4,7, 8, 11, 19, 43, 67, 163.

It is also known (Heilbronn and Linfoot) that there is at most one
more negative d with k(d) =1. This —d must necessarily be a prime p
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of the form 8k+3. Chowla and Selberg [14] proved that for such a
prime p we would have

}E (f—) n 2 < 0;
1 \?
so that the “extended Riemann hypothesis” would certainly be false!
Another interesting way of stating the conjecture that 4#(d) =1 has
no tenth solution with d <0 is the following (which I have not seen
before).
If p is a prime =3 (8), greater than 163, then we can write

P=x2+y2+22,

where x, y, 2 are all different positive integers.
(3) The cosine problem. Let K be an arbitrary positive integer.
Then can we find so=s0(X) such that

min  {cos a1 + cos agx + - - - + cos ez} < — K
0=Sz<2T
for all s >sowhereay, + - -, a;is any set of s different positive integers?

This problem is due to Ankeny and Chowla. It has been com-
municated to several mathematicians, and it appears that the answer
is probably in the affirmative, but a proof seems difficult. The prob-
lem actually arose in a question concerning zeta functions.

(4) There are infinitely many primes which do not divide a given ir-
reducible polynomial of degree n=2 with integer coefficients.

Professor Siegel, to whom I showed this problem, gave a proof
which depends on the theory of the Dedekind zeta function. It does
not seem easy to give an “elementary” proof, in particular one which
avoids infinite series.

(5) If f(x) is a polynomial with integer coefficients, what is the
number of values which f(x) assumes (mod p)?

For example, it is likely that for fixed integers a, b(abs£0)

x* 4+ ax+ b (= 3)

assumes more than p/2 values (mod p) when p is large enough.

This I have been unable to prove. Professor Davenport, to whom 1
communicated the problem, obtained the following results:

The number of values assumed by f(x) =x*+ax2+bx+c¢ (mod p)
is ~5p/8.

6) If f(x)=a.x"+ - - - +ao where the a’s are integers and
@,#0 (p), André Weil (see Mordell, Thoughts on number theory, but
a detailed proof is still unpublished) proved that
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?
Y erif@ir

z=1

= (n— Dpt%

for n=2, there is equality (by Gauss).

(7) Is¢(3) irrational? This is a well known unsolved problem. For
¢(3) here one can in general substitute {(2#+1) where # is any posi-
tive integer.

(8) Heuristically one can argue (as Artin did; see Bilharz [7])
that the primes for which 2 is a primitive root have an exact positive
density. However, even assuming any of the Riemann hypotheses
one has not been able to prove this.

(9) While the usual expression for the class-number of a real
quadratic field contains infinite series or transcendental functions,
the following expression (due to Ankeny, Artin, and Chowla; see
[1]) for the class-number of a real quadratic field is purely arith-
metical;

u A+ B
2 —=— .
ht ’ (mod p)

Here % is the class-number of the real quadratic field R(p'/2),

where p is a prime =1 (mod 4),

€= (t+ up?)/2
is its fundamental unit; 4 stands for the product of the least positive
quadratic residues of p, B for the corresponding product of non-
residues.

Let g be a prime =7 (mod 12), H the class-number of the imaginary
quadratic field R((—g)¥?), k the class-number of the real quadratic
field R((3¢)V?), e=(¢+u(3¢)¥?)/2 the fundamental unit of the latter
field.

Then (see [1])

%
H= ——1§ (mod 3).

(10) Is
RL(1) > 0,

where

L) = ; ()t
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and x(n) is a complex character (mod k)? This problem was raised
by Chowla and verified by Showalter in many cases.
(11) Pillai’s problem. If p, is the nth prime, is it true that

1
2 b

2 (=1)™p,
nSz

where x— o through positive integral values?
(12) Is it true that

Zt x(m)n1 >0
1

if x(n) is a real nonprincipal character (mod k), and ¢ is an arbitrary
number?

(13) If 142+ . . . +n*=0 (¢>1, n>n,) then the “Rie-
mann hypothesis” is true. This result is due to Turdn [52].

(14) If h(d) is the class-number of the quadratic field R(d'/?),
Gauss conjectured that

hd) =1

has infinitely many solutions with d>0. This problem remains far
from solution. See K. Schaffstein, Math. Ann. vol. 98 (1928). In
particular Schaffstein finds primes p >10% with A(p) =1.
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