
NOTE ON A PROBLEM IN NUMBER THEORY 

HAROLD N. SHAPIRO 

The problem which we shall consider originated from a conjecture 
of S. Ulam. For x, p, integers, p a prime, let x^a (mod p) where 
—p/2<a<p/2; and define I H U ^ M * Then if T(x) is a mapping of 
the nonzero residues modulo p into themselves, we consider the fol­
lowing "approximate multiplicative relation" modulo p, 

(1) \\T(xy) - T(x)T(y)\\p < k 

where k is a fixed integer. The problem is to ascertain simple condi­
tions under which the only solutions to (1) are given by 

(2) T(x) s xa (mod p). 

Clearly, p must be larger than k in order that this be feasible. Also, 
if we give to T(x) any arbitrary set of integral values between 0 and 
k112 we may obtain mappings satisfying (1) but not (2). This then 
indicates in a sense that the value domain of T(x) must not be too 
small in order that (2) follow from (1). 

The results obtained in this note are derived essentially from the 
following very simple lemma. 

LEMMA. If for T(x) a mapping of a semigroup G into a ring R we 
define 

(3) «(*, y) = T(xy) - T(x)T(y), 

then for any x, y, z of G, 

(4) «(*, y)T(z) + e(xy, z) = T(x)e(y, z) + e(x, yz). 

PROOF. For any x, y, z of G we obtain from the associativity of 
multiplication : 

T(xyz) = T{xy)T{z) + e(xy, z) 

= T(x)T(y)T(z) + e(x, y)T(z) + e(xy, z) 

and 

T(xyz) == T(x)T(yz) + e(x, yz) 

= T(x)T(y)T(z) + T(x)e(y, z) + e(x, yz). 

Comparing (5) and (6) yields (4). 
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We note that in case both G and R are commutative, as they will 
be in our applications of the lemma, we have e(x, y) = e(yt x) and we 
may write (4) as 

(7) €(*, y)T(z) + e(z, xy) = e(;y, z)T(x) + e(x, yz). 

To begin with we shall consider the case where T(x) is a mapping 
of the residues modulo n, which are prime to n, into themselves, 
where n is not necessarily prime. In this case we have the following 
theorem. 

THEOREM 1. If (1) \\T(xy) -T(x)T(y)\\n<k, (2) k<mmp\n p, and 
(3) T(x) takes on more than Sk2 distinct values, then 

(8) T(xy) a T(x)T(y) (mod n). 

PROOF. Suppose that , for some two integers xu X2, (8) does not 
hold, so that 

T(xix2) = T(xi)T(x2) + e(#i, x2) (mod n) 

where 

(9) ||e(*i, x2)\\n < k 

and e(#i, x2)f^0 (mod n). 
We now apply the lemma to the case where G is the group of 

residues mod n which are prime to n> and R all residues. We get for 
any integer y, 

(10) e(xi, x2)T(y) + e(y, XiX2) s e(x2, y)T(xi) + e(xi, x2y) 

where from hypothesis (1) we have ||e(^, ^iX2)||n<fe, \\t(x2, y\\n<k, and 
||e(^i, ^2^)||n<fe. From the hypothesis &<minp |n p so that by (9) 
we see that (e(#i, x2), n) = 1. Thus having fixed #i, x2l e(xi, x2) is fixed, 
and (10) determines the value of T{y) uniquely, modulo n. Clearly 
then T(y) could take on at most &k2 distinct values, whence the 
theorem. 

For the special case where n — pa, the power of an odd prime we 
get the following theorem. 

THEOREM 2. If (1) \\T(xy)-T{x)T(y)\\pa<k, (2) k<p, and (3) 
T{x) takes on more than Sk2 distinct values, 

T(x) s xa (mod pa). 

PROOF. From Theorem 1 we see that T(xy) = T(x)T(y) (mod pa). 
Then if p is a primitive root mod pa we have 
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T(x) s r(pM) = {r(p)}" = pa* = #a (mod p"). 

COROLLARY. If || r(:ry) — T(x) T(y)\\p<k and T(x) takes on more than 
8k2 distinct values, then T(x) ^xa (mod p). 

If we now restrict our attention to the case of a prime modulus 
we see that the above discussion covers those cases for which N = the 
number of distinct values in the value domain is such that N <k112 or 
N>8k2. The question then arises as to what can be said for kll2<N 
^8k2. In this direction we have: 

THEOREM 3. IfN>8k, and||T(xy) - T(x)T(y)\\p<k, thenjor p>8k2, 
N divides p — l. 

PROOF, (a) We first note that JP(1) = 1. For we have for any x 

T ( * ) ( l - r ( l ) ) = e(l, *), ||e(l, * ) | | p < *, 

so that if 7X1) T^I , T{x) could take on at most 2k values. 
(b) If N>8k2 we have already proved above that T(x) =#a(mod p) 

and it follows in this case that N\(p — 1). 
(c) I t remains only to consider the case 8k<M^8k2. 

Since N^8k2 there must be a value c such that T(x)=c for more 
than (p — l)/N different x. Let Si, • • • , z&, A^(p-1)/N, be the 
numbers such that T(zi)=c> i = l, • • • , A. Then for p sufficiently 
large (for example, p>8k2) A > 1 , and we have from (7), for i^j, 

(11) e(x, y)T{zi) + e(zh xy) = e(x, Zi)T(y) + e(y, *<*), 

(12) e(x, y)T(zj) + e(zj, xy) s e(x, Zj)T(y) + e(y, z3x). 

Subtracting (11) and (12) gives for all x, y, i, j , 

(13) ^Zi' %y^ ~ € ^ ' Xy^ S T(y){*(x' Zi^ ~~ € ^ ' %ù\ 
+ e(y, Zix) - e(y, ZJX). 

If for some xy i,j, e(x, Zi) ?£e(x, Zj), (13) implies that T(y) has a value 
domain of not more than 8k values, which contradicts the hypothesis. 
Hence for all x; i, j = l, • • • , A, 

(14) e(x, zi) = e(x, z,). 

This gives T(xzi) — T(x) T(zi) = T(xzj) — T(x) T(z3) or 

(15) T(xzi) = T(xzj). 

Replacing x by xzj1 in (15) we get for all x, i, j = 1, • • • , A, 

(16) T(x) = TixzJ^j). 
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From (16) we see that Z = [zx
 l zu z"lxz%, • • • , zx *ZA} are A distinct 

numbers such that 

T{zl\i) = 1. 

Then if «i, • • • , <XN are the N distinct values in the value domain 
and xi, • • • , XN are such that T{xi) = oa, i = l, • • • , N, we see from 
(16) that 

T(xiZ) = T(Xi) = en, i = 1, • • • , N. 

Hence at least A numbers map into each ai} and we have p — l èzAN 
è £ - l . Thus p-1 =NA and N\ (p-1). 

COROLLARY 1. If N>8k, p>8k\ and \\T(xy)-T(x)T(y)\\p<k, then 
the set Z of those numbers which map into 1 is a subgroup of order 
{p — l)/N of the group of residues prime to p, and all the elements of a 
given coset map into the same number. 

PROOF. T O prove that Z is a group we need only show that it is 
closed. Both this and the remainder of the corollary is clear from 
(16) and Theorem 2. 

COROLLARY 2. If N>8k,p>8k\\\T(xy)-T(x)T(y)\\p<k,andp-*-l 
has no divisors which lie in the interval {8k, 8k2), then T(x) = # a (mod p). 

COROLLARY 3. If \\T(xy)-T(x)T(y)\\p<k1 k>0, p>8k2 and, for 
some primitive root p, T(p) = 1 then N^8k. 

PROOF. If N>8k then the subgroup Z contains p and hence Z is 
the whole group. But this means i \ r = l > 8 ^ which is impossible. 
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