TOPOLOGICAL ABELIAN GROUPS WITH ORDERED NORMS
R. C. JAMES, A. D. MICHAL, MAX WYMAN

The purpose of this paper is to study Abelian groups with a norm
whose values are in another Abelian group having an order relation.
Postulates on the ordering are given which are sufficient for the
space to be a topological group under the neighborhood system of
this norm. It is seen that the added assumption that the ordering is
Archimedian implies the space is a subset of a normed linear space.
A differential is defined in the general space. This is seen to be closely
related to the Fréchet differential if the ordering is Archimedian.

DEerFINITION 1. An S-space is a set .S which is an Abelian group
with a relation a>f (or a <f3) defined for some pairs «, 3 of elements
of S and satisfying the postulates:

1. If >, and B>7, then a>%.

2. If > and az=ay, then og+az>on+ay.

3. If 4>0, and >0, then there exists an o3>0 such that
o >as and ol > 03,

4. If >0, then a0.

DEFINITION 2. A set T with operations x4y and ||«|| defined for all
elements x, y of T shall be said to be a G,-space if the following are
true:

1. T is an Abelian group with respect to x+7.

2. To every x in T and every positive number # there exists a
positive integer IV and an xy such that x= Nxy, where N>n.

3. ||#|| is a function from T to an S-space with the following proper-
ties:

a. ||#|| 20, and ||%|| =0 if and only if x=0.

b. [+l <|ef) 4+ [15]]-

c. ||nxl|=|n x|| for all integers #.

By use of condition (2) of Definition 1, it is easily seen that an
equivalent definition of S-spaces would result from replacing (4) by
the condition that a>f implies the impossibility of a <. Also, the
proof of Theorem 1 would be much simpler if it were assumed that
a>0 whenever na>0 for some positive integer n. Condition (2)
of Definition 1 would then be unnecessary as far as this theorem is
concerned. An S-space of a G,-space is more restricted than the
postulates of Definition 1 alone would indicate. This is shown by the
following two theorems:
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THEOREM 1. For any element ¢>0 of an S-space, define the neigh-
borhood U,,,. of an element x, of an associated G.-space as the totality
of xEG, satisfying n||x —x|| <ne for some positive integer n. Then G,
is a topological Abelian group if the neighborhood system is taken as the
totality of all such neighborhoods.

Proor. (a) Clearly x, is in every U,,,e.

(b) Suppose U,,,, and U,,,, are two neighborhoods of x,. Then
>0, >0, and there is an >0 such that ¢>e and >e. If
nl|x—2xol| <7es, then mllx—uxo| <ner and #lx—xo| <nex. Thus Uiy
C Uz, e N Uz, -

(¢) If 9o is in U,,,, then p”yo—xo” < pe for some positive integer
p. If e’=p[e—~||y0——x0[|], then U, . contains some element ¥y, if
Uyy e C Uszy,e. Choose y; and N2 p so that y—yo=Ny;. Then there
is a positive integer ¢ such that gNHy1H <qe'=qp [e-—”yo—xo”]
and by (2) of Definition 1, gp||y| <gple—||yo—2xd|]. Therefore
Uy ima1 C Uz e-

(d) If o5y, then [lxo—yo|| >0 follows from (3a) of Definition 2.
There is then by (2) and (3c¢) of Definition 2 an element ¥ EG, and
an integer # =2 such that xo—yo=nu and n|u|| =|jxo—y|. If e=||4||,
then U, N\ Uy,,.=0. For suppose z is in both of these neighborhoods.
Then for some positive integer p, pme=p|lxo—yd|| <pllxo—2]|
+p||z— | <2ep, or pn||u||<2p||u||. Hence p||(n—2)u|| <0, which
contradicts (3a) of Definition 2.

This verifies that any G,-space is a Hausdorff space [1, pp. 228-229,
(A), (B), (C), (5)].* To show that x-+7v is continuous, let Uy, be
any neighborhood of x+y. If there is an element zx+y in Uy, e
then choose # with z— (x+v) =nu and #>2. As in (d) above, it fel-
lows that if ¢ =Hu”, then x'+9y' E Upiy,e if ¥’ EU,,q and v C Uy, .
If the only element in U,y is x+v, then U,,. contains only x and
U,,. contains only y. For if p Iz—x I <ep, then p”z—l—y—-(x+y)”
<ep and 24+yE U,yy,; while if ql z—y! <eq, then 2+xE U,4y,.. Thus
x-+y is continuous. Since yE U,,, implies —y&E U_,,., —x is also con-
tinuous.

DEFINITION 3. An S-space is Archimedian if for every ¢>0 and
€>0 of .S there exists a positive integer # such that e <#ne.

The following is an example of a G,space whose S-space is not
Archimedian. Let .S be the set of complex numbers, and G, the same
set. Let ||x+yi]| =|%| +|y]4, and a+bi>c+di if and only if b>d
or b=d and a>c. These spaces clearly satisfy the postulates of Defi-

1 Numbers in brackets refer to the references cited at the end of the paper.
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nitions 1 and 2. But if a=1+40-7 and 8=1+74, then there is no num-
ber n such that na>p.

Let S be the set of all real numbers, G, the set of all complex
numbers x+vyi with x and y rational, and ”x+y¢” = |x+y¢'|. This
is a Gs-space whose S-space is Archimedian, but which is itself a sub-
set of the normed linear space of all complex numbers. The meaning
of assuming that an S-space is Archimedian is further shown by the
following results.

LEMMA 1. A G,-space whose S-space is Archimedian is a normable
topological Abelian group.

Proor. Let G be a G,-space whose S-space .S, is Archimedian. Let
U, be any neighborhood of zero. Then G, is normable if U, generates
G: and U, is bounded and convex [2, Corollary 5.2].

(a) U.generates Gi. For let x €Gy and choose an integer # such that
ne>||x||. There is then a number N># and an xy such that x = Nxy.
But then Ne>||x||=N||xy]| and Nl|xy|| <Ne. Thus xxEU. and
xEVN=UA+ - - - U.

(b) U is bounded [2, Definition 2.3]. For let U be any other
neighborhood of the identity and choose # so that ne’>e. Suppose
that mx&E U, for an m 2#n. Then p”mx” <pe<pne <pme’ for some
positive integer p. Hence pm||x|| <pme’ and xE U..

(c) Ue is convex [2, Definition 2.1]. For suppose that nx & U? for a
positive integer #. Then nx =x;+x2 + - - - +x,, where for each x; there
is a positive integer p; such that p,-”xin <pie. Thus n(prps - - - p,,)”x”
<m(p1ps - - + pn)e and xEU..

It follows from Lemma 1 that if S is Archimedian, then G, is a
normable topological Abelian.group and therefore a subspace of a
normed linear space [2, Theorem 4.1]. The following is a similar, but
stronger, result. Hereafter a G,-space whose S-space is Archimedian
will be called an Archimedian G,-space.

THEOREM 2. For a given Archimedian G,-space G, there is a normed
linear space Ty which contains Gy as a subset and which is contained in
every normed linear space containing Gi. Also, every element of Ty is a
limit point of elements of Gi.

Proor. As noted above, there is a normed linear space T with
G,CT. Then Z:'_laixiET for any numbers a; and elements x; of Gi,
such multiplication being defined in T. The set T of all such elements
of T is clearly a linear space and as a linear subset of T is a normed
linear space. Because of (2) of Definition 2, for any number a and
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element x,& G, there are numbers «; such that lim;..c; =a and a;xe
is an element of Gy. Let x=2§‘.1a,-x,-€ T:, where x;EG;, and let s
be any positive number. Choose numbers «; such that la.-—-—oz;l
<e/n||xi| and @wx;EG, for each i. Then ||x—D rjaxi|<e and

-10:x;G1. Hence every element of T3 is a limit point of elements
of Gi. From this, it is clear that T3 CT" for any normed linear space
T' containing Gi.

The usual definition of a linear function as being additive and con-
tinuous will be used in the following. If the G,-space is Archimedian,
then the theory of the differential as defined below becomes a con-
sequence of the established theory of Fréchet differentiation of func-
tions with arguments and values in normed linear spaces.

DEeFINITION 4. Let G, and G; be any two Ge-spaces. If f(x) is a func-
tion on a neighborhood U, of xy&G; to Gz, then f(x) is differentiable
at x =ux, if there exists a function f(xo; 6x) on Gy to G, defined for all
elements 8x of G, and such that:

1. f(xo; dx) is linear in dx.

2. For any integer #>0 there exists a p>0 such that n” f(xo+06x)
—f(xo) —f(x0; 6x)|| <||8x|| for all 8x such that 0 <||sx|| <p.

In this case, f(xo; 6x) is called the differential of f(x) at x,.

THEOREM 3. Let Gy and Gq be any two Archimedian G,-spaces. If
the function f(x) on UiCGito Gy has the differential f(xq; 6x) at xo& U,
and T1 and T, are the smallest normed linear spaces containing G1 and
Ga, respectively, then there is a function F on T, to T. such that:

1. F(x) =f(x) for all x&E Uh.

2. F has the differential F(xo; 6x) at xo, where F(xo; 0x) is the unique
linear function on Ty to Ts for which F(xo; 8x) =f(xo; 6x) for all xEGh.

Proor. Let x be any element of T3. The existence of elements x;EGy
with x=lim;,.x; follows from Theorem 2. Define F(x,; x) as
lim; .. f(x0; x:). Such sequences are clearly Cauchy sequences and con-
verge to an element of any Banach space containing T2. But F(x; x)
is then a linear function on T} to this Banach space, and is therefore
homogeneous of degree one in x. Since x= p,a.y; for some ele-
ments y;EG, and numbers a;, this implies that F(xo; 2 & qa:y:)
=Y % .1a;F(xo; y:) and is an element of T3 [F(xo; ¥:) =f(%0; ¥:) EGeif
9:E€Gi]. Thus F(xo; x) is a linear function on T to Ts. Since G is
dense in T3, it follows that this is the only linear function with
F(xo; 6x) =f(x0; 6x) for xEG:. Now define F on T; by the relation
F(x) =f(x) if x€ U, and

F(x) = F(x0) + F(x0; x — x0)
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otherwise. If » is any positive integer, then there is a number p>0
such that 0<||8x|| <p implies x,+8xE Uy and #|f(xo+0x) —f(x0)
—f(xo; 8x)|| <||6x|| if 8x EG1. But then n|| F(xo+8x) — F(x0) — F(xo; 8)||
<||8x|| if 0<||ox]| <p and SxET, since this is satisfied for &x if
dxE€G, and 0<||dx|| <p, while F(xo+8x) = F(xo)+ F(xo; x) if dx is
not in Ui CG,. Hence F has the differential F(x¢; 0x) at xo; while
F(x) =f(x) if x€U; and F(xo; x) =f(x0; x) if xEG1.

THEOREM 4. Let T1 and T» be any fwo normed linear spaces. If a
Sfunction f on Ty to T, has a differential f(xo; 0x) at the point xo (in the
sense of Definition 4), then f(xo; 6x) is a Fréchet differential of f at xo.

PRrROOF. Let € be any positive number and choose an integer # such
that 0<1/n=<e By assumption, there is a number p such that
n| f o+ 8x) —f(20) —f(x0; 8x)|| <||8x|| for all 8x with 0<]|8x]| <p. But
then ||f(xo+8x) —f(x0) —f(xo; 8x)|| <¢||dx]| if 0<]|[dx||<p. Hence
f(xo; 6x) is the Fréchet differential of f(x) at x,.

COROLLARY 1. Let Gy and G, be any two Archimedian Gs-spaces,
and f(x) be a function on o neighborhood of xoEGy to Ge. Then: (1) If a
differential of f(x) exists, it is umique. (2) If f(x) is differentiable at
X =xo, then f(x) 1s continuous at x=x,. (3) If f(x) is differentiable at
x =20, then it is also differentiable in the sense of Michal [3), and the
two differentials are equal.

COROLLARY 2. Let Gi, Go, and Gs be three Archimedian Gs-spaces.
Suppose ¢(x) is a function on a neighborhood of x¢EG, to Gy and is dif-
ferentiable at x,, while f(¢p) is a funciion on o neighborhood of ¢(xq) EG
to Gs which is differentiable at ¢(x0). Then flp(x)] is differentiable at
%o, and this differential is f[p(xo); ¢(x0; 0x)].
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