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The object of this note is to establish the following result: 

THEOREM. Let the power series 
00 

(1) ƒ(«) m £ anz» 

have the radius of convergence p ( > 1), and let p^(z) denote the polynomial 
of degree n of best approximation to f(z) in the closed region \z\ ^ 1 in 
the sense of Tchebycheff. A necessary and sufficient condition for 

(2) lim [max | ƒ(*) - pn(z) |, for | * | g l]1 '» = 1/p 
n—>oo 

is that f (z) not be of lacunary structure. 

I t is well known1 tha t the equation 

(3) lim sup [max | ƒ(*) - pn(z) |, for | z\ g l ] 1 / w = 1/p 
ft-* oo 

is valid for every f (z) defined by a power series as in (1) with radius 
of convergence p. The significance of the theorem is that the stronger 
relation (2) is valid except for functions of lacunary structure, as de­
fined by Bourion.2 

If and only if f(z) is of lacunary structure, the partial sums 
sn(z) =^Ooa>kZk are polynomials of degree n of which a suitably chosen 
subsequence snk(z) has the property (Bourion, loc. cit.) 

(4) lim sup [max | f{z) - snje(z) |, for | *| â r]1 / n*< r/p, 0 < r< p ' 
" A T - 0 0 

If (4) holds for a single r, 0 <r <p , it holds for every such r. 
If f(z) is of lacunary structure, then for the extremal polynomials 

pn(z) of best approximation we have 

[max | f(z) - pnk(z)\, for | * | ^ 1] 

g [max | ƒ(*) - snk(z) I for | z\ g l ] , 
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whence from (4) 

(S) lim sup [max | f(z) - pn]c(z) |, for | z | g l ] 1 ' "* < 1/p, 
nk-+co 

and (2) is not satisfied. 
Conversely, if (2) is not satisfied, then for a suitably chosen se­

quence nu the first member of (S), which we denote by 1/p', is less 
than 1/p. For values of z interior to the unit circle C we have the rela­
tions 

ƒ(*) - sn(z) 

0 

ƒ(*) ~ *»(*) 

lim sup [max | ƒ(*) — snk (z) | , for | z | S r < l]1 / n* g r/p' < r/p, 

whence /(z) is of lacunary structure. The theorem is established. 
The generalization of equation (2), where we now consider approxi­

mation on a suitably chosen more general point set than \z\ g l , 
furnishes a generalization of the concept of functions of lacunary 
structure. 
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