
APPROXIMATION IN LIP (a, p) 

PAUL CIVIN 

Let Lpt 1 < p < oo 9 denote the class of measurable functions of 
period 2TT for which (ƒ!„. \f(x) \ Hx)11* = Mp(f) < oo, and let Lip (a, p), 
0 < a < o o , represent that subclass of Lp for which ( ƒ ! , \f(x+h) 
—f(x)\pdx)1/p = 0(h~a) as A—K). The object of the present note is to 
demonstrate the following theorem. 

THEOREM, / ƒƒ (# )£Lip (a, p) and \Pn{x)} is a sequence of trigono­
metric polynomials of order n such that 

(1) Mp(f - Pn) ^ Kn~\ 

then 

(2) (^f'\r:(x)\'dxJP: 
\A(l - aYH1-", 0 < a < 1, 

4̂ log w, a = 1, 

U ( a ~ I)"1, 1 < a < oo 

where in each case A depends only on a and the sequence Pn(x) but not 
on n. 

The method is that of M. Zamansky1 [2] who obtained the corre­
sponding results for functions in Lip a, 0 <a ^ 1. 

An application of the inequality of Zygmund [3 ] concerning the pth 
mean of the derivative of a trigonometric polynomial together with 
the Minkowski inequality shows that if (1) and (2) are satisfied by 
a sequence {Pnj} with (»y+i/»y) =0(1 ) and if {\n} is any sequence of 
trigonometric polynomials of order n such that Mp(\n) =0(n""a), then 
the sequence {Pnj+^n} (n = njy » y + l , • • • , Wy+i — 1 ; j = l, 2, • • • ) 
also satisfies (1) and (2). A further application of the same inequalities 
shows that if {Pn} satisfies (1) and (2) and if {Qn} satisfies (1), then 
{Qn} also satisfies (2). The proof of the theorem is thus reduced to 
the exhibition of a sequence {Pnj} of trigonometric polynomials of 
order n3- with (tty+i/»y) =0 (1 ) such that (1) and (2) hold for {.Pn,-}. 

Let r be the smallest integer greater than (1 + a ) / 2 and q = p/(p — 1). 
If f(x) ÇJLP and 

*M = f (sin t/t)*rdt 
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1 Numbers in brackets refer to the references at the end of the note. 
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then 

F,{x) = (w(r))-1 f f(x + 21->/)(sin t/tY'dt 

is a trigonometric polynomial2 [l] of order less than rlK Let Pnj(x) 
^Fj(x)+n]"a cos fijx for nj = r2*, so that Pnj(x) is a trigonometric 
polynomial of order3 #y and (fij+i/nj) =0(1). 

In view of the definition of r, it is possible to select /3 so that f$q> 1 
and p(2r-/3-a)>l. Therefore 

M p ( / - P n y ) 

( I I ƒ(*) - ƒ(* + 2 W 0 I I sin t/t\2rdt) dx\ 

+ Bnj« 

I I | s i n* / ' | "A j 

• f I ƒ(*) ~ ƒ(* + 21~^) î  I sin *// J <**-e>*dtdx J 

+ Bnja 

g ^2 ( f I sin ///1<2'-*>*> f I ƒ(») - ƒ(* + 2X-^) |*dxdM 

a 00 \I/P 

I sin //* I <*-*>* I 21"''/1«^/J + £/*ra 

with the various Ah and B independent of the n3: 
By a technique identical with that in the preceding paragraph, it is 

easily seen that 

Mv{Pni - Pnj.ù û Anf". 

Another application of the Zygmund inequality shows that 
2 The proof given in [l] is for continuous ƒ(#)• However, the proof is identical for 

8 A term of order w,- is also required for the completeness of the Zamansky proof 
[2] for/(#)£Lipa. As that proof was given, the difference in the actual and apparent 
order of the approximating polynomials causes the proof to fail in the case of functions 
f(x) with "large" gaps in their Fourier series. 
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Mp(P'nj ~ Pny-i) 2£ Aflj ". 

The application of the Minkowski inequality to the sum 
k-i 

K M = z (p'nj+1(X) - !»:,(*)) + p^*), 

followed by summation over j , completes the proof of the theorem. 
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