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A REMARK ON DENSITY CHARACTERS
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Let X be an arbitrary topological space satisfying the To-separation

axiom [1, Chap. 1, §4, p. 58].2 We recall the following definition
[3, p. 329].

DEFINITION 1. The least cardinal number of a dense subset of the

space X is said to be the density character of X. It is denoted by the
symbol E(X).

We denote the cardinal number of a set 4 by |4].
Pospisil has pointed out [4] that if X is a Hausdorff space, then

(1 | x| 5 225®,

This inequality is easily established. Let D be a dense subset of the
Hausdorff space X such that IDI = F(X). For an arbitrary point
pEX and an arbitrary complete neighborhood system U, at p, let
D, be the family of all sets UND, where U&U,. Thus to every point
of X, a certain family of subsets of D is assigned. Since X is a Haus-
dorff space, D,=D, whenever p#q, and the correspondence assigning
each point p to the family D, is one-to-one. Since X is in one-to-one
correspondence with a sub-hierarchy of the hierarchy of all families
of subsets of D, the inequality (1) follows.

It may be remarked in passing that the inequality (1) does not
obtain for all Ti-spaces. Let m be a cardinal number greater than 2,
where ¢=28. Let Z be a Ti-space of cardinal number m and with
the property that the only closed proper subsets of Z are finite or
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void. Then it is obvious that E(Z) =N, and that (1) does not obtain
for the space Z.
For some Hausdorff spaces, the equality

@ | x| = 2259

obtains. Pospiil [4] has constructed a large family of such Haus-
dorff spaces, and has shown [5] that the Stone-Cech g for any discrete
infinite space satisfies it as well. It is the purpose of this note to
exhibit another class of Hausdorff spaces for which (2) holds.

THEOREM. Let A be an index class such that |A| =2™ where m is an
infinite cardinal number. Let {Xx}xe A be a family of Hausdorff
spaces such that |X\|Z2 and E(X\)Sm for all NEA. Then
IsBXEAXXI =22m and E(%AEAXA) =m.

Proor. We first consider the set A as a topological space itself.
Clearly, it may be put into one-to-one correspondence with the
Cartesian product P, ud,, where each 4, is a Hausdorff space con-
taining exactly two points and the index class M has cardinal num-
ber m. As is well known, this Cartesian product is a bicompact
Hausdorff space with cardinal number 2™ and a basis of open sets
with cardinal number m. We may consequently regard A as being a
Hausdorff space with a basis B of open sets such that | B| =m.

Let y°= {g\°} be a fixed point in the space Py caXy. Let Dy be a
dense subset in Xy such that |Dy| =E(Xy)Sm. If a is the least
ordinal number with corresponding cardinal number m, then each
set Dy can be so well ordered that

Dl:{?;'P:’P:y"',?;"'}, a < a.

If | D\| <m, then the elements $* may be all taken identical from a
certain point on. Of course, if |D>‘| =m, no repetitions need occur.

Let {Al, cee, A,.} be an arbitrary family of disjoint sets in B,
and let { ai ¢t oz,,} be arbitrary ordinal numbers all less than aq.
Let x(Ay, » -+, An; s, - -+, op) = {r)\} be the point in PreaXn such
that n=p* for all N€EA;, ¢=1, 2, 3,---, n, and n=¢° for
}\EAf\(Z?_IA,-)’. Let W be the set of all points x(Ay, « -+, Aa;
o1, +++,an) as {Ay, - -+, A} and {ay, - - -, @s} assume all possible
values. It is clear that [ W| =32 mrmr=Ro m=m. Furthermore,

W is dense in PreaXy. Let G be an arbitrary non-void open set in
PracaXr. By the definition of open sets and neighborhoods in a
Cartesian product (see, for example, [2, pp. 829-830]), there exist a
finite subset {)\1, e, )‘m} of A and sets U, -+ -, Uy, where Uj, is
an open set in X),, with the property that G contains all points {s}
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of PrcaXa such that s\, E 0y for =1, 2, 3, - - -, m. The sets D being
dense in the spaces X, there is a point psE Dy, such that pHxE U,
(¢=1,2,3, .-+, m). Since A is a Hausdorff space under the topology
defined by B, there are sets Ay, -+ -, Ay in B such that A;NA;=0
for ¢5%j and such that \;EA; for all £=1, 2, 3, - - -, m. It is obvious
that the point x(Ay, + + +, Anja, + - -, @m) is in the set WNG. Having
a nonvoid intersection with an arbitrary nonvoid open set in
(’B)\E AX)\, w is dense in T&)‘e AX)\.

It follows from the definition of H(PreaXh) and the equality
I Wl =m that E(PreaXyr) =m. On the other hand, we have

(3) [PrcaXa| = mial = 22",

Hence, by virtue of the inequality (1), it follows that
@ | BreaXa| =27

and

) E(PreaXy) =m.

This completes the proof.

For a result similar to this, see [6].

The foregoing theorem, applied to various well known spaces,
yields curious results.

COROLLARY 1. The space of all real-valued functions of a real variable
with the Cartesian product topology contains a countable dense subset.

COROLLARY 2. The space of all characteristic functions defined on a
set of cardinal number 2% contains a countable dense subset under the
Cartesian product topology.
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