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and hence (6) holds for every sufficiently large fixed .. Now put in
(5) n=N,=n,—aia; - - - a;. Then for every fixed M

1z rwuy, +riun,a+ - + ryuy, .
As y— oo all terms uy,—x—\ and hence
1ZNro+ri+ - +ru)
or \<1/m (with A\=0if D r,= ).
If m < « we can use a similar argument for y=Ilim inf %, to show
that p=1/m. This proves the theorem.
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1. Introduction. Of primary importance in a theory of representa-
tion of functions by series which do not necessarily converge is its
consistency theorem, which states that if a series which represents a
function F converges to a function ®, then F=®. Such a theorem for
asymptotic representation in a strip region of a function by Dirichlet
series with a certain logarithmic precision, an idea introduced by
Mandelbrojt [1],% is the subject matter of this note. From it follow
similar theorems for less general extensions of the idea of asymptotic
series. The method consists in using the proof of the fundamental
theorem in [1] to set up a homogeneous linear differential equation
of infinite order with constant coefficients, which must be satisfied
by the difference F—®; then applying a method of Ritt to show that
the only solution is identically zero.

The notation used by Mandelbrojt in [1] will be used here also.
Let {\,} be an increasing sequence of positive numbers (0 <X\, T).
Denote by N(A), defined for N>0, the distribution function of {)\,,};
that is, the number of terms in the sequence {\,} less than \; and
by D(\) the density function of {\.}: DQ\) = N(\)/\. Let D" represent
the upper density: D' =1im supr..D(\); and D'(\) the upper density
Sfunction of {)\n}: D'(\) =l.u.b.z:D(x); clearly D'(\) is continuous
and decreases to D (unless D'(A) =D’ = «).

Presented to the Society, April 17 1948; received by the editors March 15, 1948.

1 The author is indebted to Professor Mandelbrojt for suggesting the problem
considered in this note.

2 Numbers in brackets refer to the bibliography at the end of the paper.
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The mean density function is D(\): D\) = [[5 sD(x)dx]/\; D', the
upper mean density: D =lim supr.,D(\); and D'(A\) =l.u.b. ,,;)‘D(x),
the upper mean density function. The function D'(\) decreases to D
as N becomes infinite. Also D" <D" (cf. [1]); and if either D" or D" is
finite, so is the other [1, p. 353].

DEerFINITION. Let A be a region of the s-plane (s =0-14t) containing
points with arbitrarily large real part, and F(s) a function holo-
morphic in A. Let # be a positive integer, {dk} a sequence of complex
numbers, and p,(x) a function increasing to infinity such that for s
in A and for x sufficiently large

(1) glb Lu.b. F(S) - dee—)‘k‘ é g—'Pn(z)'

m2n o2 1

The sums Y g dye™* (m=n) are then said to represent F(s) in A with
the logarithmic precision p,(s). If the series Y p,dre™* converges to
F(s) for o sufficiently large, the logarithmic precision is identically
infinite for each # [1, p. 356].

TraEOREM 1. If

(i) the sequence {)\n} has finite upper mean density D',

(ii) the function F(s) is holomorphic in the region A of the s-plane
(s=0-+it) given by: {a>b, ltl <wg(o) }, where b is a real constant, and
g(0) is a continuous function of bounded variation defined for o >b such
that lim, ,.g(0) >D";

(iii) g.l.b.yziMat1—N) >0;

(iv) for infinitely many positive integers n, the sums Y . dre ™
(m =n) represent F(s) in A with a logarithmic precision p,(o) satisfying®

o  [row(-3f Grgme)

then the series Yy dre™ converges to F(s) for o sufficiently large; that
1s, 1t has a half-plane of convergence, in which it converges to F(s).

Theorem I gives immediately a corresponding result for the theory
of asymptotic representation with respect to a sequence of functions*

3 The omission of the lower limits on the integrals indicates that the relation is to
hold provided these limits are chosen sufficiently large.

4 The following definition of asymptotic representation with respect to an asymp-
totic sequence, as well as the discussion of its relation to representation with a certain
logarithmic precision which appears in §3, is based on lectures given at The Rice
Institute in 1947 by Professor Mandelbrojt.
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{A,‘(a) } . Consider a sequence of continuous functions {A,,(a)} hav-
ing the property that

3) An(0) decreases to zero as ¢ — o (n = 1);
4) Anii(o) = 0(4.(0)) asoc— o (n = 1).

DEerINITION. The function F(s) is represented asymptotically in a
region A containing points with arbitrarily large real part by
> o.1die™ with respect to the asymptotic sequence {A.(s)} if there
exists a real number ¢, independent of # such that

(5) F(s) — idke‘“‘ < A.(0) for ¢ > oo (n=1).
k=1

Define A(c), the lower envelope of the sequence {A,.(a)}, as
g.1.b.214,(0), and set p(o) = —log A(c). The following theorem is a
corollary of Theorem 1.

TueoreMm II. If (i), (ii), (iii), and
(iv’) F(s) is represented asymptotically in A by D die™* with re-
spect to an asymplotic sequence {A,.(o') } such that

@) f“i’(a) exp (— %f’a)—_‘-%@@>da =

then the series converges to F(s) for o sufficiently large.

In both theorems the upper mean density D' may be replaced by
the upper density D", the upper mean density function D'(\) being
replaced by the upper density function D*(\). Moreover (2) and (2’)
may be replaced by hypotheses corresponding to those in forms C,
D, and E of the statement of the fundamental theorem in [1]. In
particular (2) may be replaced by:

(2a) There exist continuous functions A,(¢) decreasing to D", and
increasing functions C,(¢) such that

20(ka(0)) — pa(o) < — Cylo),
nz1)

J oo (-] agm)

where »(D) =Lu.b.so MD(\) — D) =l.u.b.,so[5[D(x) — D]dx. This is a
non-negative, nonincreasing continuous function of D for D>D",
called the excess function of the sequence {\,}.

If the {A,.(a)} have the special form 4,(¢) = M,e*»°, Theorem II
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reduces to a theorem proved by Mandelbrojt by a different method,
mentioned briefly in §4.

2. Proof of I. The proof of Theorem I falls naturally into two parts,
Lemmas 1 and 2 below.

LeEMMA 1. Under the hypotheses of Theorem 1, the series D de
converges for o sufficiently large.

This lemma was proved by Mandelbrojt in his lectures at The Rice
Institute in 1947,

One may assume that p,(o) is a decreasing function of # for each .
For if (1) is satisfied with right-hand member e=%®, it is also satisfied
if pi(x) is replaced by p.(x) =1l.u.b.;2.pf(x), since for each j=n (writ-
ing ¢,:(x) = 1.u.b..,g,| F(s)—>.m ldke"k’| ) 2.L.bingndn (%) = 2.L.bong P ()
<e 7@ hence g.1.b.mzaPm (%) S g.Lb.jz.e~?i® = e, Moreover, if the
(o) satisfy (2) (or 2a) so do the p,(a).

Hence if (2) is satisfied for any integer #, it is satisfied also for any
smaller integer (D'(\) is a decreasing function of \). Thus (iv) is
satisfied for all # = 1. The hypotheses of Theorem I are then sufficient
in order that the conclusion of Mandelbrojt's fundamental theorem
[1, p. 357] may hold for n=1:

i dnl < AN Anero for some ¢ > b;

where 4 is independent of #, depending on the sequence {)x,,} and an
upper bound on Fin A (it is clear from (1) that F is bounded in A),
and where

*

1 N _ __z_2
A,, = -—-—-———‘ A”(i)\n) l b) A,,(tz) = g(l )\:)

It follows from Mandelbrojt’s inequalities on A} [1, p. 353] that
if lim inf,.oMa1—Na) =k>0, there exists a number B=B(k, D")
such that log A¥ < B\, for » sufficiently large. Hence

log | dn| < log (ANa) + BNy + Moo,
(0g | du|)/Mn = B + a0 + (log (A\))/An.

But since the upper density D’ is finite, a necessary and sufficient
condition that » .dye ™ converge for ¢ sufficiently large is that
lim sup,..(log ‘d,.l )/\. be finite (not positively infinite), and indeed
this number is the abscissa of convergence.® This completes the proof
of Lemma 1.

(6)

5 Cf. V. Bernstein, Series de Dirichlet, Paris, Gauthier-Villars, 1933, p. 4.
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LemMma 2. If (i), (ii), (iv), and
(V) D dwe™* converges for o sufficiently large,
then it converges to F(s).

Let ®(s) denote the function to which the series converges under
(v). Define the coefficients {c{”} by

) An(iz) = H<1 - ——) Z( N
kyin M

In the proof of his fundamental theorem, Mandelbrojt proves that
in a certain closed strip A (not the closure of A) given by {24, ||
éG(a)} (where d is a certain real number and G(o) a positive func-
tion, both independent of #), the series Y so(—1)*c"F@ (s) con-
verges absolutely and uniformly to the function d,A,(4\,)e . Since
®(s) satisfies the same hypotheses, Y (—1)kc™®¥ (s) converges ab-
solutely and uniformly in A to the same function; and if H(s) = F(s)
—&(s), then for sin A and for n>1,

(8) Z( l)k (n) (2k)(s) =0.

From the definition (7) of the ¢{ it is seen that (8) may be written
symbolically as
(1 =D/t =B /%) - -

(1 = D /A1 = D) -+ 1HG) = 0,
where D indicates differentiation with respect to s. A method due to

Ritt® may then be used to show that H(s)=0, which is the desired
result. Define functions N,.(2) and constants ¢, by:

9) Nu(z) = H(l - —) Z (= 1) come (m = 1).
k>m AIc k=0
Then for each m,
(10) com = 1; and for each A&
cr,m decreases to zero as m — .
For
1 1 1
Z R E —_———— . (kzl,mz=1),
ip=m-1 >\11 >t —1>c c 2 D>1p>1) >\32 )\%3 )\31,

8 Ritt, J. F., On a general class of linear homogeneous differential equations of in-
finite order with constant coefficients, Trans. Amer. Math. Soc. vol. 18 (1917) pp. 27—
49; cf. in particular Theorem XIV.



1949] A CONSISTENCY THEOREM 209

the second sum being bounded by a number, ., independent of m:

14} 1 1 1
ck_l = .. ;
>ipt> - Dig21 )\ )\33 N
from which it is apparent also that g .=<c’ (m=1, kgO)._ Since
Z( 1)k cPHE (5s) converges absolutely and uniformly in A, the
series O (—1)kc,H % (s) also converges absolutely and uniformly in
A to a function %,(s) holomorphic in A. For each s in A the conver-
gence is uniform with respect to m also, so that lim,.kx(s) =H(s) by
(10). Symbolically

(1) k() = [0 = D' /Nas)(t = D' /Nss) - - - 1H().
By (8) and the definition of the Ax(s), for each m=1,

A=D'/A)A =D'/A) -+ (1 = D/\2) huls) =0,
A =D)AL =D'AD) -+ (1 = D'/A%) hnls) =0,

(1= D'/ADA = D*/AD) -+ (1 — D' /e lim(s) = 0.

The operator I =m(1—D2/N\)) is evidently equivalent to
(= l)faj(',',lDW the a,,,} being the coefficients in the Taylor’s ex-
pans10n of JIrigmm(1—22/A2). Since we have (D _m3'(—1)iamz%)
(Zk-o (— 1)k, mz2’°)-—2u=0( 1)uc™z2u, one easily verifies that
3 (—1)iafaD¥( 5o — e mD®H(s)) = 2 o — 1) D*H(s)

_0 these being equations (12).

This is a system of m differential equations of finite order with con-
stant coefficients. In order to satisfy the first of these equations,
km(s) must be a linear combination of powers A5, +Ass, +Ass, - - -,
+Ans of e; to satisfy the second, a linear combination of powers
+Nis, £Ass, - - -, £Aas, and so on. It follows that ,(s)=0 (m=1).
Since H(s) =liMmu.ohn(s), also H(s) =0, which completes the proof of
the lemma; and with Lemma 1, completes the proof of Theorem 1.

3. Proof of II. In his lectures at The Rice Institute referred to
above, Mandelbrojt proved the following lemma.

LeEMMA 3. Representation with respect to an asymptotic sequence
{An(a) } implies representation for each positive integer n with logarith-
mic precision p(o)— K, for certain positive constants K,, where p(o)
= —log A(0), and where A (o) is the lower envelope of {An(a)} : A(o)
=g.1.b.,214.(0).
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By definition (3)-(3), l.u.b.,;,l F(s)— > Tdie™| <An(x); and
there exist constants Bj, Bs, + - - such that for x>0, the inequalities
As(x) <B2A1(x), As(x) <B3Aa(x), * * + , An(x) <BpAaa(x) hold simul-
taneously. Hence 4,(x) <Bndn1(x) <BpBp1dn2(x) < + + + <BuBpa

+ « » Byd1(x). Choose R, greater than 1 so as to be greater than
MaxXogjsa_z2 | [i-0Bn_s also. Then for each fixed 7, g.l.b.mznRndn(x)
>glbuzn An(x), and glb.ucn Radwm(x)>A4.(x); hence we have
g.lb.mpt Rpdn(x) >gl.bimzn An(x). Thus

glb. Lub. |F(s) — D die ™| < glb. 4n(%)
mzn o2 1 mn

< glb. R dn(x) = R,A(x) = exp (log A(x) + K.)

m=1
= exp — [p(x) — K.] for x > aq,

where K, =log R,>0, from which the lemma follows.

It will be sufficient, then, to show that hypothesis (iv’) of Theorem
IT implies (iv) of Theorem I, with (2a) replacing (2). Mandelbrojt
shows in [1] that (iv’) implies the existence of a function %(c), con-
tinuous and decreasing to D", and an increasing function C(¢) such
that

2v(h(0)) — #(0) < — C(0),

wa(a') exp(— —}Z—fczu—)—(ﬁ‘—h%>do =

Put pn(o) =p(0) — K., k(o) =k(s), and C.(0)=C(s)—K, for n=1.
Since lim, ., g(#) > D", the denominator in the integral appearing as a
power of e is bounded above and below by positive numbers for %
sufficiently large. Hence [*K.{exp [2-Yfdu/(g(u)—h(x))]}do <
for n=1, and

29(ha(0)) — pa(0) < — Ca(0),

(22) f “Ca() exp(- % f W(ﬁ‘h_(u—)) do = o

holds. The hypotheses of Theorem I are then satisfied, and the con-
clusion, that Y die™ converges to F(s) for ¢ sufficiently large, fol-
lows.

4. Remarks. Mandelbrojt has given a simpler and more direct
proof of Lemma 2 for the case in which 4,.(¢) = M,e ™7, under less
restrictive conditions: those obtained in removing the restriction
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lim g(o) >D" (still assuming lim g(¢)>0) and in replacing g(u)
—D'(p(w)) in (2’) by g(u). This proof depends on writing

F(s) — X die™s — 3 dye s
1 ntl

o0
2 dre 52

n+1

|H@s) | = |F(s) — @(s) | =

S Mue +

and considering separately the two possibilities: we have either
lim inf,..(log M,)/A, <o, or lim,,, (log M,)/A,=». If Bi(o)
=g.l.b.ng1[M,,e_7‘""+| Z;‘,"Hdke‘“"l ], and B¥(0) =g.l.b.,z1 Mae ™, it
may be shown that, in either case, if Bf(¢) satisfies the condition

(13) fw — log Bt(a) exp [— —112— ‘g%:ldd = ®

then B;(¢) does also. For by Theorem II (Lemma 1) if (13) is satisfied
the series Dy die™™* converges for ¢ sufficiently large. One then sees
that if s=a (e real) is a point of convergence of the series,
then | Z,Tﬂdke"k‘l =| Z:“dke‘“("“)e‘“‘“l < Me™(e—a)  where M
= > 7| di| €. Then if lim inf, .., (log M,)/\.< , Bi(¢) =0; while if
lim,.. (log M,)/N,= =, then M,> Me* for n sufficiently large, and
] D madie ™| < Me e, hence Bi(o) <2Bf(s). It follows that
H(s)=0, by a theorem of Mandelbrojt and MacLane ([2, Theorem
I]; cf. also [1, Lemma 1, p. 360], obtainable from [2, Theorem 1],
by the obvious transformation).

Similar proofs of Lemma 2 may be given provided the {A,.(«r)}
satisfy any of a number of conditions which may easily be formulated:
in particular if 4*(¢) satisfies (13), where 4*(¢) =lim inf,., 4.(c),
or, in general, if B(s) satisfies (13), where B(s)=g.lb..2:
{ | D mridre ™| +4,(0) }. Professor Mandelbrojt has remarked to the
author that it follows from (6) that

Dol dr] et < A NeMeeB < KD g leB—o0—0)

for each positive number ¢, K. being suitably chosen. Thus for
a>B-+o0,, there exists a positive number K=K(a) such that
> |di| e <K (since Y e~™* converges for ¢>0), and such that
Z,‘."Jrlldk]e_”": Z:Hldk|e""v“—“)e“““=_<_Ke"“("—°). Thus the conclu-
sion of Lemma 2 can be shown to hold if B*(¢) satisfies (13), where
B¥*(g) =g.l.b.,21(KeMle—0 4 4, (0)).

It may be remarked that a theorem of Mandelbrojt and MacLane
([2, Theorem II], a suitable transformation being made if 0
< limg (¢) #%m/2) constitutes a converse of Lemma 2 for asymptotic se-
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quences, g(u) —D'(p(u)) in (2’) being replaced by g(x), as it may be
under conditions on the 4,(¢) discussed above. For by their theorem,

given
f‘”() [ lf’du:ld<
exp| —— | — ©

p(o P 2 () o s
there exists a function F(s) holomorphic in A, not identically zero,
such that | F(s) — > 10e=| <e=»(?, hence | F(s) — > 10e~™| <A4.(c)
if {A,.(a)} is any asymptotic sequence with g.l.b.,z1 4.(c) =4 (o)
=¢?(9; 50 that F(s) is represented asymptotically in A by the series
> dre™ with di =0 (k=1) with respect to the asymptotic sequence
{An(a) }, without being identically zero.
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