A GENERALIZED CONVOLUTION FOR FINITE
FOURIER TRANSFORMATIONS!

A. W. JACOBSON

1. Introduction. The finite sine transformation and the finite
cosine transformation of F(x) with respect to x are defined as
follows:

S{F(x)} = forF(x) sin nxdx = fo(n) n=1,2,---),

C{F(»)} = fo'F(x) cos nxdx = f,(n) n=012--+)

respectively. For example, the sine transforms of the first and second
derivatives of F(x) are S{F'(x)}=-nC{F(x)} and S{F’(x)}
= —mS{F(x) } +n[F(0) - (—1)*F(xr)].

If F(x) in (—2m, 27) and G(x) in (—, 7) are bounded and in-
tegrable, then the function

(1) P63 = [ "F(x — 3)G(y)dy

is called the convolution of F and G on the interval (—, ).

If F(x) and G(x) are bounded and integrable on the interval
0=x=m, and if Fi(x) is an odd periodic extension of F(x) and Gi(x)
an odd extension of G(x), then the product of the sine transforms of
F(x) and G(x) can be written in terms of the transform of the con-
volution as follows:

(2) S{F(@)}S{Gi(0)} = — 271C{Fu(2) +Gu(=) }.
See [1, p. 274]% and [2, p. 270].

2. The Fourier transformation of a generalized convolution. The
purpose of this paper is to generalize the above results and to illus-

trate the use of the generalized convolution. This generalization con-
sists, primarily, of extending the concept of the convolution to any
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integrable function of two variables. The aim here is to obtain a
generalization similar to the one made by Bartels and Churchill 3]
regarding the Laplace transformation. It will be seen in the next sec-
tion that with the aid of this generalized convolution, very general
steady state boundary value problems can be resolved into simpler
problems.

Let F(x, y) be a bounded and integrable function of x and y over
thesquare 0 Sx =w, 0 =y =w. A generalized Fourier convolution F*(x)
of F(x, y) corresponding to the iterated finite sine transformation

S{S{F(x, y)}} =forfo'F(x, y) sin nx sin #'ydxdy

©)

= f(n, n") (myw' =1,2,-++)
is defined by
© P = = [ R 5 9,

where Fi(x, y) is an odd periodic extension of F(x, ¥) with respect to
x and an odd extension with respect to y.

In case F(x, y) = Fi(x), G1(y), the function F*(x) is the convolution
(1) of Fy and G..

THEOREM. If F(x, y) is a bounded and integrable function of x and y
over the square 0Sx =7, 0Sy=7 and if n’ =n, then
S{S{F(x, »)}} = 271C{F*(x)}.

Proor. Over the square 0 SN =7, 0 Su = the iterated integral (3)
can be written as

2—1f ff TF()\, w) cos n(A — wydAdu
CNE .
- 2‘1f f F(\, k) cos n(N + u)d\dp.
o Jo

In the first integral set A\—u=x and u=7. Then the lines A\=0 and
A=m in the Au-plane become the lines x+y=0 and x+y=m in the
xy-plane. Let 4 denote the parallelogram bounded by the last two
lines and the lines u=0, p=m. Since the Jacobian for this change of
variables is unity, the first of the integrals (S) becomes

ff F(x + v, ¥) cos nxdxdy,
4
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or

0 L]
f cos nxdxf F(x + v, y)dy

(6) * —z
+f cos nxdxf F(x + v, v)dy.
0 0

If in the first integral in (6) x is replaced by —x, then the first integral
in (5) can be written

2—1fwcos nxdxl:fr_zF(x + v, y)dy +fTF(y — x, y)dy:l.
0 0 x

By setting A+u=x and u =7 in the second integral in (5), it can be
shown to take the form

2"1f cos nxdx[f F(x — vy, y)dy —I—f FQx — x — 9, y)dy].
0 0 —2

Hence for the iterated sine transformation (3) there results the equa-
tion

S{S{F(x, y)}} = 2‘1forcos nxdx[—fo(x — 9, ¥)dy

(7 +f TF(y - x, y)dy +f0MF(x + 3, y)dy

—f FQr — x — v, y)dy].

If Fi(x, v) is an odd periodic extension of F(x, y) with respect to x
with period 27 and an odd extension with respect to y, then the
quantity in brackets reduces to

—f Fy(x — Y, y)dyy

which according to definition (4) is the generalized convolution F*(x)
of F(x, y). So

S{S{F(x, y)}} = 2-1C{F*(x)}.
If, in (7), L1, I, I3, and I; denote the four integrals in brackets, it

can be shown under the same conditions as in the above theorem
that

S{C{F(z »)}} = 2715{F*(x)},
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where F*(x)=I—I,—I;+1I; and C{C{F(x, y)}}=2"1C{F*(x)},
where F*(x) =I,4+ I+ I3+ 14; and finally

C{S{F(x »}} = 275{F*(x)},
where
FHa) =L+ I, — I, — I..
If F(x, y) is also periodic with respect to y with period 2, then
S{C{F(x »)}} = C{S{F(x »}}.

3. Resolution of steady state temperature problem. With the aid
of the generalized convolution a very general steady temperature
problem can be resolved into a problem with simpler boundary
conditions and source function. Furthermore, this method makes it
possible to extend the Duhamel integral formula from time to space
coordinates.

Consider the function V(x, y1, ¥3). Let A and N denote the dif-
ferential operators defined by

AV} =CV + sz C,~——6—<K.- ﬂ/—)

=1 0y dy;
and
2 v
MV =aV+ 2 ¢ —>
=1 0¥

where the coefficients of V and its derivatives are functions of ¥
and y; only. Let the region R be bounded by a cylinder whose ele-
ments are parallel to the x-axis and whose bases are x=0 and x =.
Let Q denote an arbitrary point on the lateral surface, and Py and P,
arbitrary points on the bases. If the coefficients of the second partial
derivatives of V with respect to y and y, are positive, then the
following boundary value problem represents a very general steady
state temperature problem:

2

v
a_x; (x’ yl, y2) + A{V} = F(xy yl; y2)y x > O]

) AV 0)} = G, O), >0,

V(+ 0, y1, y2) = Ho(Po), V(r — 0, y1, y2) = H1(Py),

where F, G, Hy, H; are known functions. In the second of these equa-
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tions it is understood that )\{ V(x, Q)} represents the limit of
)\{ V(x, P)} as the interior point P approaches the point Q on the
lateral surface in a prescribed manner.

Let the corresponding small letter denote the sine transform of the
function with respect to x. Applying the sine transformation to prob-
lem (A) yields:

— n%(n, y1, y2) + n[Ho(Po) — (—1)"H\(P1)]
(A") + Afo(n, y1, y2)} = f(n, 31, 92),
Mo, Q)} = g(n, Q).

Let the function U(x, x’, 31, ¥2), depending on the parameter x’
independent of x, ¥1, ¥, be the solution in the region R of the follow-
ing problem:

U T— X
~5~x—2—(x,x’,y1yz)+A{U} =

F(x,’ I, 3'2),

MU o, 0)} = -"—:—’-“—G(x', 0,

(B) .o
U(+0y x’, M, yz) =

Ho(Po),

U

T— X
U(T - 01 xls M, yz) = e H](Pl).
™

The sine transformation of problem (B) with respect to x gives:

T — x

— n*u(n, &', y1, y2) +n [Ho(Po) — (—1)"H\(Py)]

B’
( ) -+ A{u(”l x,! Y yz)} = n—lF(x,’ I yz)’

)\{u(n, x, Q)} = n-1G(«/, Q).

Let 4(n, n’, 31, ¥2) be the sine transform of u(n, x’, 1, ¥2) with respect
to x’. When »n’=n, problem (B’) becomes

— n%i(n, y1, y2) + [Ho(Po) = (—1)"Hy(Py)]
(B") + Afan, y1, y2)} = w7 (n, 31, y2),
Ma(n, Q)} = ng(n, Q).

If the equations in problem (B’’) are multiplied by the parameter
n, it becomes evident that problems (A’) and (B’’) are equivalent
and that »4(n, y,, y2) is also a solution of (A’). Suppose that the
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solution of (A’) is unique, then

(8) v(n, y1, ¥2) = ni(n, y1, ¥2).

Since %(n, ¥, ¥2) is the iterated sine transform of U(x, x’, v, ¥2),
then according to our theorem of §2,

u(”r Y1, y2) = S{S{U(x’ x” yu yz)}}
= 27IC{U*(%, y1, ¥2)}.
Hence in view of (8)

o(n, 31, y2) = 27C{U*(x, y1, 32) }
i)
= — 271§ {"—' U*(x, Y1, yz)}.
dx
Since v(n, y1, ¥2) =S { V(x, m, yz)}, then

1 4
V(, 40 y2) = — — — U*(x, I 3’2)-
2 ox
According to the definition (4) of the generalized convolution, this
can be written as

1 9 *
9 V(z, y1, y2) = ) af Uz — &', &, 1, y2)da’,

where U; is an odd periodic extension of U with respect to « an odd
extension with respect to x’.

Formula (9) is then an extension of the Duhamel integral formula
from time to space coordinates.

It can be shown that the above problem (B) can further be resolved
into simpler problems, the solutions of which can be expressed in
terms of some key functions. See [4].
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